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ABSTRACT. We investigate the class of FHP theories, i.e. theories of structures
in which all definable families of sets satisfy the Fractional Helly Property
(and its variants) from combinatorics. FHP theories generalize NIP and form
a new subclass of low NTPg theories. We give many new examples (including
ultraproducts of finite fields and of the p-adics) and establish some results
about forking and f-generics for amenable groups definable in FHP theories.
We make several conjectures about finitary combinatorial properties of forking
in NTPy theories and establish some partial results, as well as investigate
related two-cardinal type counting functions addressing a question of Adler.
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1. INTRODUCTION

The fractional Helly theorem is a basic compactness principle in discrete ge-
ometry: if a positive proportion of the small subfamilies of a finite family of sets
have non-empty intersection, then one can find a large intersecting subfamily (see
Section 2). It was initially established for convex subsets of R¢ by [KL79] (with
optimal bounds established in [Kal84, Eck85|), and since then extended to many
other families of sets of geometric or combinatorial interest. We refer to excellent
surveys [ADLS17, DLGMM19, BK22] for a detailed discussion and references.

In particular, for families of finite VC-dimension, Matousek [Mat04] showed that
an analogous conclusion still holds, and this viewpoint has played an important role
in the interaction between combinatorial geometry, VC-theory, and model theory
of NIP structures (in particular through its application to the so called “(p,q)-
theorem” for families of finite VC dimension - see Section 4.2). The aim of this
paper is to study the model-theoretic content of the fractional Helly phenomenon
beyond the NIP context and to use it as a tool in the study of forking in NTP,
theories.

Namely, we say that a partitioned formula ¢(z,y) € L has the fractional Helly
property (FHP) in a structure M if the definable family {@(M,b) : b € MY} of
subsets of M?* defined by its instances satisfies a fractional Helly theorem; and a
complete theory T = Th(M) is FHP if every partitioned formula is. In Section 2 we
consider basic properties of FHP formulas and theories, along with some variants
of the property). We place FHP theories inside Shelah’s classification hierarchy:
FHP theories form a proper subclass of low NTP5 theories containing NIP theories
(Propositions 2.21 and 2.25); and show that FHP for a theory reduces to checking
that all formulas ¢(x,y) with z singleton are FHP (Lemma 2.11).

In Section 3 we formulate a relative version of the FHP property with respect
to a class of measures (where the original property corresponds to the class of
finitely supported measures, Proposition 3.6), and connect it with the theory of
generically stable Keisler measures in NIP theories. In particular, in Section 3.3 we
demonstrate that Matousek’s theorem (FHP for families of finite VC dimension)
implies a uniform /local version of the main result about generically stable measures
from Hrushovski-Pillay-Simon [HPS12|; and conversely its qualitative version under
the global NIP assumption follows from [HPS12] by compactness.

In Section 4 we establish a connection between the so-called “colorful” fractional
Helly property from combinatorics and the notion of burden/dp-rank from the study
of NIP/NTP; theories. In particular, generalizing and refining a measure theoretic
characterization of strong NIP theories by Pillay [Pil13], we get (which can also be
viewed as a multi-measure generalization of [HPS12]):
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Theorem (Proposition 4.6). Assume that bdn (M) < k and let ¢; (x,y;) € L,
i € [k], satisfy FHP relatively to a class of definable measures M; C M, (M) (see
Definition 3.5). Then for every a > 0 there is v > 0 satisfying the following. Let
w; € My be such that wy,...,p are pairwise commuting (in particular each ;

commutes with itself). Assume that 1 & ... ® pg (EI:E /\f=1 iy (x,yz)) > a. Then
there is some i € [k] and some a € M" such that p; (p; (a,v:)) > 7.

In particular, this implies that families of finite VC-dimension satisfy colorful frac-
tional Helly property (Corollary 4.12) and gives a bound on the fractional Helly
number of formulas in terms of the burden/dp-rank (rather than the dual VC-
density, as in MatouSek’s theorem; see the discussion after Remark 4.8):

Theorem (Corollary 4.10). In any FHP (so e.g. in NIP) theory T, the fractional
Helly number of a formula ¢ (z,y) is at most bdn (M") 4 1.

In Section 4.2 we consider one of the main applications of the fractional Helly
property, Matousek’s (p, ¢)-theorem for families of finite VC-dimension (Fact 4.14,
which is an analog of the Alon and Kleitman’s (p, g)-theorem for convex sets in R?
[AK92]). Matousek’s result plays an important role in the study of NIP theories (see
the references there). As we demonstrate in this paper, the class of FHP structures
is much wider than the class of NIP structures. However, at the level of the theory,
the (p, ¢)-theorem characterizes NIP /finite VC dimension:

Theorem (Proposition 4.16). Assume that the formula ¥ (z;y1,y2) := @ (x,y1) A
- (x,y2) satisfies the (p, q)-theorem. Then ¢ (x,y) is NIP (i.e. its instances define
a family of sets of finite VC-dimension,).

In Section 5 turn to definable groups and forking. Several notions of large-
ness/genericity for definable sets (and their equivariant versions in definable groups),
coming from combinatorics, topological dynamics or measure theory, play an im-
portant role in the model-theoretic study of tame classes of structures. In definably
amenable NIP groups all of these notions agree, giving a canonical notion of a
large set (|CS18], see Section 5.1 for the details). Here we extend the connection of
forking and invariant measures to amenable FHP groups:

Theorem (Theorem 5.11). Assume T is FHP and G = G(M) is a definable group
so that G(M) is amenable (as a discrete group) for some M |=T. Then for any
L(M)-definable set X C G(M), X is f-generic if and only if u(X) > 0 for some
G-invariant measure (.

In Section 5.4 we note a partial analog for the action of Aut(M).

The so called fsg groups (groups with finitely satisfiable generics), arising in the
work on Pillay’s o-minimal groups conjecture [HPPO08|, form a particularly nice
class of definably amenable NIP groups capturing definable compactness in many
natural settings (including o-minimal theories). In [CGK24]|, a generalization of fsg
groups from NIP theories to fim groups (see Section 5.3) in arbitrary theories was
proposed, demonstrating that part of the theory of fsg groups in NIP theories sur-
vives. Here we show that in FHP theories, the characterization of generic definable
sets generalizes fully from the NIP case:

Theorem (Proposition 5.25). Let G be a definable fim group in an FHP theory.
Then all notions of genericity (1)—(5) in Definition 5.5 are equivalent for definable
subsets of G.
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In Section 6 we consider the fractional Helly property for definable sets in two
(simple, unstable) expansions of (Z,+): by a predicate Pr for the primes and their
inverses (studied in [KS17], see Section 6.2), and by a predicate Sqf for the square-
free integers (studied in [BT21], see Section 6.1). They exhibit two quite different
behaviors, explained by the former set being of Banach density 0, while the latter
is of positive Banach density:

Theorem (Theorem 6.8). The structure (Z,+,Sqf) is FHP. Moreover, every for-
mula p(z,y) with |z| < d satisfies FHP 44 1.

Theorem. The structure (Z,~+,Pr) is not FHP (Proposition 6.11), and (assuming
Dickson’s conjecture) Tp, is locally FHP (Theorem 6.16).

In Section 7 we consider FHP in measurable structures in the sense of Macpher-
son and Steinhorn, or MS-measurable structures [MS08]. Main examples of MS-
measurable structures are ultraproducts of finite fields, finite simple groups of
bounded Lie rank, vector spaces, etc. (we refer to [EM08, Example 2.4] for further
examples).

Theorem (Theorem 7.6). Let M be an MS-measurable structure. Then every
partitioned formula p(x,y) € L with |z| < d satisfies FHP 41 with respect to the
class of definable measures M, := {up(y) : B € MY definable with parameters}
(see Definition 3.5). In particular, o(x,y) satisfies FHP 1.

As an application, we get that definable families of sets of bounded description
complexity in large finite fields satisfy the fractional Helly property:

Theorem (see Corollary 7.9 for the precise statement). For every D € N and
a > 0 there exist § = B(D,a) > 0 so that: if F is a sufficiently large finite
field and F C F? a definable family of sets of description complexity < D so
that [{I CF:|I|=d+1 A Nge; S #0}| > a(iﬂ), then Ngey S # 0 for some
J C F with |J| > B|F|.

In Section 8 we consider the fractional Helly property for definable families of
sets in valued fields (we note that for special definable families, namely convex sets
in the sense of Monna, fractional Helly property was studied in [CM23]). We prove
an Ax-Kochen-Ershov style result for the FHP property in henselian valued fields:

Theorem. (Theorem 8.5) Let K be an equi-characteristic 0 henselian valued field.
Then K satisfies FHP if and only if both the residue field k and the (ordered) value
group I satisfy FHP.

Combining this with the aforementioned result for FHP in pseudo-finite fields, the
existing burden calculations [Chel0, Chel4, CH14, CS19] and Corollary 4.10, we
obtain the following explicit bounds for the ultraproducts of the p-adics (which are
NTP, but not NIP, so Matousek’s theorem does not apply):

Theorem. (Corollary 8.13) Let K be [[;cn Qp, /U or [[;cnFp, (1)) /U for some
prime p; and a non-principal ultrafilter U on N. Then every partitioned formula
o(x,y) € L in K with |z| < d satisfies FHPya.

We expect the optimal bound to be FHP ;41 here (Conjecture 8.14).
The UDTEFS property, or Uniform Definability of Types over Finite Sets (con-
jectured by Laskowski, and established in [CS13, CS15]), suggests that in NIP
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theories local types over finite sets behave similarly to stable theories (see Section
9.2). It plays an important role in the study of NIP theories and provides a model
theoretic counterpart for the existence of compression schemes for families of finite
VC-dimension in theoretical machine learning. In this section we propose a general-
ization of this conjecture for NTP5 theories, aiming to capture that, when restricted
to finite sets in a uniform manner, dividing in NTP, theories behaves similarly to
dividing in simple theories. We call this property the Uniform Local Character
(of dividing) over Finite Sets, or ULCFS (Section 9). We show that both simple
(Proposition 9.9) and NIP theories (Proposition 9.7) satisfy (strong) ULCFS, and
that ULCFS implies NTP5 (Proposition 9.15). We also discuss resilience in Section
9.4, showing that it reduces to formulas in one variable (Corollary 9.14) and is im-
plied by strong ULCFS (Proposition 9.15). We conjecture that all NTPy theories
satisfy ULCFS (Conjecture 9.17). In Section 9.5, inspired by the classical infinitary
two-cardinal function considered in Section 10, we consider a two-parameter func-
tion f,(k,1) with £ <1 € N counting the number of pairwise-inconsistent partial ¢-
types of size k over a set of parameters of size [ (which in the case k = [ corresponds
to the dual shatter function 7). In the same way as UDTFS is a strengthening
of the Sauer-Shelah lemma, we view ULCFS as a strengthening of f,(k,l) being
bounded by a polynomial p(l) of degree independent of k, for I > k (Definition
9.18). We observe that indeed its polynomial boundedness implies NTPy (Proposi-
tion 9.21) and follows from ULCFS (Proposition 9.23). Again, we conjecture that
NTP; implies polynomial boundedness of f,(k,!) (Conjecture 9.25) and obtain a
partial result that at least NTP5 implies e-power saving (so NTPj is characterized
by the non-maximality of f,(k,[), Proposition 9.28)

In Section 10 we consider a related two-cardinal partial type counting function:
for a theory T" and infinite cardinals k < A, we let fr (k, A) be the supremum of the
cardinalities |P|, where P is a family of pairwise inconsistent partial types each of
cardinality < k, all over the same fixed set of parameters of size A\. A celebrated
result of Keisler [Kei76], refining earlier work of Shelah [She71] and Morley [Mor65],
demonstrates that restricting to the case Kk = A, there are exactly six possibilities
for fr when T is a complete countable theory. Shelah also proved that simplicity
of the theory T is detected by fr(x, ). Following this, Adler [Adl09]| conjectured
(see Conjecture 10.6) that NTPy can be detected by fr, and that there are only
finitely many possibilities for fr when T is countable. In Proposition 10.15 we
significantly narrow down the possibilities for fr(k,A) (and conjecture that this is a
complete list of possibilities). In particular, our result refutes the former conjecture
of Adler (Corollary 10.18), and confirms the latter one under the GCH assumption
(Corollary 10.17).
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Shelah, Pierre Simon, Chieu Minh Tran and Frank Wagner for very helpful conver-
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2. BASIC PROPERTIES OF FHP FORMULAS AND RELATION TO SHELAH’S
CLASSIFICATION

Our notation is mostly standard. Given n € N, we write [n] to denote the set
{1,2,...,n}. Welet z,y, z, ... denote finite tuples of variables, and if M is a first-
order structure then M® denotes the corresponding sort of M. For a,b € M® and
A C M, we write a =4 b if tp(a/A) = tp(b/A).

2.1. Basic properties of FHP formulas. Given aset X and k € N, we let ( ) de-
note the set of all k-element subsets of X. Given a tuple S = (S; : i € I) of subsets of

X (possibly with repetitions) and k € N, let Consy, (S) = {J € (,ﬁ) Nicy Si # (D}.
We recall the fractional Helly property from combinatorics (see e.g. [AKMMO02]):

Definition 2.1. Let X be a set and let 7 C P (X) be a (possibly infinite) family
of subsets of X.

(1) For k € N and a, 8 € Ry, the family F satisfies FHP(k, o, ) (where FHP
stands for Fractional Helly Property) if the following holds: for any n € N
and any tuple S = (Si,...,S5,) of sets in F (possibly with repetitions), if
|Consy (S)| > (7)), then there is some J C [n] with |J| > Bn such that
Nicy 5 £ 10

(2) For k € N, we say that F satisfies FHP}, if for every a € R+ there is some
B € Ry so that F satisfies FHP(k, «, 5).

(3) We say that F satisfies FHP if it satisfies FHP; for some k& € N. The
smallest k so that F satisfies FHP}, is the fractional Helly number of F.

We will also consider the following weakening:

Definition 2.2. (1) A family of sets F C P(X) satisfies the (p, k)-property,
where p > k € N, if for any tuple S = (S1,...,S,) of sets in F there is
some I C [p], [I| = k so that (),c; Si # 0.
(2) For k,p € N and 8 € Ry, the family F satisfies WFHP(k, p, 8) (Weak
Fractional Helly Property) if the following holds: for any n € N and any
tuple S = (S1,...,8,) of sets in F, if {Si,...,S,} satisfies the (p, k)-
property, then there is some J C [n] with |.J| > fn such that (., S; # 0.
(3) For k € N, we say that F satisfies WFHP}, if there exist some py > k € N so
that: for every p > pg there is § € Rsq so that F satisfies WFHP(k, p, 5);
and F satisfies WFHP if it satisfies WFHP}, for some k£ € N.

The following two remarks are (rephrased) from e.g. [AK92, AKMMO02|:
Proposition 2.3. If F satisfies FHPy, then it also satisfies WFHPy,.

Proof. Assume F satisfies the (p, k)-property for some p, and let S =(S1,...,5)
be any finite tuple of sets from F. As every p-tuple of sets from S contains at least

one k-tuple with a non-empty intersection, and each k-tuple is contained in (;_:)

n

of the p-tuples, by double counting there are at least (g 1) k-tuples with non-empty

intersections. Taking pg = po(k) € N sufficiently large, and assuming that p > po
and o = «a (p, k) > 0 sufficiently small, this gives at least oz(k) k-tuples with non-
empty intersections. As F satisfies FHPy, there is some 8 = §(a) = 8(p,k) > 0
and J C [n] with [J| > Bn and ;. ; S; # 0. O
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Remark 2.4. We could have defined the (p, k)-property requiring instead that the
sets appearing in S in Definition 2.2 are pairwise distinct — this would not change
the definition of WFHPy: if F satisfies the (p, k)-property without repetitions, then
for p’ ;== k(p—1)+ 1 it satisfies the (p', k)-property with repetitions. Indeed, let
S = (Si,...,5,) be any finite tuple of sets from F, possibly with repetitions. Let
p :=k(p—1)+1. Then for any I C [n],|I| = p’ there is some J C I with |J| =k
and (;c; Si # 0. Indeed, either J contains k copies of the same (non-empty) set
which clearly intersect, or p distinct sets, in which case some k among them have
a non-empty intersection by assumption.

We also note that the assumption on the family in the WFHP property is strictly
stronger than the assumption in the FHP property:

Lemma 2.5. Fiz integers k > 2 and p’ > k' > 2, and reals o € (0,1) and v € (0,1].
Then there exist arbitrarily large n € N and {S1,...,S,} C P(X) such that:

(1) More than an a-fraction of the k-subfamilies intersect, i.e.

n
€)1t =k and ()5, £0}] > a(k)
(2) For every J C [n] with |J| > yn, the induced subfamily {S; : i € J} fails
the (p', k')-property.

Proof. Choose a sufficiently large integer r > k so that

(2.1) kf[l (1 — i) > a.

j=0
Next choose any integer m > [p’/~v] and set n := rm. Partition [n] into r disjoint
“blocks” By, ..., B,, each of size m. Let
X :={EC[n:|E|=kand |[ENB| <1foreveryte{l,...,r}},

and for each i € [n] define S; == {EFe€ X :i€ E}.
For any I C [n] with |I| = k we claim

(2.2) ﬂ S; #0 <= I meets k distinct blocks.
iel
Indeed, if I has one element in each of k distinct blocks, then I € X and I € S;
for all ¢ € I, so the intersection contains I. Conversely, if I contains two elements
from the same block By, then no E € X can contain both, hence (,c; S; = 0.
By (2.2), the intersecting k-tuples are obtained by choosing k blocks and then
one element from each chosen block. Thus

T k
{IC[n]:|I| =k, ﬂ5i7é(2)}’ = (r)mk, and using n = rm, (k)nm =
i€l F (&)

or(r=1)(r—k+1)mk r(r—l)-u(rkarl)mk_k_l J
= rm(rm — ~-~(rm—k+1)> (rm)k _]1:[0<1_7">.

)
Together with (2.1) this gives (1).
Let now J C [n] satisfy |J| > vyn = yrm. Then some block B; contains at
least |J N By| > @ > ~ym > p' elements of J. Choose distinct indices
i1,..., 0y € JN By If a # b € [p], then S;, NS;, =0, since any E € X contains
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at most one element from the block B;. In particular, for every L C {1,...,p'}
with |L| = k" > 2 we have [, Si, = (). This witnesses that the induced subfamily
{S; :i € J} fails the (p', k’)-property, proving (2). O

We now specialize these notions to definable families of sets:

Definition 2.6. (1) Let M = (M,...) be a first-order structure in a language
L. We say that a partitioned formula ¢ (z,y) € £ (with z, y arbitrary finite
tuples of variables) satisfies FHP(k, o, 8) (FHP, FHP, etc.) in M if the
corresponding family of definable sets F,, := {¢ (M,b) : b€ MY} C P (M*)
does (where ¢ (M,b) = {a € M*: M = ¢(a,b)}).

(2) An L-theory T is FHP (WFHP) if every partitioned formula ¢(z,y) with
x,y arbitrary finite tuples of variables satisfies FHP (respectively, WFHP)
in every model of T'.

Remark 2.7. Note that if o(x,y) satisfies FHP(k,, 8) in M and N' = M, then
(z,y) satisfies FHP(k, o, 8) in A/, hence for a complete theory it suffices to verify
FHP in a single model (and similarly for WFHP).

Recall that, for A C M = T and b € MY, a formula ¢(x,b) k-divides over A
if there is an infinite sequence (b; : i € N) in MY with b; =4 b so that the set
of formulas {p(z,b;) : i € N} is k-inconsistent; and ¢(z,b) divides over A if it
k-divides over A for some k. We refer to e.g. [CK12] for the basic properties of
dividing. The following was observed in the proof of [CS15, Proposition 25], and is
straightforward by Ramsey and compactness:

Remark 2.8. Given a formula ¢(z,y), k € N and a partial type 7(y) over a small
set of parameters A, the family F, . := {@(M,b) : b |= n(y)} satisfies the (p, k)-
property for some p if and only if for every b = 7, p(z,b) does not k-divide.

Definition 2.9. Let T be a complete theory, M = T a monster model and A C M
a small set of parameters.

(1) A partitioned formula ¢ (z, y) satisfies local FHP}, over A (respectively, local
WEFHP}, over A) if for every complete type ¢ (y) € S, (A), the corresponding
family of definable sets Fy, 4 = {¢ (M,b): b€ MY,b |= ¢} satisfies FHP},
(respectively, WFHPy). A theory T is locally FHP (locally WFHP) if every
formula satisfies local FHP (local WFHP},) over () for some k = k(p) € N
(then FHP holds over all sets of parameters).

(2) A partitioned formula ¢ (z,y) satisfies FHP, for dividing, or DFHP}, over
A if the following holds: for any ¢ € S, (A) so that ¢(x,b) does not k-divide
over A for some/any b = ¢, there is some 8 = S(q) € R so that for
any finite tuple B of realizations on ¢ there is some By C B,|By| > 8|B|
with {¢(x,b) : b € Bg} consistent. And ¢ (z,y) satisfies DFHP over A if it
satisfies DFHP,, over A for some k.

Remark 2.10. (1) Immediately from the definitions we have: if ¢(z,y) satisfies
FHP (WFHP), then it also satisfies local FHP (respectively, local WFHP)
over all sets of parameters. The converse is true if T is w-categorical (see
Proposition 2.31), but not in general (see Example 2.30).

(2) If p(x,y) satisfies local FHP over A, then it also satisfies local WFHP over
A (as in Proposition 2.3).
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(3) If p(z,y) satisfies local WFHP}, over A, then it also satisfies DFHP}, over
A. Indeed, assume @(x,y) satisfies local WFHPy, over A. If ¢(z,b) does
not k-divide over A, then by Remark 2.8 the family 7, ,;/4) satisfies the
(p, k)-property for some p > k, without loss of generality p > po. As by
assumption ¢ satisfies WFHP (k, p, 8) over A for some 5 > 0, we conclude.

(4) If T is FHP (WFHP), then any reduct of T is also FHP (respectively,
WFHP).

Lemma 2.11. (1) If k < k' and ¢ (x,y) satisfies (local) FHPy, then it satisfies

(local) FHPy: as well. And the same for (local) WFHP, and DFHP,.

(2) Both classes of formulas with FHP and with local FHP are closed under
disjunctions. More precisely, if p; (z,y;) satisfies (local) FHPy,, for 1 <
1 < t, then ¢ (x;y1,...,Yt) = \/?;=1 i (z,y;) satisfies (local) FHPy, for
k= Zl<z<t —t+ 1L

(8) Given a complete theory T, if every formula ¢ (x,y) with |x| = 1 sin-
gleton satisfies FHP, then every formula satzsﬁes FHP (and if every for-
mula @(z,y) with |33| = 1 satisfies FHPy,, then every formula ¥ (x',y) with
|2’'| = n satisfies FHPgn ).

(4) If T satisfies FHP, then any reduct of T and T satisfies FHP.

Proof. (1) Let ¢ (z,y) and k < k' be given. Fix an arbitrary a > 0. Let B C MY
be a finite set, n = [B|, S := (¢ (M,b) : b € B) such that Consy (S) > af})).

Obviously every J € Consy/ (S) contains some J' C J with J' € Consy (S), and

for every J' € (g) there are at most (;’f_lz) sets J € (5) that contain it. Hence, by
double counting and basic properties of the binomial coefficients we have that

(Consy, (8)] > ﬁw;)) > (Z)

k'—k

for some o = o’ (e, k, k') > 0 and all n € N. Then taking 8 > 0 so that ¢ (z,y)
satisfies FHP(k, o/, 3), we get that o(x,y) also satisfies FHP (K, o, 8). The proof
for local FHP is identical, restricting to B a tuple of realizations of a complete
type q(y). For (local) WFHP}, we only need to note that any family satisfying the
(p, k')-property also satisfies the (p, k)-property. For DFHP, note that if ¢(z,b)
does not k’-divide over A, then it also does not k-divide over A.

(2) Let ¢ (z,9), ¥ = (y1,-.-,4:) and k be as in the statement, and fix some
a > 0. Let B be a finite set of tuples b = (b1,...,b;), n := |B|, and let S :=
(M beB) be such that Consy (S) > a(Z). For 1 < i < t, let S; :=

( b) :

((p ,bi):be B) By the choice of k, for each J € Consy (5') there exists some

1 <4y <tandsomeJ & (k] ) such that J' € Consy, | (SiJ). Hence by pigeonhole
iy

there is some 1 <7 < ¢ and sbrne D C Consy, (5) ,|D| > % ’Consk (§)| such that for
every J € D, iy = i. By double counting as in (1), this implies that there is some

o} = o (k, ki, ) > 0 such that |C0nsk ( )| > (n(k)) > o ( ) holds for all n. By
FHPy,, for ¢;(z,y;), there is some 5, = B;(a}) > 0 and R C B,|R| > f;n such
that Agcp @i (z,b;) is consistent, hence Azcp ¢ (2,b) is consistent. Thus taking
B :=min{p; : 1 < i <t} does the job.

For local FHP},, note that if all b € B have the same type, then for each 1 < i < ¢,
all of the elements in {bi :beB } also have the same type, so the proof goes through.
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(3) We prove it by induction on the length of |z|. Let ¢ (z1, z2;y) be given, and
assume that FHP holds for all formulas ¢ (z,y) with |z| < |21| + |z2|. Fix some
a > 0. Let ki1, k2 € N be arbitrary, and let k = k1 x k2. Fix an arbitrary set A C M,
of size n, let F := {¢(x1,z2;a) :a € A}. Let B := (,;42), V(T2 Y1y ey Yky) =
31 Ni<ich, P (21, 22;y;) and let F' = {3 (z1;a) : a € B}.

Assume that [Consy, (F)| > (7). For every S € (%) pick some presentation of
it as a disjoint union of ki-many subsets of S of size k3. This defines an injection
from the set Consy (F) to Consy, (F'), so |Consy, (F/)| > «(}) > &n*. We also

have |F'| = (;!) < 22 " and so

= gl

nk2k1

nh2 "
(7)]< (%) < ) I
kl kl k1~ kl' (kz') !

for some o = o' (k1,k2) > 0 holds for all n. Combining we thus have that
|Consy, (F)| > o/’(|£/|) holds for some o = o (o, k1,k2) > 0 and all n. So,

taking ki such that ¢ (z2,y) satisfies FHPy, (exists by the inductive assumption),
there is some 8’ = B (k1,a’) > 0 such that there is some By C B, |By| > 5’ |B|
such that A,.z v (22,a) is consistent, say realized by some b € M,,. Now con-
sider a new partitioned formula 6 (z1;22,y) := ¢ (x1,x2,y), and a set of param-
eters A’ = {b} x A C M,,, of size n, and a family F’ = {¢(z1;b,a) : a € A}.
By the choice of b we have |Consy, (F")| > 8'|B| > 6’(,?2) =p (“:;l)’ Taking
o = " > 0 and k2 such that 6 (x1;xz2,y) satisfies FHP, (again, exists by the
inductive assumption), there is some 8 = (o', k2) > 0 and some consistent sub-
tuple Fo C F” of size > fn, say it is realized by c¢. But then the tuple (¢,b) € My, .,
realizes the family F* = {¢ (21, 22;0a) : ¢ (21,b,a) € Fo} and |Fx| > fn. Unwind-
ing we have that the choice of 5 only depended on ¢, o and kq, ko, which shows
that o (21, z2;y) satisfies FHP, as wanted.

(4) Immediate from the definitions. O

Remark 2.12. The bound in Lemma 2.11(2) is optimal. Consider the model com-
panion of the theory of two linear orders <;,<s. Let @; (z;9y') =y <; x <; v/
Then ¢; (z;yy’) satisfies FHPy for ¢ € {1,2}, but it is not hard to see that
o (@ y1y29195) = \/f:1 ©; (z,y;y,) does not by taking two families of disjoint in-
tervals for each of <; (it satisfies FHP3, however).

We will use the following lemmas frequently.

Lemma 2.13. Let F be a family of subsets of X, and assume that there is some
d € N such that |S| < d for all S € F. Then F satisfies FHP,.

Proof. Fix a > 0, and let (S;:1<1i<mn) be a tuple of sets from F. Let C :=
{IC[n]:|1]=2,N;c;Si #0} and assume that |C| > «(}). The by pigeonhole
there must be some i* € [n] such that i* € I for at least §n of the sets I € C.
But then there must be some element a € S;« belonging to at least $5n of the sets

Si,i € [n], so take 3 := 35 > 0. O

We will use the following fact from combinatorics (see e.g. the introduction of
[Fiir83]).
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Fact 2.14. [EK68] For each k € N, there is v = v (k) > 0 satisfying the following
(can take v = ]f—,:)
If F is a set of k-element subsets of a set X, then there exist sets Xq,..., X C X
and F' C F such that:
(1) Xiﬂijﬂ)foralllgi<j§k,
(2) |F'| = v|Fl,
(3) |X;inS|=1forallSeF and1<i<k.

We need a slightly more general version of it.

Lemma 2.15. The conclusion of Fact 2.14 holds even if F is a multiset (i.e. we
allow repetitions of k-subsets from X ).

Proof. Let k be given. We take v > 0 to be as given by the fact for k + 1.

Now let X be a set and let F = (S;:1 <4 <n) be a tuple of k-subsets of X,
possibly with repetitions. Let X’ D X be a new set obtained from X by adding a
new element b; for each 1 <i <n. Let S} := S; U{b;} be a (k + 1)-element subsets
of X', and let 7/ = {5} :1 <4 < n}, then |F'| = |F| and all sets in F’ are pairwise
distinct. By Fact 2.14, we find some disjoint sets X1,..., Xxyr1 € X’ and some
I C [n] with |I| > yn such that for any ¢ € I we have |S,NX;|=1forall 1 <j <
k + 1. By pigeonhole, there is some I' C I, |I'| > —L=n and 1 < j* < k + 1 such

Tt
that b; € X« foralli € I'. Let X} := X N X;. Then (X]' 1< <k+1,j#j%),
7' = 337 and Fo := {S; : i € I'} satisfy the conclusion. O

The following is easy to verify from the definition of FHP:

Remark 2.16. Assume v (z, z) has FHP, g : MY — M” is a definable function and
p(y) is an arbitrary formula. Then the formula o(x,y) := ¢¥(z, g(y)) A p(y) is also
FHP.

2.2. FHP in Shelah’s classification. Next we discuss the position of FHP the-
ories in Shelah’s classification hierarchy [She90]. We recall the definition of some
relevant tree properties, and refer to e.g. [Chel4] or [CR16] for further details.

Definition 2.17. Suppose T is a complete theory and ¢(z;y) € L is a partitioned
formula in the language of T' (with z,y tuples of variables).

(1) ¢(x;y) has the k-tree property (k-TP) if there is a tree of tuples (ay)yew<w
in M such that
o for all n € w¥, {p(x;a,q) : @ < w} is consistent,
e for all n € w<, {p(z;a, ;) : i < w} is k-inconsistent.
We say that ¢(z,y) has the tree property (TP) if it has the k-tree property
for some k € w; otherwise we say that p(x,y) is NTP.
(2) @(x;y) has the tree property of the first kind (TPy) if there is a tree of
tuples (ay)pcw<~ in M such that
o for all n € w¥, {p(x;a,q) : @ < w} is consistent,
e for all n L v in w<¥, {p(z;a,), ¢(z;a,)} is inconsistent.
Otherwise we say that ¢(z,y) is NTP;.
(3) @(x;y) has the k-tree property of the second kind (k-TP3) if there is an
array of tuples (Ga,;)a<w,i<w i M such that
o for all functions f:w — w, {©(2; a4, f(a)) : @ < w} is consistent,
o for all a, {¢(z;a4,) : 1 <w} is k-inconsistent.
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We say that ¢(z,y) has the tree property of the second kind (TP5) if it has
the k-TPq for some k € w; otherwise we say that ¢(x,y) is NTPs.
(4) T has one of the above properties if some formula does modulo T'.

Fact 2.18. [She90, ITL1.7.7, II1.7.11] (see also [AdlO7, Section 4| or [KKS14, Theo-
rem 6.6]) A complete theory T has TP if and only if it has TPy or TPs.

Fact 2.19. (1) A theory T is simple if and only if it is NTP. If T has TP,
then some partitioned formula ¢(xz,y) € L with |z| = 1 has 2-TP (see
e.g. [KP97, Wag00] ).

(2) If T has TPq, then some partitioned formula ¢(x,y) € L with |x| =1 has
TPs [Cheld, Theorem 2.9|. And if ¢(z,y) has TPa, then for some t € w,
the formula Y(x;y0,...,vyt) = Ny @(x,:) has 2-TPy [Chel4, Lemma
3.2|.

(3) [CR16] If T has TPy, then some partitioned formula p(z,y) € L with |x| =
1 has TP;.

Fact 2.20. (see e.g. [CH14, Lemma 3.9]) If ¢ (z,y) has k — TP, then working in
M, we can find an array (a; ; : i,j € N) as in Definition 2.17(8) such that moreover
tp (as,5) is constant for all i,j € N.

Proposition 2.21. If ¢ (x,y) is locally FHP, then it is NTPs.

Proof. Assume that ¢ (z, y) has d-TP5 for some d € N. Let an array (a; ; : 4,7 € N)
in MY witnessing this be as given by Fact 2.20, with ¢ := tp (a;,;) constant.

Let k € N be arbitrary, we show that ¢ (z,y) does not satisfy local FHPj (on
q(M)). Let a := 7 > 0, fix some m € N, let A := {a;;:1<i<k1<j<m}
and consider the family F = {¢ (z,a) : a € A}. Let n := |A| = km. As for every
f k] = [m], {¢(z,a; @) : 1 <i <k} is consistent, we have that [Consy, (F)| >
mF > (%)k > a(Z). On the other hand, by pigeonhole for any S C A of size
> (d—1)k +1 there is some 1 < ¢ < k and some 1 < j; < ... < jg < m such that
a;j, € Sforall 1 <t <d, hence A, g ¢ (7,a) is inconsistent by the choice of A.

This shows that for any 8 > 0, if we take m such that (d — 1) k+1 < Bn = Bkm,
then there is no consistent subset of F of size > fn. O

The following theorem of Matousek is very important for our discussion.

Fact 2.22. [Mat04] Let F be a family of subsets of X, and assume that d € N is
such that 7% (n) = o (n?) asn — 0o (e.g. if ve* (F) < d). Then F satisfies FHP.

Recall that a formula ¢ (z,y) has IP (independence property) if there is an
infinite set A of |z|-tuples and for any I C A, there is a |y|-tuple b; such that
E ¢(a,br) if and only if @ € I for all a € A. A formula is NIP if it does not have
IP, and a theory T is NIP if all formulas are NIP. Hence:

Fact 2.23. [Mat04] If ¢ (x,y) is NIP (in particular, if ¢ (x,y) is stable) then it is
FHP.

The class of low theories, and in particular of low simple theories, is investigated
in [Bue99, Sha00].

Definition 2.24. A formula ¢ (x,y) is low if there is some k € N such that for
any indiscernible sequence (a; : i € N), {¢(x,a;) : i € w} is consistent if and only
if all of its subsets of size k are consistent. A theory is low if it implies that every
formula is low.
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It was observed that NIP formulas are low in [CK12, Remark 3.33]. More gen-
erally we have:

Proposition 2.25. If ¢ (z,y) is locally WFHP, then it is low.

Proof. Assume that ¢ (z,y) satisfies local WFHP,, we show that then ¢ (z,y) is low
with the same k in Definition 2.24. Let (a; : i € N) be an indiscernible sequence,
and assume that every subset of F := {p(z,a;) : i € N} of size k is consistent.
By indiscernibility, it is enough to show that for every N € N there is a strictly
increasing subsequence (i; € N : j < N) such that {p(z,a;,) : 1 < j < N}
is consistent. Let pp and 8 = B(po) be as given for ¢(x,y) by local WFHP, (see
Definition 2.9). Note that F satisfies the (po, k)-property by assumption. Let n € N
be such that Sn > N. Hence some subset of {¢(z,a;) : i < n} of size > fn > N is
consistent — as wanted. O

Remark 2.26. DFHP, for ¢(z,y) implies a slightly weaker condition than lowness:
if (z,b) does not k-divide, then it does not divide. This is equivalent to lowness
in simple (or even resilient) theories, but is not known to be equivalent to lowness
in NTP; (see Proposition 4.13 and Question 4.14 in [BYC14]).

Recall that wnfep, or weak nfep, is a strengthening of lowness which characterizes
elementarity of lovely pairs of simple theories [BYPV03, Vas05].

Definition 2.27. We say that T is wnfep if:

(1) T is low, i.e. for every ¢ (z,y) € L there is some k, such that for any
sequence (b; : i € w), if {¢(z,b;) : ¢ € w} is k,-consistent, then it is not
n-inconsistent for any n € w.

(2) For any ¢ (x,y) and ¢ (y, z) in L there is a number n = n (¢, 1) such that
for any ¢ € M*, if there is a ky-inconsistent family {¢ (x,b;) : i < n} with
b; = 9 (x,¢), then there is an infinite such family.

Fact 2.28. (1) [Vas05, Proposition 2.8] If T is supersimple, of SU-rank 1, then

T is wnfep.
(2) [Vas05, Corollary 3.10] If T is stable, then T is wnfcp if and only if T is
nfcp.
Remark 2.29. (1) In a simple theory T, the following are equivalent (and (a)

implies (b) is true in any theory):

(a) T is wnfcp;

(b) T is low and Q. (2) is (type-)definable for all ¢ (z,y),v (y,2) € L,
where Q. (¢) hold if ¢ (z,b) does not divide over ¢ for all b |= ) (y, ¢).

(2) Wnafcp implies elimination of 3°°, namely Qg—y y(y,-) (¢) holds if and only
if ¢ (y, c) defines a finite set.

(3) Definition 2.27(2) can be rephrased as saying that given ¢ (z,y),% (y, 2)
there is some n such that for any ¢ € M, if the family {¢ (,0) : b =9 (y,¢)}
satisfies the (n', k)-property for some n’ € w, then it already satisfies the
(n, k)-property.

Example 2.30. Consider the theory Tp, of the group (Z, +) expanded by a predi-
cate for the primes. Assuming Dickson’s conjecture in number theory, Tp, is super-
simple SU-rank 1, hence wnfcp by Fact 2.28, locally FHP theory which is not FHP
(see Section 6.2 for the details). Note also that by Fact 2.28(2), any stable theory
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with fcp satisfies FHP and not wnfcp, so there is no implication between FHP and
wnfcp in general.

Proposition 2.31. If T is w-categorical and locally FHP, then T is FHP and
wnfep.

Proof. Fix ¢ (z,y) € L. By w-categoricity, there are only finitely many types
P1s-- - Pm in Sy (0), and all of them are isolated, say by ¥1 (y),...,%m (y). Then
@ (z,y) is equivalent to V<, (¢ (2,¥) A; (v)). As ¢ (x,y) is locally FHP by
assumption, we have that ¢ (z,) A ¢; (y) is FHP for each 1 < i < m, and as the
class of FHP formulas is closed under disjunctions by Lemma 2.11(2), we conclude
that ¢ (x,y) is FHP. Also, it is a general fact that if an w-categorical theory is low,
then it is wnfcp (as any invariant set over a finite number of parameters is definable,
see e.g. [Pall2]). Hence local FHP implies wnfcp by Proposition 2.25. d

3. FHP RELATIVELY TO A CLASS OF MEASURES

3.1. Keisler measures. Let T be a complete L-theory. We will work in M = T,
and M > M is a saturated elementary extension. For any set A C U, a Keisler
measure over A in variables x is a finitely additive probability measure on the
Boolean algebra L;(A) of A-definable subsets of M". We denote the space of
Keisler measures over A (in variables z) as 9, (A). Every element of 9,(A) is
in unique correspondence with a regular Borel probability measure on the space of
types S;(A), and we will routinely use this correspondence. We recall some notions
from [Kei87, HPP08, HP11, HPS13, CS21, Ganl9], and refer to [Stal6, Chel8] for
a survey.

Definition 3.1. Let p € M, (M) and A C M a small subset.

(1) wis A-invariant if for any partitioned L(M)-formula ¢(z;y) € L and any
bt/ e MY, if b=,V then p(p(z;b)) = u(p(z;b')).

(2) Assume that p is A-invariant and ¢(z;y) € L(A). We define the map
F7 4 8y(A) = [0,1] by FYf 4(q) = p(p(x;b)), where b = g (this is well-
defined by A-invariance of p).

(3) p is Borel-definable (respectively, definable) over A if u is A-invariant and
for any partitioned L(A)-formula ¢(z;y), the map F7 , is Borel-measurable
(respectively, continuous).

(4) p is finitely satisfiable in A if for any L(M)-formula ¢(x), if u(p(z)) > 0
then M = ¢(a) for some tuple a in A.

(5) pis dfs over A if u is both definable over A and finitely satisfiable in A.

(6) Given @ € (M*)<¥, with @ = (a1, ...,ay), the associated average measure

)

Avg € M, (M) is defined by

Ava(p(z)) =

for any ¢(z) € L;(M).
(7) w is finitely approximated, or fam, over A if for any ¢(x;y) € L and any
€ € Ry, there exists a finite tuple @ from A such that for any b € MY,
w(p(x; b)) ~: Avg(e(x;b)). In this case, we call @ a (p,e)-approzimation
for p.
We say that p is invariant if it is invariant over some small model M < M, and
similarly for the other properties.

{i € [n] : M |= p(ai)}]

n
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Remark 3.2. Note that if u is fam and A(x,y) is a finite set of partitioned for-
mulas, then for every € > 0 there exists a finite tuple a so that a is a (p(z,y),€)-
approximation for u for all p(z,y) € A simultaneously (by coding finitely many
formulas into one using additional variables).

Definition 3.3. Assume p € M, (M) is Borel-definable and v € M, (M) arbitrary.
We let p®@wv be the unique measure in M, (M) such that for any ¢(z,y) € Ly, (M),
we have
(o v)ela) = [ FLadla).
Sy (A)

where p is A-invariant and A contains all the parameters from ¢, and v|4 is the
unique regular Borel probability measure on S, (A) extending the Keisler measure
l/|A.

See e.g. [CG22, Section 3.1| for an explanation why this product is well-defined
and its basic properties. We will often abuse the notation slightly and replace V/\;
with either v|4 or simply v when it is clear from the context, and sometimes write
F :i 4 as F7. In general, ® need not be commutative /associative on Borel definable
measures in arbitrary theories.

Fact 3.4. (1) [CGH23, Theorem 2.18| Suppose u,v are definable and A arbi-
trary. Then p ® v is definable, and (pRV)RA=p® (¥ N).
(2) [CGH23, Theorem 5.16] If p is fim and v is Borel definable, or u is fam
and v is definable. Then p@v =v Q u.

3.2. FHP relative to a class of measures. We define a generalization of the
FHP (Definition 2.1) relatively to a class of definable Keisler measures.

Definition 3.5. Let M be a first-order L-structure, M > M a saturated model.
Let ¢ (z,y) € L be a partitioned formula, and let 9 C 91, (M) be a class of
definable Keisler measures. We say that ¢ (x,y) satisfies FHP(d, «, 8) relatively to
I if for any p € M, if u=9 <3m Niea @(x,yi)) > o then p (¢ (a,y)) > B for some

a € M”. And ¢(z,y) satisfies FHPy relatively to O if for every a € Ry g there is
some 3 € Rsq so that ¢ (z,y) satisfies FHP(d, «, 8) relatively to 9. And ¢ (z,y)
satisfies FHP relatively to 90 if it satisfies FHP, relatively to 901 for some d € N.

We note that the usual FHP property is equivalent to the FHP property with
respect to the class of finitely supported measures:

Proposition 3.6. The formula ¢ (z,y) satisfies FHPy (as in Definition 2.1) if
and only if it satisfies FHP relatively to the class WSH(M) of all Keisler measures
supported on finite subsets of MY.

Proof. Assume that ¢ (x,y) satisfies FHP4, and fix some o« > 0. Let p € M, (M)
be concentrated on a finite B C MY. Say B = {by,...,b,} and p ({b;}) = r; € [0,1]
with > r; = 1. Assume that p®? (Hx Nield @(x,yi)) > a, and let € € Ry

be arbitrarily small. Then, wiggling the weights of the points a little bit one by
one, we can choose a measure v concentrated on B such that v ({b;}) = s; with
s; rational, such that v®¢ (C) ~° u®¢ (C) for all 1 < e < d and all C C (MY)¢, in

particular v®9 <3x Niepa ¢ (2, yz)) >a—e.
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Let s; = %, where t;, D € N and D is a common denominator for the s;’s (so
>r i ti = D). Then we choose a tuple of sets S = (S;:1 <i < D) such that

it contains t; repetitions of the set ¢ (M,b;), for each 1 < i < n. Now from
the assumption on the measure we have H(il, .yiq) € [D]: Ni<j<aSi; # @}’ >

(a —e) D4, Note that H(z’l,...,id) e [D]*: Vicjcjicals :ij/}’ < (HD41, so

Consq (S) > 47 (v — ) D* — (‘21) D1 (the factor 7 is there since every set in (3)
is counted d” times). Hence, taking £ := &, we have Consq (S) > 347%2D? for
all D sufficiently large, so Consy (S) > o/ (%) for o/ = o/ (a,d) :== 1 L L2 > 0.
As p(z,y) satisfies FHP, there is some 8 = (o) and a € M” such that, taking
C:={ie[D]:acb;}, and J :={j € [n] :}= p(a,b;)}, we have |C| > SD (this is
where we use that in the definition of FHP repetitions of sets are allowed). Note
that if @ € S;, then a € §; for every copy of S; appearing in S as well, hence
Zje] tj > BD, and so v (¢ (a,y)) > %j > 3, as wanted.

Conversely, assume ¢ satisfies FHP; relatively to 9)?2“ and we are given a tuple

of sets S = {¢(z,b;) : 1 <i < n} such that Consy(S) > a(7}). Define a finitely

supported Keisler measure p € img“ via p (V) = Hle[nlnﬂ Then

{(il,...,id) € [n)" =32 Ny v (a:,bij)}

nd

peh 3z N\ e (@u) | =
1€[d]
a@) o
> —2 >«
for o' := £ > 0. Taking 3 > 0 as given for o’ by FHP relatively to 95", we
have that u (¢ (a,y)) > 8 for some a € M”. Then |{i := ¢ (a,b;)}| > fn, hence ¢
satisfies FHP. O

This equivalence lifts further from finitely supported measures to fam measures
(see Definition 3.1(7)). Namely, we have (by a repeated application of [CS21,
Proposition 2.14(2)]; see also [CG20, Proposition 2.10]):

Lemma 3.7. Let ¢ (x1,...,24;2) € L and € > 0 be arbitrary. Assume that p;
is a fam measure on My, and b; = (b 1,...,bin,) € (M™)™ is a (; (i;2:),€)-
approzimation for p;, where v; (x;;2;) is obtained from ¢ (x1,...,24,2) by par-
titioning its variables into two groups x; and z; = X1 ...T;—1Tit1...T42, for i =
L,...,d. Thenb:= (b;;:i € [d],j € [ni]) isa (¢ (z1,...,24; 2) , 2%€) -approzimation
forp:=p1 ®...® uq.

In view of this, we can talk about FHP relatively to the class Qﬁgap of all fap
measures on M, with the product defined above. Note that 9fi» C 9P and the
products defined above coincide on img“.

Proposition 3.8. A partitioned formula ¢ (x,y) € L satisfies FHPy if and only if
it satisfies FHPy relatively to the class E)tham C M, (M) of all fam Keisler measures
on MY.

Proof. Assume that ¢ (x;y) € L satisfies FHP,4, and let a > 0 be arbitrary. Let
B’ > 0 be as given for o/ := § by FHP relatively to img‘“ (using Proposition 3.6).
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Let € be arbitrary with 0 < e < min{%,’} and let 8 := ' —e > 0 — can be
chosen depending only on a. Let ¢ (y1,...,yq) := Iz /\ie[d] o (x,y;). For i € [d],

define ¢; (yi; z:) := 3z N\;jepq @ (@, 93), with 23 = w1, Yim1, Yi1, - ya. Let
A(y;2) = {vi (yi, 1) 1 1 < i < df U{p(z;9)},

where z := 2" 2;. Now let p € imf;m be arbitrary with p®? (Elx Nicicat (2, y2)> >
o. By Remark 3.2, let b = (b1,...,bn) € (MY)" be an 5-approximation for u
on all formulas in A simultaneously. Then, by Lemma 3.7, b' := ((b;,,...,b;,) :
(i1,...,iq) € [n]?) is an e-approximation for u®? on ¥ (y1,...,y4). As Av?d = Avy,
we thus have Avigd (ch /\1§¢5d90(9573/i)) >a—¢e>a. And Avy € MEM(M), so
by the choice of 3’ there is some a € M so that Avy(p(a,y)) > 8. As b is also a

(p,e)-approximation for y, this implies u(p(a,y)) > 8 —e > 5.
The converse follows by Proposition 3.6 as smgn C 93“(5”“. (]

3.3. FHP for generically stable measures in NIP structures. Matousek’s re-
sult in Fact 2.22 implies that every NIP formula ¢ (x,y) satisfies FHP. In NIP, fam
is one of the equivalent characterizations of generically stable measures (see Remark
5.19). Hence Proposition 3.8 combined with Matousek’s theorem immediately im-
plies the main theorem of [HPS12| (by taking the contrapositives and exchanging
the roles of the variables in the statement).

Fact 3.9. [HPS12, Proposition 2.1] Let T' be NIP and let p € M, (M) be a gener-
ically stable measure. For any formula p(z,y), if p(p (z,0)) = 0 for all b, then
there is some d € N such that p®? 3y (¢ (z1,y) A... A (2n,5y))) = 0. Moreover,
d depends only on .

Conversely, under the global NIP assumption on the theory, we can quickly
deduce from Fact 3.9 using compactness that every formula satisfies FHP. Indeed,
fix p(z,y) € L and let d be as given by Fact 3.9 for p(y,z)* := ¢(z,y). Assume
¢(z,y) does not satisfy FHP4 relative to 9™ (M). Then there exists a > 0
and for every i € w some p; € E)ﬁfy'am(M) with p&¢ (Elx /\te[d] @(m,yt)) > « but
pi((a,y)) < + for all a € M. Following [Che25, Section 3.4], in an NIP theory T
we identify the set of global fam measures 9, (M) with a hyperdefinable set ./Wy,
let 1 € M (M) — [1] € /Wy denote the bijection. The sets

X = {1 € R, ¥ € 107 wlpta ) < 1},

YVi=qeMy:p® 3z N\ ¢@y) | >a
teld]
are type-definable (by [Che25, Remark 3.27, Proposition 3.29]). Note that X; 1 C
X; and [;] € X; NY. It follows by saturation of M that there exists some p €
ombam (M) with [u] € Y N Nico Xi- That is, p®? (Elx /\te[d] ga(x,yt)) > « and
w(p(a,y)) =0 for all @ € M®. But this contradicts the choice of d.
Remark 3.10. We could instead use directly the folklore facts that, under NIP, ul-

tralimits of fam measures are fam (as measures on the ultraproduct) and ultralimits
commute with ® (see e.g. [Gan25]).
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4. COLORFUL FRACTIONAL HELLY PROPERTY, BURDEN AND (p,q)-THEOREMS

In this section we consider a more general (“colorful”) version of the FHP property
relatively to products of different measures and its relation to the model theoretic
notion of burden (in particular strengthening and generalizing some of the results of
Pillay from [Pil13]). We also observe that, at the level of the theory, the conclusion
of the (p, ¢)-theorem is equivalent to NIP (equivalently, finite VC-dimension).

4.1. Colorful FHP, burden, VC-density. The following lemma is very similar
to [CT20, Lemma 4.6] but in a slightly different setting:

Lemma 4.1. Let k € N and Keisler measures p; € M, (M) for i € [k] be definable
and pairwise commauting (in particular each p; commautes with itself). Assume that
R CM* x...x M® is definable and such that ®i€[k] wi(R)>a>0. FordeN,
consider the definable set

Sy = { (£1,..., @) € (M™)4 x ... x (M)?
(1,015 -+ Thyiy) € R for all (iy,...,ix) € [d]’C }
Then u$ @ ... @ pd* (Bq) > adk.

Proof. We will use Fact 3.4 and the pairwise commuting assumption freely. We
have the following;:

Claim 4.2. Assume p € M, (M), v € M, (M) are definable and pairwise commut-
ing, and F C M” x MY is definable with y ® v(FE) > o > 0. Fix d € N and
let

T:={(a;b1,...,ba) € M* x(M¥)*: (a,b;) € E for all i € [d]} .
Then p ® v®(T) > a? > 0.

Proof. Assume M < M is small so that u,v, E (and hence also I'y) are definable
over M. Then, by Definition 3.3, u ® v®4(I') = Jres.n v®4(T,)du|ar (1), where
a € M" with a |= r is arbitrary and T', denotes the fiber of I at a. Note that for
each fixed a € M*, I';, = E(a,y1) A ... A E(a,yq) belongs to the product Boolean
algebra Ly, (M) x ... x L,,(M). As v®¢ extends the product measure v*?, we have
v®4(T,) = (Z/(Ea))d for all @ € M®. Then, using Holder inequality with p = d,q =
d/(d— 1), we have 1 v¥ (1) = [ o 0p (B du = [ p) (v (Ea) dpt-

d
_d_
Jres.on 1T dn = (fre&c(M) v (Ea) d/i) =(uev(E)!>al>0. O

Now let R C M x... x M® be as given by assumption. For ¢ € [k], let
Vi == M and U; := Hj<i(sz)d x [[;-;M™, and consider the definable bi-
nary relation E; C U; x V; given by (Z1,...,Ti—1,Tit1,...,Tk;x;) € By <=
(il,jla oy =1 g1y Ly it 1y e - ,xk) € R for all J1s--yJi—1 € [d} Let v; =
PR @ pSY O i1 ® ... ® ik

In particular u;,v; are pairwise commuting for every ¢ € [k]. Note that F;
is equal to R, F;;1 is equal to I'; as obtained from F; by the claim, that 'y =
¥q and pp @ v = u?d ®...1% ,u%d (up to a permutation and repartition of the
variables). Hence, applying the claim repeatedly and using that all products of
the measures involved commute, we have ;11 ® vi11 (Eiy1) > ot -y @ v; (E;)
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forall i. As 1 @11 = 11 ® ... Q up and g ® v1 (E1) > «, we conclude that
il @ . @ pPt (Rg) > adk. O

Adler [AdIO7| introduced burden, a notion based on the invariant xinp of Shelah
[She90] which generalizes simultaneously dp-rank in NIP theories and weight in
simple theories. For notational convenience we consider an extension Card” of the
linear order on cardinals by adding a new maximal element co and replacing every
limit cardinal x by two new elements x_ and 4. The standard embedding of
cardinals into Card” identifies x with x,. In the following, whenever we take a
supremum of a set of cardinals, we will be computing it in Card*.

Definition 4.3. [Adl07] Let p (x) be a (partial) type.
(1) An inp-pattern of depth & in p(z) consists of (a@;, v;(z, yi), ki)
(aij) e, and k; € w such that:
o {pi(z,ai;)},c,, is ki-inconsistent for every i € &,

icw With @; =

o p(z) U {pi(z, aif(i)>}ien is consistent for every f: k — w.

(2) The burden of a partial type p(z) is the supremum (in Card*) of the depths
of inp-patterns in it. We denote the burden of p as bdn(p) and we write
bdn(a/A) for bdn(tp(a/A)).

(3) By compactness, T is NTP5 if and only if bdn ("z = z") < oo, if and only
if bdn ("z = 2") < |T|".

(4) A theory T is called strong if bdn (p) < (Xg)_ for every finitary type p
(equivalently, there is no inp-pattern of infinite depth). Of course, if T is
strong then it is NTPs.

Fact 4.4. [AdI07]

(1) Let T be NIP. Then bdn(p) = dprk(p) for any p.
(2) Let T be simple. Then the burden of p is the supremum of the weights of
its complete extensions.

Fact 4.5. (1) [Cheld] If T is any theory, then “burden +1” is sub-multiplicative,
i.e. for any tuples a,b in M and cardinals k,\ we have that bdn(a) <
k,bdn(b/a) < X implies bdn(a,b) < k X \.

(2) [KOU13| If T is NIP, then burden (which is equal to dp-rank in this case)
is sub-additive: for any tuples a,b, bdn(a,b) < bdn(a) + bdn(b/a). By
[Tak25]|, the same is true only assuming that T satisfies the dependent di-
viding congjecture (from [Chel4]).

(8) If T is simple, then burden is also sub-additive (by sub-additivity of weight
in simple theories and Fact 4.4(2)).

It is open if burden is sub-additive in general (or in NTP3) theories [Chel4, Con-
jecture 2.7].

Proposition 4.6. Assume that bdn (z) < k and let p; (z,y;) € L, i € [k], satisfiy
FHP relatively to a class of definable measures M; C M,, (M) (see Definition 3.5).
Then for every a > 0 there is v > 0 satisfying the following.

Let p; € M; be such that py, ..., u, are pairwise commauting (in particular each

Wi commutes with itself). Assume that p1 ®. .. Q ug (Hx /\f:1 wi (z, yl)) > . Then
there is some i € [k] and some a € M" such that p; (p; (a,v:)) > 7.
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Proof. Let ; (x,y;) € L and p; € M; for ¢ € [k] be given, and let & > 0 be
arbitrary.

By Definition 4.3 and compactness, for every d € N there is some D = D (d) € N
such that there is no rectangular array (b; ; € MY : i € [k], j € [D]) satisfying
(%) {@i (z,b; s(i)) i € [k]} is consistent for any f : [k] — [D],

{pi (x,b; ;) : j € [D]} is d-inconsistent for any 1 <1i < k.
By assumption ¢; satisfies FHP4, for some d; € N, let d := max{d; : 1 <1i < k},
and let D = D (d) be as above.

For each i € [k], let ¢; (g;) = /\se([ﬁ]) (—EL]Z/\jES i (x,yid)), where g; =
Yi1---yi,p with all of y; ; of the same sort as y;. Let ¥ () == A<, Vi (¥i),
where ¥y =41 ... Yk. o

Fix 8 = B8(«, k, D) > 0, to be determined later.

If p24 (Elx Njera ¢ (amy”)) > B for some i € [k], then, as ¢;(z,y;) satisfies
FHP, relatively to 9;, there is some ; = v; (8) > 0 and some a € M” such that
i (¢ (a,y;)) > 7. Then taking v := min{~; : ¢ € [k]} we would be done.

So assume that p®? (EIJ: Njera #i (z,yivj)> < p for all i € [k]. Then, by the

union bound,

pEP (= (42)) < (3)#?’1 3z N\ ei(w,vig) | < (g)@
Jjeld]
hence 4P @ ... @ uPP (v (g)) < k(g)ﬁ, and so u? @ ... @ uPP (¥ (g) >
1-k(9)B.
On the other hand, we are assuming that 1 ®...® py (EI:L’ /\f:1 i (z, yl)> > a.

Let 0 () := /\(jl,...,jk)e[D]k (Elz Algigk ©i (x,y”7)> Then applying Lemma 4.1 to
R(yr,... yk) =3 /\f:1 vi (x,y;) (noting that 34 (§) = 0 (7) in this case), we have
that uPP @ ... uPP (0 () > oP*.

Let p:= PP @ ... @ uPP. Then, if k:(jdj)ﬁ < aP* we have p (v (7) A0 (7)) >
0. But any realization (b;; :4 € [k],j € [D]) of ¥ (§) A 6 (§) would satisfy (x) —
contradicting the choice of D.

Hence taking 5 > 0 sufficiently small compared to «, k and D, we see that v > 0
above can be chosen depending only on 1, ..., and «, as wanted. (I

Remark 4.7. Conversely, assume bdn(M”) > k, witnessed by ¢;(z,y;), k; and a =
(ai,j)jew for i € [k]. Then for every v > 0, taking u,; € E)ﬁgf‘(M) to be the measure
supported on the finite set {b; ; : j € [n]} with sufficiently large n so that v > k;/n,
we have @), ¢ wi(Jz /\f:1 i (x,y;)) = 1, but pi(p(a,y;)) < v for all ¢ € [k] and
a € M”. Hence Proposition 4.6 gives a measure-theoretic characterization of burden
in FHP theories.

Remark 4.8. Proposition 4.6 generalizes and refines [Pill13| applied with 9, =
otfem  which in an NIP theory corresponds to the class of generically stable mea-
sures. But also, by Theorem 7.6, applies to pseudofinite fields with the class I;
given by localizing the ultralimit of counting measures to arbitrary definable sets.

A partitioned formula ¢(x,y) € L has (dual) VC-density < ¢ € R if there exists
K € R such that, for all finite B C MY, |S,(B)| < K|B|* (note that |S,(B)] is
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equal to the dual shatter function 7% for the family 7, = {o(M,b) : b € M"}
of subsets of M”). And we let its VC-density vc*(p) be the infimum of all such
¢ € R. For a complete theory T and a tuple of variables z, we let vci-(z) denote the

supremum of vc*(¢) over all formulas p(z,y) € L (with z fixed and y arbitrary).
The following observation appears in [ADH" 16, KOU13, GH14|:

Fact 4.9. For any theory T and tuple of variables x, bdn(M") < vei.(z).

It is a well-known open problem (stated in various variants in [ADHT16, KOU13,
GH14]) if there exists a function f : N — N so that for any NIP theory T we
have veh(z) < f (bdn(M™)) (one can take f to be linear in all known examples).
Matousek’s theorem (Fact 2.22) demonstrates that the fractional Helly number of a
formula ¢(x,y) is bounded by its dual VC-density vc*(¢). Proposition 4.6 implies
that in fact it is bounded by the burden/dp-rank of M":

Corollary 4.10. In any FHP (so e.g. in NIP) theory T, the fractional Helly number
of a formula ¢ (x,y) is at most bdn (M*) 4 1.

Proof. Applying Proposition 4.6 with 1 = ... = ¢} := ¢ and arbitrary y; = ... =
Lk € img“ (using Proposition 3.6). O

The following “colorful” version of the fractional Helly property was proved for
convex sets in [BFM™14] (see also [Kim15]):

Theorem 4.11. Let Fi,...,Far1 be finite non-empty families of convex sets in
Re, and assume that o € (0,1]. If at least o|Fi|...|Fas1| tuples of the form
(S1,...,8q41), Si € Fi, have a non-empty intersection, then some F; contains an
intersecting subfamily of size B |F;|, with B = 735.

Here “colors” correspond to several families of sets instead of one, and the usual
FHP follows by taking all of these families to be equal to each other. Proposition
4.6 (combined with Fact 4.9) implies a generalization of Matousek’s theorem (Fact
2.22) to a colorful version:

Corollary 4.12. Assume that F is a family of sets with 7 (n) = o(nd). Let
a € (0,1]. Then there is some B satisfying the following. Let Fy,...,Fq C F be
finite non-empty families. If at least o |F1| ... |Fq| tuples of the form (Si,...,Sq),
S; € F;, have a non-empty intersection, then some F; contains an intersecting

subfamily of size B |F;|.

4.2. (Colorful) (p,q)-theorem and finite VC-dimension. A celebrated result
of Alon and Kleitman established a long standing conjecture of Hadwiger and De-
brunner:

Fact 4.13. [AK92| Let p,q,d be integers with p > q > d + 1. Then there exists
an integer N = N(d,p,q) such that: if F is a finite family of convex subsets of R?
satisfying the (p, q)-property (Definition 2.2), then there erists a set A C R? with
|A| < N so that ANS # 0 for every S € F.

Their proof combines two earlier results about convex sets: the fractional Helly
property [KL79] and the existence of (weak) e-nets [ABFK92]. Using his result
on the fractional Helly property for families of sets of finite VC-dimension and
the existence of e-nets [HW86], Matousek obtained an analog for families of finite
VC-dimension:
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Fact 4.14. [Mat04, Theorem 4| Let p,q,d be integers with p > q > d. Then there
exists an integer N = N(d,p,q) such that: if F is a finite family of sets with
m5(n) = o(n?) satisfying the (p,q)-property, then there exists a set A C R% with
|A| < N so that ANS # 0 for every S € F.

Matousek’s (p, ¢)-theorem (Fact 2.22) played an important role in the study
of NIP theories, starting with the proof of the uniform definability of types over
finite sets (UDTFS) in NIP theories [CS13, CS15] (also in the study of definably
amenable NIP groups [CS18]; and more recently in the proof of the definable (p, q)-
conjecture of Chernikov and Simon in [Kap24]). In [BFM*14] the authors obtain
a colorful (p, g)-theorem for convex sets, relying on their colorful fractional Helly
property. Similarly, using the colorful fractional Helly property (Corollary 4.12),
one can obtain a colorful (p, ¢)-theorem for families of sets of finite VC-dimension.

As we demonstrate in this paper, the class of structures in which all definable
families of sets satisfy the fractional Helly property is much wider than the class
of NIP structures. Here we point out however that at the level of the theory, the
(p, q)-theorem characterizes NIP.

Definition 4.15. For d € w, we say that a partitioned formula ¢ (z,y) € L is
d-pierceable if for any p > q > d there is some N = N (p,q) € w such that, taking
F ={o(M,b):be M"Y}, if a finite subfamily F' C F satisfies the (p, q)-property,
then it admits a transversal of size at most N. A formula is pierceable if it is
d-pierceable for some d € w. A theory T is pierceable if every formula is pierceable.

So by Fact 4.14, every NIP theory is pierceable. Conversely, we have:

Proposition 4.16. Assume that the formula ¢ (z,y) is not NIP (i.e. it defines
a family of sets of infinite VC-dimension). Then the formula ¥ (x;y1,y2) =
o (z,y1) A (x,y2) is not pierceable.

Proof. As ¢(z,y) has IP, for any m € w there is S C MY with |S| = m so that: for
any S’ C S, there is some e € M” such that for all ¢ € S we have = ¢ (e,¢) <—
ce 8. Let ((a;,b;):i<mn), for n = m?* —m, list all pairs in S? \ A (where
A = {(a,b) : a = b} denotes the diagonal).

Claim 1. The family {¢ (M;a;,b;) : i < n} satisfies the (4, 2)-property.

Let {(a},b}) : i < 4} be arbitrary pairs from S?\ A witnessing failure of the (4, 2)-
property. From pairwise inconsistency and assumption on S, for any ¢ # j < 4 we
must have a; = b; or a; = b;. But this is easily seen to contradict the assumption

a; # b; for all i < 4.

Claim 2. For any 2 < ¢ € w, there is some p € w such that the family
{Y M a;,b;) : i < n} satisfies the (p, g)-property (as long as n is sufficiently large
with respect to p,q).

Fix ¢ > 2. Let T'(7,7") := {3z (¢ (z,9) A (z,7"))}. By Ramsey’s theorem we
can choose p = p(q) large enough, such that every sequence (Jz) from S2 \ A of
length p contains a I-indiscernible subsequence of length ¢’ := max {q, 4}.

Assume now that the family {4 (M (a;,b;)) 14 < n} fails the (p,q)-property.
That is, there is some I C n with |I| = p so that the family {¢ (x;a;,b;) : i € I} is
g-inconsistent. By the choice of p, there is some J C I with |J| = ¢’ so that the
sequence (a;, b;);c is T-indiscernible, and we still have that {¢(x;a;,b;) : i € J} is
inconsistent.
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But by definition of ¢ and assumption on S, this can only happen if already
{¢ (z;a;,b;) ,% (z;a;5,b;)} is inconsistent for some i # j € J. But then, by I'-
indiscernibility of (a;,b; : i € J), the set {9 (z;a;,b;) : i € J} is 2-inconsistent. As
¢ > 4, it follows that {¢ (z,d;) : i < n} fails the (2,4)-property — contradicting
Claim 1.

Claim 3. The family {¢) (M;a;,b;) : ¢ < n} does not admit any transversal of size
independent of n.

Fix k, and let m be sufficiently large, to be determined later. Assume that
the family admits a transversal of size k. That is, we can choose a partition
Dy, ..., Dj_1 of S? \ A such that each of the families {¢ (z;a;,b;) : (a;,b;) € D;},
l < k, is consistent.

This implies in particular that m,, (D;) N 7y, (D;) = 0 for each | < k, where
7y, denotes the projection onto the corresponding coordinate (as otherwise we have
some (a;, b;), (a;,b;) € Dy with ¢ # j, such that a; = b; — so 9 (z; a;, b)) AP (z; a;b;)
is inconsistent). We show that this is impossible.

Say S = {¢; :i <m}. For every i < j < m, (¢;,¢;) € Dy for some | < k. By
Ramsey (assuming m > k) there is a subsequence (¢ : i <m') for m’ > k, and
some | < k such that (c},c;) € D; for all i < j < m/. In particular (cj,c}) and

i1 Cj
(¢}, c5) are both in Dy, thus my, (D;) N 7wy, (D;) # 0.

Combining Claims 2 and 3, we see that ¥ (z;y1,y2) is not d-pierceable for any
d € w. O

Corollary 4.17. Let T be a complete first-order theory. Then T is pierceable if
and only if T is NIP.

Remark 4.18. Note that this corollary cannot hold at the level of a formula. Indeed,
let M = (R?, P; E) with two sorts R? and P consisting of all convex subsets of R?
and F C R2 x P the membership relation.

It is well-known that the family of convex subsets of R? has infinite VC-dimension
(e.g. it shatter any finite subset of the unit circle), hence E (z,y) is not NIP.
However, by Fact 4.13, E (z,y) is 3-pierceable.

Remark 4.19. Also, E(x,y) in this structure is FHP (by the fractional Helly prop-
erty for convex sets [KL79]), hence in particular F(z,y) is NTPy (by Proposition
2.21). We observe however that the formula ¢(z;y1,y2) := E(z,y1) A “E(z,y2) in
this structure has 2-TP5.

Proof. Let F denote the family of subsets of R? of the form AN (R?\ B) with A, B
convex. Let D C R? be the (convex) closed unit disk. Since N<N (the set of all
finite sequences of natural numbers) is countable and the border 9D is a circle,
we may choose a family of pairwise disjoint closed arcs (IS)S cn<n On dD. For each
s € N<N_let £, be the chord line joining the endpoints of I, and let H, be the closed
halfplane bounded by ¢, that contains the center of D. Define the corresponding
(convex) cap Cs := DN (R?\ H,). By choosing each chord ¢, sufficiently close to
0D (equivalently, choosing each arc I sufficiently small), we may assume the caps
(Cs)gen<n are pairwise disjoint.
For i,j € N, define

F,; = U{CS : |s| >iand s(i) =j },
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where |s| is the length of s and s(7) is its ith entry (defined only when ¢ < |s|). We
claim that each F; ; belongs to F. Indeed, let

B;; = Dn ﬂ{HS : |s| >iand s(i) =7 }.

Then B; ; is convex, being an intersection of convex sets (the disk D and halfplanes).
And we have F; ; = DN (R?\ B; ;) € F. We will use the parameters y; ; := F; ; in
the set sort P.

Fix i € N and let j # j' € N. No finite sequence s can satisfy both s(z) = j and
s(i) = j'. Hence F;; and F; j; are unions of disjoint subfamilies of the pairwise
disjoint caps (C), therefore F; ; N F; j» = (). Equivalently, the row {¢(z;y; ;) : j €
N} is 2-inconsistent.

Let f : N — N be any function, and for each n € Nlet s, := (f(0), f(1),..., f(n—
1)) € N<N be its initial segment of length n. Then for every i < n we have |s,| =
n > i and s,(i) = f(i), so by construction Cs, C Fj ¢¢;y, hence [, F i) 2
Cs, # 0 forall n € N. Thus {¢(z;y; () : @ € N} is finitely satisfiable in M. O

5. f-GENERICS AND FORKING IN FHP THEORIES

Several notions of largeness for definable sets (and their equivariant versions in
definable group) play an important role in the model-theoretic study of tame classes
of structures. In this section we recall several notions of “large”, or “generic” sets
for definable groups studied in the literature, and discuss their relationship in FHP
theories.

5.1. Notions of genericity.

Definition 5.1. An (abstract) group G is amenable if there is a left G-invariant
finitely additive probability measure on the Boolean algebra of all subsets of G.

Fact 5.2. (see e.g. [Gar])

(1) If G is amenable, then there is a bi-invariant finitely additive probability
measure on P (G).

(2) All (virtually) solvable groups are amenable. Non-abelian free groups are
not amenable.

Definition 5.3. A definable group G = G(M) is definably amenable if there is a
left-G(M)-invariant Keisler measure p € Mg (M) supported on G.

Fact 5.4. (1) If G is a definable group and T admits a model M so that G(M)
is amenable (as an abstract group), then G is definably amenable. (For
(1)-(4) see [HPPOS, Section 5|.)

(2) If T is stable, then every definable group is definably amenable.

(8) Definably compact groups in o-minimal theories or in the p-adics (e.g. SO3(R))
are definably amenable (and satisfy a stronger condition fsg, see also [Che25]
for a discussion and references).

(4) The following NIP groups are not definably amenable: PSLa(R), SL2(Qp).

(5) If G is dp-minimal, then it is definably amenable ([Sto23], answering a
question from [CPS14]).

(6) If G is pseudo-finite, then it is definably amenable (witnessed by the ultra-
limit of counting measures on finite groups whose ultraproduct is elemen-
tarily equivalent to G).
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(7) If T is small then every definable group is definably amenable (see [CHK'23,
Corollary 4.14]).

(8) There exist definable groups in simple theories that are not definably amenable
(JCHK*23] ).

Definition 5.5. Let G = G(M) be a definable group, and X = (M) C G a
definable subset, where p(z) € L(M).

(1) X is generic if there exist some finite A C G so that G = A - X.

(2) X is weakly generic if there is some non-generic definable set ¥ C G so
that X UY is generic (equivalently, for some finite A C G, G\ (A- X) is
not generic) [New09].

(3) X is non null, i.e. there exists a left-G-invariant global Keisler measure
1 € Ma (M) supported on G so that p(X) > 0.

(4) X is f-generic if there exists a small model M < M so that ¢g - X does not
fork over M for all g € G(M) [CS18].

(5) X does not G-divide if there is no infinite sequence (g;)i<» with g; € G(M)
and k € N so that the family of sets {g;- X : i < w} is k-inconsistent [CS18].

We considered the action of G on the left in each of the cases above. Similarly, we
can consider the action on the right, or discuss bi-generics of different kinds.

We note that “generic” corresponds to “syndetic”, and “weak generic” corresponds
to “piecewise syndetic” in the ergodic theory terminology. We summarize what is
known about the relation between these notions of large definable sets, in general
and in particular classes of theories (some examples below are translations of the
standard examples/facts in the ergodic theory literature).

Fact 5.6. Let G = G(M) be a definable group in M =T and X = (M) C G for
p(x) € L.
(1) Any T.

(a) Complements of weakly generic sets and null sets are ideals in the
Boolean algebra of definable sets (immediate from the definitions).

(b) X non-null = X does not G-divide (see Theorem 5.11); generic =
weak generic. If forking equals dividing over models (e.g. T is NTPy),
then f-generic is equivalent to non-G-dividing (see e.g. [IMOS20, Lemma
3.7]).

(c) If G is amenable (as a discrete group), then weak generic = non-null
(if X is weak generic, then there is some finite set A C G so that:
for every finite B C G, there is ¢ € G with Bg C AX; then, given
a right-almost-invariant Folner net (B;);er for G, can choose g; € G
with B; - g; € AX; taking an ultralimit, we thus find a bi-G-invariant
measure p with f(AX) =1, hence pu(X) > ﬁ >0).

(2) Assume T is NIP.

(a) G is fsg [HPP0S8, HP11, HPS12] (so e.g. T is stable and G is arbitrary),
or more generally G is definably amenable and admits a global generic
type (see [CS18, Section 3.4]). Then G is definably amenable, and
all notions (1)-(5) in Definition 5.5 are equivalent, and they are also
equivalent to their counterpart under the right action of G.

(b) G is definably amenable if and only if G-dividing subsets of G form
an ideal, if and only if non-f-generic subsets of G form an ideal (so
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if and only if weak genericity is equivalent to either f-genericity or
non-G-dwiding) [Sto23].

(c) If G is definably amenable, then (2)-(5) in Definition 5.5 are equivalent
[CS18, Theorem 1.2|; but depend on which side G acts, and (1) is
strictly stronger in general (see [CS18, Proposition 6.3, Example 6.4].

(d) Without assuming definable amenability, X generic % X is non-G-
dividing, even when T is NIP (consider the group G = SLa(R), then
X = {{Ccl 2} tal > |c|} is generic and G-dividing witnessed e.g. by
gi = 3IZ (1)] for i € N; see the discussion after Theorem 1.1 in
[Sto23]).

(8) Assume T is NTPy and G admits a global strongly f-generic type (e.g. T
is simple and G arbitrary; or G is definably amenable [MOS20, Proposition
3.20]; or G admits a global type with a bounded orbit, see the proof of [CS18,
Theorem 3.12] in the case of types).

(a) f-generic sets form an ideal, (4) and (5) are equivalent (see [MOS20,
Proposition 3.10]), and weak generic = f-generic (see the proof of
[CS18, Proposition 3.30]).

(b) Even for T simple and G amenable (as a discrete group), non G-
dividing # non-null (assuming Dickson’s conjecture, see Proposition
6.11); and non-null & weak generic (even assuming FHP additionally,
see Remark 6.13).

Problem 5.7. Relaxing amenability: is it true that if G is a definably amenable
group in an arbitrary theory and X is weakly generic, then X is non null?

5.2. Generics in amenable FHP groups. We would like to connect forking and
f-generics with measures in FHP theories. We will use some standard facts about
finitely additive probability measures.

Fact 5.8. [LM49] Let S be a set and By C By C P (S) be Boolean subalgebras. Let
u be a finitely additive probability measure on By. Then there is a finitely additive
probability measure v on By extending p. Moreover, for any X € By we can choose
v with v (X) =r for any r satisfying

sup{p(L): L€ By, LC X} <r <inf{u(U):U e By, X CU}.
We will use the following criterion for the existence of finitely additive probability

measures due to Kelley (alternatively, we could use a version of this criterion for
finitely supported probability measures:

Definition 5.9. Let B be a Boolean algebra of subsets of X, and let F C B\ {0}.
Given a finite sequence S = (Sy,...,S,) of sets from F, possibly with repetitions,
let i (S) := £, where k is the largest size of a subset J C [n] such that ;. S; # 0.
We define the intersection number of F as

i (F):=inf {i (S) : S is a finite sequence of sets from F} .

Fact 5.10. [Kel59| Let F C B\ {0} be given.

(1) Let p be a finitely additive probability measure on B and a > 0 such that
w(S)>a forallS e F. Then i (F) > a.
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(2) Conversely, if i (F) = « > 0, then there exists a finitely additive probability
measure i on B such that 1 (S) > « for all S € F.

Theorem 5.11. Assume T is weakly FHP (Definition 2.2) and NTPy (so for
example if T is FHP, by Proposition 2.21) and G = G(M) is an (0-)definable
group. Assume that there exists a model M of T so that G(M) is amenable (as a
discrete group). Then for any L(M)-definable set X = (M) C G(M), the following
are equivalent:

(1) X is non-G-dividing;

(2) X is f-generic;

(3) X is non null.

Remark 5.12. We note that if G is an amenable group and H = G is elementarily
equivalent to it (in the pure group language), then H is not necessarily amenable.
Groups for which this holds are called uniformly amenable (see e.g. [DK18, Section
16.8] and references there; in particular [Wys88]| gives an example of an amenable
group that is not uniformly amenable).

Proof. (1) is equivalent to (2) by Fact 5.6(1b) and Fact 5.31, as T'is NTP5. And (3)
implies (1) is well known: if p € Me(M) is left-G(M)-invariant and p(X) = a > 0,
then u(g - X) = « for all ¢ € G(M) by left-invariance of p, hence i(F) > « for
F:={g-X:g9 € GM)} by Fact 5.10(1). Hence, if (g;)icw is any indiscernible
sequence in G(M) and n € w is arbitrary, we get that (),.;g; - X # 0 for some
I C [n] with |I| > an. As n was arbitrary, by indiscernibility this implies that
{gi - X : i € w} is consistent, so X does not G-divide. So it remains to prove that
(1) implies (3).

Assume X = (M, b), where ¢(x,y) € L and b in M, does not G-divide (fixed
for the rest of the proof). Let o' (z;y,v") :== ©((y') ™! - x;%), and let k be such that
¢ (x;y,y') satisfies WFHPy, in T. Let M < M be small so that G(M) is amenable,
as a discrete group (we may assume that M is small by Lowenheim-Skolem, as
subgroups of amenable groups are amenable).

It follows by saturation of M that there is some p € N (which we fix for the rest of
the proof) such that the family of sets F := {g- X : ¢ € G(M)} satisfies the (p, k)-
property, meaning that for any g¢1,..., g, € G(M) (possibly with repetitions), there
is some I C [p] with |I| = k so that [);c; g; - X # 0. Indeed, if no such p existed,
by saturation of M we could extract an infinite indiscernible sequence (g; : i € w)
in G(M) so that {g; - X : i € w} is k-inconsistent — contradicting non-G-dividing.

Now we work in M, and assume that by in M is such that the family Fy :=
{g-¢o(M,by) : g € G(M)} satisfies the (p, k)-property. Let S = (Si,...,S,) be any
finite sequence of sets from Fy, possibly with repetitions. As Fy satisfies WFHP},
(by the choice of k), and without loss of generality p is sufficiently large with respect
to k, there is § = B(p, k) > 0 and J C [n] with |J| > fn and (., S; # 0. Hence
i (5’) > B (Definition 5.9). As 3 does not depend on the choice of S, it follows that
i(Fo) > B.

Applying Fact 5.10(2) we find some finitely additive probability measure v on
P (G(M)) such that v (g - p(M,bg)) > 8 for all g € G(M).

Now let w be a bi-invariant finitely additive probability measure on P (G(M))
given by amenability of G(M) and Fact 5.2. For any X C G(M), we define ¢/ (X) :=
fG(M) fx (g) dw, where fx (9) = v(g-X). (Formally, we can work in M’ the
expansion of M naming all subsets of all of its powers, where v,w € Mg (M') are
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definable Keisler measures over ), and let 1/ be the definable convolution v * w, as
studied in [CG22, CG23, CGK24].) It follows that ' is a G(M)-invariant finitely
additive probability measure on P (G(M)) and ' (p(M,bg)) > B. Letting p €
Me (M) be the restriction of i’ to definable sets, we get that u is G(M)-invariant
and 1 (p(M, bo)) > 5.

Now we want to lift this implication on the existence of appropriate measures
from M to M. We consider the following generalization of Construction () from
[HPPO8, Section 2|. Let N = (M, P,R;(Ey)yecr) be the structure with sorts M
(equipped with its full L-structure), P whose elements are the G(M)-invariant
Keisler measures in M (M) (with no additional structure on it) and R (equipped
with the full structure of a real closed field), and for each ¥(z,y) € L the map
Ey, : MY x P — R defined by Ey(b, 1) := p(¥(z,b)). Let N* = (M*, P*,R*)
be a saturated elementary extension of N. In particular M*, with its induced L-
structure, is a saturated model of T — so we may identify it with M; and we have
the standard part map st : R* N [0,1] — RN [0,1]. For any m € P*, ¢(x,y) € L
and b € (M*)¥, we define i, (¢(x,b)) := st (Ey (b, m)N*). By definition of N and
N* = N, it follows that for every m € P*, un,, € ME(M*) is a G(M*)-invariant
Keisler measure (but of course not all such measures have to appear as p,, for some
m € P*).

By the above we have that N satisfies the following sentence (with parameter 5
in M):

Yo' e MY | | Vg1,...9p €G \/ Jx /\ o' (@0, g;) | = Im e P(E,(b',m) > )
IE([i]) icl

Then, as N* > N, the same sentence holds in N*. As F satisfies the (p, k)-
property, it follows that N* = 3m € P (E,(b,m) > (). This implies p, (¢(z,b)) >
B >0, and p,, € Me(M) is G(M)-invariant (using the identification of M* and M)
— as wanted. d

Problem 5.13. Does the equivalence in Theorem 5.11 hold only assuming that G
is definably amenable?

Remark 5.14. Let (X, F) be a set system with X finite. A fractional transversal
for F is a function ¢ : X — [0, 1] such that for each S € F we have s ¢ (z) > 1.
The size of a fractional transversal ¢ is >y ¢ (z), and the fractional transversal
number 7* (F) is the infimum of the sizes of fractional transversals for F.

We note that in our proof of Theorem 5.11 we could instead use the following
result for finite families (which explicitly uses the duality of linear programming
essentially equivalent to Kelley’s criterion in the finite case) plus compactness:

Fact 5.15. [AKMMO2]| For every d,p there exists a > 0 such that: for any finite
family F satisfying FH (d + 1, «, 8) with some 8 > 0 and the (p,d + 1)-property,
we have 7 (F) < T for some T =T (p,d, ).

5.3. Generics in fim FHP groups.

Definition 5.16. [HPP08| A definable group G is fsg (finitely satisfiable generics)
if there is some p € Sg(M) and small M < M such that for every g € G(M), g -p
is finitely satisfiable in G(M).
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Fact 5.17. [HPPOS8, Proposition 4.2] Let T be any theory and G = G(M) a definable
fsg group, witnessed by some p € Sg(M). Then p is a (two-sided) generic type
(i.e. p(z) € p implies p(M) is both left and right generic in G).

In [CGK24, Section 3.6], a generalization of fsg groups from NIP theories to fim
groups in arbitrary theories was proposed, demonstrating that part of the theory
of fsg groups in NIP theories survives:

Definition 5.18. [HPS13] Let p € M, (M) and M < M a small model. A Borel-
definable measure p is fim (a frequency interpretation measure) over M if p is
M-invariant and for any L-formula ¢(x,y) there exists a sequence of formulas
(On(z1,...,Tn))1<n<w in L(M) such that:
(1) for any e > 0, there exists some n. € w satisfying: for any k& > n., if
M = 6 (a) then
sup [ Av(a)(p(z,b)) — p(p(z,b))] <&
beuy
(2) limy, o0 ™ (6, (7)) = 1.
We say that p is fim if p is fim over some small M < M.

Remark 5.19. In NIP theories, fim is equivalent to each of the following two prop-
erties for measures: dfs (definable and finitely satisfiable) and fam, recovering the
usual notion of generic stability for Keisler measures [HPS13]. Outside of the NIP
context, fim (properly) implies fam over a model, which in turn (properly) im-
plies dfs (see [CG20, CGH23]; and [CGK24, Section 3] for further properties of fim
measures).

Fact 5.20. [CGH23| In any theory, if p is fim, n € w and o : [n] — [n] is a
permutation, then Q¢ (y) ta: = Qi) Hag ) -

Definition 5.21. [CGK24, Definition 3.32] An (f-)definable group G = G(M) is
fim if there exists a left G-invariant fim measure p € Mg (M).

Remark 5.22. In any theory, if G is fim then it is both definably amenable and fsg.
If T is NIP, G is fsg if and only if is fim ([HPP08, HPS13]).

Fact 5.23. [CGK24, Proposition 3.33] Suppose that G = G(M) is a O-definable fim
group, witnessed by a left-G-invariant fim measure p € Ma(M). Then u is both
the unique left G-invariant measure in Mg (M) and the unique right G-invariant
measure in Mg (M).

Lemma 5.24. If G = G(M) is fim, witnessed by u € Mg (M), then a definable set
X C G is generic if and only if n(X) > 0.

Proof. If X is generic then A-X = G for some finite A C G, hence u(a-X) > ﬁ >0
for some a € A, so u(X) > 0 by G-invariance of p.

Conversely, assume p(X) > 0, and say X = o(M) for some ¢(z) € L(M). Then
there exists some type p € S(u) in the support of p so that p(z) € p. As p is fim
over some small M < M it is in particular finitely satisfiable in M, hence g - p is
also finitely satisfiable in M for every g € G(M). So p witnesses that G is fsg, hence
p is a (two-sided) generic in G by Fact 5.17, and so is ¢(z). O

Here we show that under the FHP assumption, all notions of genericity agree in
fim groups (generalizing Fact 5.6(2a)):
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Proposition 5.25. Let G = G(M) be a definable fim group in an FHP theory.
Then all notions of genericity (1)—(5) in Definition 5.5 are equivalent for definable
subsets of G.

Proof. Every FHP theory is NTPy by Proposition 2.21, so f-generic is equivalent
to non-G-dividing by Fact 5.6(1b), and weak generic implies f-generic by definable
amenability, NTPy and Fact 5.6(3a). In view of Lemma 5.24, it remains to show
that if X C G is non-generic, then X is G-dividing.

We follow the proof of [HPS12, Proposition 3.2|, with some modifications. Let
M < M be a small model so that X is M-definable. Let p € Ma(M) be the fim
G-invariant global Keisler measure, fim over M. Let ¢(z,y) € L(M) denote the
formula defining the set {(z,y) € G x G :y € x- X}, so for b € G, p(z,b) defines
the set b- X1,

As X is non-generic, also b- X! is non-generic for all b € G. By Lemma
5.24, p(p(z,b)) = 0 for all b € MY (using that p is supported on G). As T is
FHP and p is fim (so in particular fam), by Proposition 3.8 (with the roles of the

0. Then, for an arbitrary n € w, we have u" (Vze('g) Jy Nier (s, y)) =0 (as

(1®™) |(zizier) = Qyer Ha, by Fact 5.20 and u®™ extends the product measure on the
product Boolean algebra, so we are taking the measure of a union of finitely many
sets of measure 0). Then, taking an arbitrary tuple in the measure 1 complement of
this definable set, we find some (g; : 7 € [n]) in G(M) so that {¢(g;,y) : @ € [n]} is
k-inconsistent, and ¢(g;, y) defines the set g; - X. By saturation of M, we can thus
find an infinite M-indiscernible sequence (g;)ic., in G(M) so that {g; - X : i € w} is
k-inconsistent, showing that X is G-dividing. O

5.4. Forking in FHP theories. In this section we make some remarks on an
analogous question, connecting measures and forking in FHP theories, with respect
to the action of the automorphism group Aut(M) rather than a definable group.

Definition 5.26. T is amenable if every type over () extends to a global Aut(M /0)-
invariant measure [HKP22, HKP20]. And a set A C M is an extension base if every
type p € S(A) extends to a global type non-forking over A. Note that if T is
amenable, then () is an extension base (if p € S(0) and p € M(M) extends it and
is (-invariant, then any p’ € S(u) in the support of i gives a non-forking extension
of p; and the converse holds when T is NIP).

Fact 5.27. (See the introduction of [CHK'23| and references there.)

(1) In any theory, for any small set of parameters A, if u(p(xz,b)) > 0 for
some Aut(M /A)-invariant Keisler measure p € M,(M), then o(x,b) does
not fork over A.

(2) If T is stable, the converse holds as well (i.e. the forking and the universal
measure 0 ideals coincide).

Fact 5.28. [CHK 23| There exist a simple (SU rank 1) amenable theory T in which
there is a formula o(x,b) € L(M) so that p(z,b) divides over 0, but p(p(z,b)) =0
for every Aut(M /()-invariant measure p € MM, (M).

Further examples with the same property which are additionally Ny-categorical were
found in [Mar25].
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Fact 5.29. [PS23]

(1) There exist an NIP theory T and formula p(x,b) € L(M) so that ¢(z,b)
does not fork over 0, but u(e(x,b)) =0 for every global P-invariant Keisler
measure f.

(2) If T is amenable, the formula ©(x,b) forks over O if and only if p(p(x,b)) =
0 for all B-invariant global Keisler measures.

Combined with the results of Section 5.2, these motivate the following question:

Problem 5.30. Assume T is FHP and amenable, is forking over () equivalent to
universal measure 07 In particular, do examples in [CHK*23, Mar25] have FHP?

We observe a weaker result in this direction. First we recall some facts about
dividing and forking in NTP theories. We write a | b to denote that tp (a/bC)
does not fork over C.

Fact 5.31. [CK12] Let T be an NTPy theory, and let A be an extension base.

(1) ¢ (x,b) forks over A if and only if it divides over A.

(2) For any b in M and a small model M, there is an M -indiscernible sequence
(b; i € w) with by = b such that for any formula ¢ (x,y) € L(M), ¢ (z,b)
divides over M if and only if {¢x (x,b;) : i € w} is inconsistent.

Proposition 5.32. Let T be NTPy and DFHP (i.e. FHP for dividing, see Defini-
tion 2.9(2)). Then the following are equivalent for any small extension base A and
b from M:
(1) ¢ (x,b) does not fork/divide over A,
(2) there is some global Keisler measure p € M, (M) non-forking over A (i.e. for
any formula (x,b) € L(M), if u(y(x,b)) > 0 then i(x,b) does not fork
over A) and some € > 0 such that p (¢ (z,b")) > ¢ for all b’ =4 b.

Proof. (2) = (1) is by Fact 5.10(1).

(1) = (2): Assume that ¢ (z,b) does not divide over A. Assume ¢(z,y) satisfies
DFHPy, for k € w. Then, as in particular ¢(z,b) does not k-divide, using DFHPy
and Kelley’s criterion (Fact 5.10) as in the proof of Theorem 5.11, there exist € > 0
and a global Keisler measure p € 9, (M) such that:

(%) w(p(x, b)) >¢eforall ¥ € MY with b/ =4 b.

We want to find a global Keisler measure v satisfying (x) and non-forking over A.
Assume no such v exists. As both of these sets of measures are closed in 9, (M),
and the space of global Keisler measures is compact, there must exist some finitely
many formulas ¢; (z,¢) € L (M),1 < i < n each dividing over A and some a > 0
such that for any v satisfying (x) we must have \/,_,.,, v (i (z,¢)) > .

As A is an extension base, let M D A be a small model such that M L 46 and
let (¢; : i € w) with ¢y = ¢ be as given by Fact 5.31(2). Then for any j € w we must
have \/; o, 1t (Vi (@, ¢5)) > o (if Ve, 1t (Vi (2, ¢5)) < o for some j € w, then as
() is an Aut (M /A)-invariant condition, hence also Aut (M /M )-invariant, taking
an M-automorphism of M sending c¢; to ¢ and applying it to i, we would get some
measure v still satisfying (%) and violating the assumption above).

Note that by the choice of M and left transitivity of forking (see Lemma [CK12]),
¥; (z, ¢) divides over M for all 1 < ¢ < n. On the other hand, thereissome 1 <i <n
and an infinite subsequence I C w such that A;.; (1 (¥; (2, ¢;)) > @) holds. By
Fact 5.10(1), compactness and indiscernibility this implies that {¢;(z,¢;) : j € w}
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is consistent, hence ¥;(z, ¢) does not divide over M (by the choice of (¢;)jew) — a
contradiction. (]

Problem 5.33. Can (2) be strengthened to: there exists a weakly invariant over
A measure € M,(M) with p(e(z,b)) > 0, where weakly invariant means that
for every ¢(z,c) € L(M), if pu(yp(x,c)) > 0 then there exists some a > 0 so that
wlo(z,d)) > aforall d =4 c.

Remark 5.34. We note that conversely, any low theory satisfying the implication
(1)=(2) in Proposition 5.32 is DFHP. Indeed, assume ¢(z,y) is low, so that divid-
ing for any instance of ¢ implies k-dividing. Then if ¢(x,b) does not k-divide, it
does not divide, so there exists € = e(tp(b)) > 0 and measure p with p(p(z, b)) > ¢
for all ¥’ = b. By Fact 5.10(1) this implies that i({p(z,d’) : ¥’ = b}) > & — hence
DFHPy holds.

6. FHP IN SOME GENERIC EXPANSIONS OF (Z,+)

6.1. (Z,4+,Sqf). In this section we consider the structure (Z, +, Sqf), where Sqf is
a unary predicate for the integers not divisible by a square of any prime number,
and show that Tsqr satisfies FHP. This theory is studied in [BT21], and we recall
some notation and results from there.

Definition 6.1. [BT21, Section 2| Below x be a single variable and z = (z; : i €
[n]), 2" = (2, : i € [n']) denote arbitrary tuples of variables, and for ¢ € Z and p

K3
prime, let v,(n) denote the p-adic valuation.

(1) For m € Nsg let PZ := {a € Z:v,(a) <2+ v,(m) for all p}, so PF =
Sqf. And for p prime and [ € Z, let Ug.l ={a€Z:v,(a)>1}=pZ
(2) We consider the expansion M of (Z,+, Sqf) in the language

L= {+7 > 1a (Pm)meN>g ’ (Up,l)p prime, IGZ} ’

and let Tsqf := Thy (M). Let M > M be a monster model.

(3) An L-formula 6 (z) is a p-condition, for p prime, if it is a Boolean combi-
nation of formulas of the form ¢ (z) ¢ U, ; for t (z) an arbitrary L-term (i.e.
a Z-linear combination of the variables from z) and [ € N (a p-condition is
trivial if the Boolean combination is the empty conjunction). An L-formula
6(z) which is a Boolean combination of formulas of the form #(z) = 0 with
t (z) an arbitrary L-term is called an equational condition.

(4) An L-formula ¢ (z, z, 2") is a special formula if it is of the form

’
n

/\9 z,z,2") /\kzx—i—ziEPm)/\/\(k‘m—i—z;géPm),

peS i=1 i'=1
where k € Z\ {0}, m € N>; and 6,(x; 2, 2') are p-conditions for some finite
set of primes S. And v (x, z,2') is a positive special formula if it is of the
form A g0 (z,2,2") A Ny (kx + 2z € Py,).

(5) Given a (p051tive) special formula ¢ (z,z,2') as in (4) and prime p, its
associated p-condition 1, (z,z,2') is the formula

(w,2,2") /\ kCC +2 ¢ U, ,2+vp(m))
=1



FRACTIONAL HELLY PROPERTY AND FORKING IN NTP, THEORIES 33

(where we let 6, be the trivial p-condition for p ¢ S). Then ¥ (z, z, 2')
implies ¢, (z, 2, 2’) for all p (in Tgqs).

(6) A (positive) G-system is a (positive) formula ¢ (x,c, ) with ¢ (z, 2, 2")
a (positive) special formula and ¢ € M?* ¢ € M?'. 1t is non-trivial if,
assuming ¢ = (¢; : @ € [n]),c = (¢} : j € [n']), we have ¢; # ¢} for all
(i,4) € [n] x [].

(7) For a prime p, a (positive) G-system ¢ (z, ¢, ¢') is p-satisfiable if ¢, (x, ¢, )
is satisfiable for each prime p. By (5), if ¢ (z, ¢, ') is satisfiable, then it is
p-satisfiable for all p.

Fact 6.2. [BT21, Theorem 2.14] If a non-trivial G-system ) (x, ¢, ') is p-satisfiable
for all prime p, then it has infinitely many solutions in M.

Fact 6.3. [BT21, Theorem 1.1 and Theorem 3.4| The L-theory Tsys eliminates
quantifiers and is supersimple, of SU-rank 1.

Fact 6.4. [BT21, Lemma 3.1] Let ¢ (x,y) be a quantifier-free L-formula, with x a
singleton and y a tuple of variables. The p(x,y) is equivalent, modulo Tsqyt, to a
disjunction of quantifier-free L-formulas of the form

p(y) ANe(z,y) Az, t(y), ' (y)),

where p(y) is a quantifier-free L-formula, e(x,y) an equational condition, ¥ (x, z, 2')
a special L-formula with n := |z|,n' :=|2'|, and t(y),t'(y) are tuples of L-terms of
length n and n’, respectively.

We will need a refinement of [BT21, Lemma 2.11] in the special case of positive
special formulas:

Lemma 6.5. Let ¢ (z,2,2') be a positive special formula. Then there is some
e = e (¢) € Rsg satisfying the following.

For any tuples ¢,c’ in Z such that ¢ (z,c,c') is a positive G-system which is
p-satisfiable for all p, let

U (t):={a€Z:v(a,c,d) holds and 0 < a < t}.
Then

W)l zet -3 (Vial+ VKt +al) -1
i=1
for allt € N (where n = |z| and k € Z\ {0} is as in Definition 6.1 for ).

Remark 6.6. So the refinement is that the choice of € depends only on the formula
Y(x,z,2'), and not on the parameters c¢,c¢’. We remark that no such choice is
possible for general, not necessarily positive, special formulas — as the following
example demonstrates®. Take ¢(z, 2,2') := x+2 € P Ax+2 ¢ P;. If an element a
satisfies 1 (x, ¢, ¢), then in particular a + ¢’ must be divisible by p? for some prime
p. Suppose ¢’ — ¢ is a multiple of all squares of primes < N. Then such a p as above
must be > N. But then the density of {a € Z:[= v (a,c,c)} is at most 3 _ v 1%,
which can be arbitrarily close to 0 when N is large.

We thank Chieu Minh Tran for pointing this out.
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Proof. We follow closely the proof of [BT21, Lemma 2.11] with h = 1, s = 0. Let
a positive special formula

(w,2,2") /\9 x,2,2") /\(kx—l—zzep)

p<Bo i=1

be fixed, and let B := max ({|k[,n, Bo}) + 1. Let [}, be the largest value of I such

that the predicate U, ; occurs in 6,. Let D := Hp<Bpl;. Note that both B and D
depend only on .

By the proof of [BT21, Lemma 2.10] for any ¢, ¢’ such that 6, (Z,c,c’) is non-
empty for all p < B, there is some r € {0,1,...,D — 1} such that a =p r implies
E Ap<ptp(a,c,c) forall a € Z

For a prime p, we let l, == 24 v, (m), and fix M > B to be determined later.

Given some c¢,c¢’ as in the statement of the lemma, let r be as given by the
previous paragraph. Define

Uy (t)=qa€Z:(0<a<t)A(a=pr)A | N Nkatei#u,0
B<p<M i=1

First we establish a lower bound on |¥ys (¢)]. For a prime p > B, we have that
p > |kl, so k is invertible mod p'». Hence there are at least p'» — n choices of Tp €
{1, Lople } such that: for all a € Z, if a =, ) then |= ANy (ka—l—ci Zpiv 0). As

{plp B<p<M } U{D} are pairwise coprime, by the Chinese remainder theorem

we have
t
vl > I (" -n) {lJ

B<p<M DHB<PSMpp

Namely, first we choose some (1, : B < p < M) as above, and independently for
each such fixed choice count the elements in

a€Z:0<a<tNa=prA /\ azpzprp) .
This implies

Set € := 55 s, (1 - p%}) > [lp<, (1 - #) > 0 (using Euler’s product for-
mula, as [, > 2 for all p by definition). Then ¥, ()] > 2et.

We may assume k > 0 (replacing ¢ by —c and ¢ by —¢’ if necessary). If a €

M (8)\ U (), then 0 < a < t, hence ¢; < ka + ¢; < kt + ¢; for all i € [n]; and we
must have ka + ¢; ¢ P, for some i € [n] (in particular n > 1), hence ka + ¢; is a
multiple of p'» for some p by definition of P,,, so necessarily for some p > M by
definition of Wy, ().

For each p and i € [n], the number of non-zero multiples of p'» in the interval
(cikt + ¢;) is |ktp~l» | + v for some v € {0,1,—1,-2}. If y =1, as [, > 2 we
moreover have p? < |¢;| or p? < |kt + ¢;], s0 p < /el + [kt + i As 1, > 2, we
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have |ktp~'»| < ktp~2. Hence we get

(W (£) |<tz ( el + \kt+cz)+1.
p>M =1
Note that taking M sufficiently large, depending only on D, B, n, and hence only
on ¢, we get ZP>M Z—é“ < e. Combining this with the lower bound estimate for
| W (t)], we get the desired conclusion. O

This gives a lower bound on the asymptotic density of the set of solutions of
¥(z, ¢, ') which is independent of ¢ and ¢’. Using this we have:

Corollary 6.7. Let (z, z, 2') be a positive special formula. Then there is some 6 =
d (¢) > 0 such that: for any n € N and any tuples (c;, ¢} : i € [n]) with ¢ (z, ¢;, c})
consistent for all i, there is some I C [n],|I| > én such that {¢ (x,c;,c;) i € I} is
consistent.

Proof. Let ¢ := § > 0 with ¢ given by Lemma 6.5 for 1. Let i be a finitely additive
probability measure on P (Z) defined, for all X C Z, via p (X)) := lim,,_y %
for some fixed non-principal ultrafilter & on N. Let n and (¢;, ¢} : i € [n]) be as in
the statement. By Lemma 6.5, we have u (¢ (Z; ¢, c})) > 6 for cach i € [n]. Then,

by Fact 5.10(1), there exists I C [n] with [I| > dén so that (,c; ¢ (Z;¢i,¢;) #0. O

Theorem 6.8. The theory Tsqr is FHP (in particular (Z,+,Sqf) is FHP, as a
reduct). Moreover, every formula o(x,y) with |z| < d satisfies FHP 44 1.

Proof. To show FHP, by Lemma 2.11 it suffices to show that every partitioned
formula ¢(z,y) € L with |z| = 1 has FHP. By quantifier elimination (Fact 6.3)
we may assume @(x,y) is quantifier-free. Then, using that the set of formulas
satisfying FHP is closed under disjunctions (Lemma 2.11(2)), by Fact 6.4 we may
assume that ¢(z,y) is of the form

p(y) Ne(z,y) Az, t(y), t' (y)),

where p(y) is a quantifier-free L-formula, (x, y) an equational condition, ¥ (z, z, 2’)
a special L-formula with s := |z|, s’ :=|2/|, i.e.

’
S

Yz, 2,2') = /\ Op (z,2,2") A /\ (kx + z; € Py) A /\ (kx + 2, ¢ Pp,)
pes i=1 ir=1
where S is a finite set of primes, and ¢(y),t'(y) are tuples of L-terms of length s
and s’, respectively.
Then, by Remark 2.16, it is sufficient to show that every formula of the form

o(z;2) = e(x, 2") Np(x, 2, 2")
with z = (2, 2/, 2”) is FHP. Again using that FHP is closed under disjunctions, we
may assume that e(z, 2”) = A\i_, (t;(z,2”)0;0) with v € N, 00; € {=,#} and ¢; an
L-term, i.e. a fixed Z-linear combination of the variables from z, z”.

By Fact 6.3, Fact 2.28 and Remark 2.29, Tgqs eliminates 3°°. That is, there is
some d = d(p(x,2)) € N such that for any ¢ € M?, p (M,¢) is finite if and only if
lo (M,¢)| < d. As the set of formulas with FHP is closed under disjunctions, and
o(x,2) = (p(x,2) AMe(x,2)| <d)V (¢ (z,2) AN (z,2)] = 00), we may treat each
of these two disjuncts separately. Now the formula ¢ (z,2) A |¢ (z, Z)| < d satisfies
FHP; by Lemma 2.13, and we show that ¢ (x, 2) A |p (x, Z)| = oo satisfies FHP;.
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So fix o > 0, and assume that we are given some (¢; : i € [n]), ¢; = ¢;cic} such
that ¢ (z,¢;) A ¢ (z,¢)| = oo holds for all i € Iy for some Iy C [n] with |Iy] > an.
In particular, ¢ (M, ¢;) is infinite for all i € Ij.

For each i € [n], let A; be the set of all elements appearing in the tuple ¢; and
B, the set of all elements appearing in the tuple ¢;. Let C; := A; U B;. Note that
for i € Ip, an element of C; cannot simultaneously occur in both tuples ¢; and ¢}
as ¢ (z,¢,c;) is consistent, so C; = A; U B;. As |4;] < s and |B;| < ¢’ for all
i € Iy, there is some Iy C Iy with |I;] > ‘%S, [lo] > Snoand r < s,7" < 8" so that
|A;| =7, |B;| =7",|Ci| =k :=r+7 foralli € I.

Applying Lemma 2.15 to the sequence (C; : ¢ € I7) of k-element subsets of M,
there is some v = v (k) = v(s,5") > 0, I, C I) with |I3| > v[I1] > $Jn and some
pairwise disjoint subsets X1, ..., Xy of M such that |C; N X;|=1forallie I5,j €
[k]. In particular there is some J; C [k] with [J;| = r1 so that A; C |J;c,, X; and
B; C U K\ J; X;. By pigeonhole we can ﬁx J;, and p0551b1y permuting the index
sets [k], we find some I3 C Iy with |I3| > ) ) |Io] > W

i € I3, we have A; C X4 U...UX,, and B; C X,, 41 U...UX}. In particular, as
Xi,..., X}, are pairwise disjoint, for all for all ¢, j € I3 we have A; N B; =0, so the
tuples ¢; and c;- do not have any common elements.

Now consider the positive special formula

n such that for each

W (z,2,2") /\9 (2,2,2") /\/\kx—i—zier).
peS i=1

As ¢’ (z, ¢, ;) is consistent for all ¢ € I3, by Corollary 6.7 there is some § =
o' = 6(¢) > 0 and some J C I3, |J| > 6|3 > %n such that the set
{¢Y' (z,c¢i,c}) : i € J} is consistent.

Now consider the G-system ) (x; ¢, &) := /\zer (x i C;), where ¢ = (¢; : i € J),
d=(c:ieJ)(and ¢; = (cij:j € [s]), ¢ = (cj; : j € [s'])). This G-system is

non-trivial by the choice of I3. For any prime p, its associated p-condition ), is

s
A | b (@, ci.c) /\ kx4 cig & Up o, m) | -

i€

and it is consistent as {¢’ (x, ¢;, ¢}) : i € J} is consistent. Hence the whole G-system
Nics ¥ (z,¢;, c;) has infinitely many solutions by Fact 6.2.

As ¢ (z,¢;) is infinite for all j € J by assumption, € (:r c! ) is also infinite. As
each formula ¢;(z,c) = 0 has at most one realization, we must have O; =“2£" for
all i € [v].

As A;c; ¥ (w,¢i,c;) is infinite, it contains infinitely many realizations outside
of the finite set U,e(,) Ujes{a € Z: ti (a,¢]) = 0}. Hence {¢(2,&):j € J} has
infinitely many realizations. Thus we have shown that the formula ¢ (z,z) A
lo (x,2)| = oo satisfies FHP(1, o, ) with 5 := % > 0 chosen depending
only on ¢ and a.

For the moreover part, we have that Tgys is simple, of SU rank 1 by Fact 6.3.
Hence, using Fact 4.5(3), bdn(M') = 1 and bdn(M?) = d for all d € N, and we
conclude by Corollary 4.10. (]
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Problem 6.9. We expect that using the results in [BT21] this proof generalizes to
show that (Q, +, Sqf, <) is FHP.

Problem 6.10. Is Tss MS-measurable? (See Definition 7.1.)

6.2. (Z,4+,Pr). Let Tp, := Thz (Z,+,Pr) in the language
L=(+,—,0,1,Pr,Pr,, P, :2<n<w),

where Pr is a predicate for the primes and their additive inverses, P, (z) <= z =

0 (modn), Pr, (z) <= P, (z) APr(%).

Proposition 6.11. Tp, is not FHP.

Proof. The (-definable set Pr does not G-divide in the group G := (Z,+). This is
a direct consequence of the following theorem of Maynard:

Fact 6.12. [Mayl5, Theorem 1.2] For every k € N there exist N = N(k) € N and
C = C(k) > 0 satisfying the following. If A = {a1,...,an} C Z is any set of N
distinct integers, then

> C[{{ha, ... hy} C A}

i=1

k
{{hl,...,hk} CA:3®n¢e Z/\(n—i—hi 18 prime)}

This implies that for any k& € N, there is no (indiscernible) sequence (g;)i<,, with
gi € G(M) so that {g; +Pr(M) : i € w} is k-inconsistent.

Assume that Tp, was FHP. The group G := (Z,+) is amenable. It is well-
known that the set of primes has upper Banach density 0, which implies that
w(Pr) = 0 for any G-invariant finitely additive probability measure p on P (G)
(e.g. see [DNGJT15, Section 2.2]). This contradicts Theorem 5.11. O

Remark 6.13. We note the crucial difference with the case of square-free integers.
Let M = (Z,+,Sqf) be as in Section 6.1, let G(M) := (Z,+). By Fact 6.3 its
theory Th(M) is supersimple, of SU rank 1, and by Theorem 6.8 it is FHP. As
classically Sqf has upper Banach density T, we have u(Sqf(M)) > & for some left-
G(M)-invariant finitely additive probability measure on P(Z), hence the definable
set Sqf is non-null in G = G(M) (see Section 5.1).

But Sqf is not weakly generic. We use the standard argument that it is not
piecewise syndetic. For (p,,)necw an increasing enumeration of the primes, let r,, :=
pg ... p2. For any A = {ag,...,a,} C Z, by the Chinese Remainder Theorem
every interval in Z of length r,, contains a solution to the system {z = a;(mod p?) :
0<i<n},so G(M)\ (A-Sqf(M)) is generic. As M < M, it follows that for every
finite A C G(M), the set G(M) \ (A4 - Sqf(M)) is generic in G(M) — hence Sqf (M)
is not weakly generic.

The following is a very strong number theoretic conjecture of Dickson:

Conjecture 6.14. (Dickson, 1904 [Dic04]) Let k € N>y and f = (fi : i < k)
where f;(x) = a;x + b; with a;,b; non-negative integers and a; > 1 for all i < k.
Assume that there does not exist any integer n > 1 simultaneously dividing all of
the products [, .. fi(s) for every non-negative integer s. Then there exist infinitely
many natural numbers m such that f;(m) is prime for all i < k.

Fact 6.15. [KS17] Assuming Dickson’s conjecture, Tp, eliminates quantifiers and
is supersimple, of SU-rank 1.
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In the rest of the section, we will prove the following theorem:

Theorem 6.16. (Assuming Dickson’s conjecture) Tp, is locally FHP.

In fact, we only require the types of singletons in the parameter tuples to be fixed
along the sequence (as opposed to the types of whole parameter tuples). Namely, for
every partitioned formula p(x,y) € L there exists d = d() satisfying the following.
Let s :=|y|. For every o > 0 there exists § = B(p,a) > 0 so that: for anyn € N
and tuples c; = (c;; : j € [s]),1 € [n] so that for each fized j € [s], tp(c; ;) = tp(ci ;)
Joralli,i' € [n], if {I € (3) : Nies 0(Z,ci) # 0} = a(7}), then there exists J C [n]
with |J| > Bn so that (\;,c; 0(Z,c;) # 0.

Given a partitioned formula ¢(x,y) € L, let 5*(¢) > 0 be a real number satisfy-
ing the following (assuming that it exists):

(¥) If ¢; = (ci;j : § € [s]),% € [n] are tuples from Z so that for each fixed j € [s],
tp(ci,j) = tp(cwr ;) for all ¢,i" € [n] and ¢ (Z,¢;) is infinite for all i € [n],
then there is some J C [n], [J| > f*n such that (,c; ¢ (Z, ¢;) is infinite.

In the following claims, we establish this property for increasing classes of for-
mulas with |z| = 1.

Claim 6.17. Let ¢ (z,y) € £, where |z| = 1 and y = (y;)¢[s], be of the form

N\ Pr(mja + ;)"

j=1
for some m; € Z and truth values ¢; € {0,1}. Then there exists §* (¢) = 8*(s) > 0
satisfying ().

Proof. Let n € N and tuples (¢; : ¢ € [n]) as in the assumption of (x) be given, with
ci = (cij:j€ls]).

We may assume that m; > 1 for all j € [s]. Indeed, if m; = 0 then Pr(c; ;)%
holds for all ¢ € [n] by assumption, so we can ignore such conjuncts. Note that
a = Pr(mjz+¢ ;)% < a = Pr((—mj)z + (—ci ;)% for any a,mj, ¢; ; € Z. Hence,
letting J := {j € [s] : m; < 0}, we could consider the formula ¢’(z,y) obtained
from ¢(z,y) by replacing m; by —m; for all j € J, and the sequence (¢ : i € [n])
with ¢} obtained from ¢; by replacing ¢; ; by —c¢; ; for all j € J (we still have that
for every j € [n], tp(c] ;) = tp(ci, ;) for all i,i" € [n]). So if the assumption holds
for ¢, ¢; then it also holds for ¢, ¢}; and if 5* satisfies the conclusion for ¢’, then it
also satisfies the conclusion for .

For each ¢ € [n], let C; be the set of pairs {(m;,¢; ;) : j € [s]}. By pigeonhole,
there exists some Iy C [n] with |Io| > in so that |C;| is constant for all i € Iy,
denote it by & (so k < s).

By Lemma 2.15, we find some v = v (s) > 0, some Iy C Iy, |I1] > yn and some
disjoint sets X1,..., Xy such that |C; N X;| =1forall i € I; and 1 < j < k. Note
that if for some i € [n] we have (mj,¢; ;) = (mj,¢; ) for some 1 < j # j < s,
then necessarily t; = t;» as ¢ (z,¢;) is consistent. Set I3 := I, and by pigeonhole
and induction on 1 <1 < k we can choose u; € {0,1} and I} such that

e ILC IV,

o [Bl=5 |57,

e for any i € I}, if (m,c) € C; N X, and (m,c) = (m;,c;;), then t; = u —
i.e. either all occurrences of Pr (ma + ¢) in ¢ (z,¢;),4 € I} are positive, or
all are negative.
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Let I := I}. Then || > 3¢ |I1| > 2tn and, as the sets X;’s are pairwise disjoint,
we have that for any ¢ #4¢ € I and 1 < j # j' < k, if Pr(mjz+¢; ;) € ¢ (z,¢)
and -~ Pr (mj/x + Ci/J‘/) SN0 (JC, Ci/), then (mj, Ci,j) * (mj/, 61/7]‘/).

Now Dickson’s conjecture implies that the set (;c;, ¢ (Z,¢;) is infinite, hence
taking 8* () := 2 > 0 shows that o(z,y) satisfies (x). Namely, letting J© := {j €
[s] : t; = 1}, by [KS17, Lemma 2.3] and the choice of I5, as m; > 1 for all j € [s]
by assumption, it is sufficient to show that the assumption of Conjecture 6.14 holds
for f=(fi;:i€ I jeJt) where f; ;j(x) =mjz + ¢; ;. By [KS17, Remark 2.1] it
suffices to show that for any fixed N € N, for every prime r < N, r does not divide
H(z‘,j)elgxﬁ fij(s) for all s € Z simultaneously. That is, for every prime r < N,
for some 0 < ¢ < r we have A\, , ;c ;+ myt+c;; # 0 (modr). Assume this does not
happen for 7, and fix any i* € I5. Then, as ¢; ; = ¢;« ; (modr) for alli € I,j € J*©
(since tp(c;,;) = tp(ci+,;) by assumption), we get that for all 0 < ¢ < r, for some
jeJT, mjt+cp; =0 (modr).

But this implies that ¢(Z, ¢;«) is finite by [KS17, Remark 2.6], contradicting the
assumption on ¢;x. O

Claim 6.18. Assume ¢(z,y) € L, with [z| =1 and y = (y; : j € [s]), is of the
form

/\ Pr(mjz + ;)" A /\ Py, (mfx +yj)tj .

jes jes’
for some S, 5" C [s], m;,m} € Z, k;j € N>3 and truth values ¢;,t; € {0,1}. Then
there exists 8* () = 8*(s) > 0 satisfying (x).

Proof. Let K = K (¢) = [[{k; : 7 €5}, and let tuples (¢; : ¢ € [n]) as in the
assumption of (x) be given, with ¢; = (¢; ; : j € [s]).

By pigeonhole, there are some 0 < r < K — 1 and I C [n],|I| > & such that
for each i € I, ¢ (z,¢;) A (x = r (mod K)) has infinitely many solutions in Z. Note

alsolthat for any a € Z, if a = r (mod K), then a = A\ ;g Pr; (mfx + ci,j)tj for all
1€ 1.

Let ¢ (2',y') be the formula A, ¢ Pr (mja’ + y;)tj, with m; := m; K, and let
i = myr + ¢ j. Then ¢ (2',¢}) has infinitely many solutions for each i € I
(as any a satisfying ¢ (z,¢;) Az = r (mod K) gives o’ := 4" satistying ¢ (2, ¢}),
and a; # ag implies af # ab). And for any 7 € I and o’ € Z satisfying ¢’ (2, c}),
a := Ka'+r satisfies ¢ (z, ¢;) by the above. Note that for each j € S and assumption
on ¢;, all (c’i’j :i € I) all have the same type. Hence we can take 8* (¢) := 8" (¢')
satisfying (x), where 8* (¢') exists by Claim 6.17. O

C

Claim 6.19. Assume that ¢ (z,y) € L with |z| = 1 and y = (y; : j € [s]) is
an arbitrary finite conjunction of formulas of the following form: Pr(max + yz’)ta
Pry, (ma + y;)", Py (max 4 y)" where m € Z, k € N>y and t € {0,1} is a truth value.
Then there is some 5* () > 0 satisfying (x).

Proof. Assume first that ¢(z,y) contains a conjunct Pry (max +y;). Let tuples
(¢i 1 € [n]) as in the assumption of (x) be given, with ¢; = (¢;; : j € [s]).

For r € {0,...,k — 1}, let . (z,y) := ¢ (x,y) Az = r (mod k). By assumption
and pigeonhole, there is some 7 and some I C [n],|I| > £n such that ¢, (z,¢;) is
infinite for all ¢ € I.
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We let ¢! (2';y,y’) be obtained from ¢ (z,y) by replacing Pry (mz + y;) with
Pr (ma’ +y') and replacing = by ka’ + r everywhere else.

Assume that a E ¢, (z,¢;). Then a = r (modk), so a = ka’ + r for some a'.
As = Pri (ma+c¢;j) <= = Pry (mkad' + (mr + ¢, ;)), in particular mr + ¢; ; is
divisible by k. Let ¢} := ™' T%4  Then

= Pry (ma+ ¢ ;) < = Pry (kma' 4+ k¢) <= EPr(mad’ +¢}).

Hence ¢! (2; ¢;, ¢}) has infinitely many solutions for all ¢ € I (as ¢, (z,¢;) has
infinitely many solutions by assumption and a’ above is uniquely determined by
a), and for any o’ € Z and i € I, if o’ satisfies ¢ (2';¢;,¢}), then a := ka’ 4+ r
satisfies ¢ (x,¢;). Finally, note that still all elements in any fixed coordinate
of (¢;°c;:i€I) have the same type over (). Thus we can take 8* () = 1 -
min {g* (¢,.) : r € {0,...,k—1}} > 0.

Iterating this procedure for at most s steps, we reduce to the case with no
conjuncts of the form Prj (mx + y;). A similar analysis allows us to get rid of all

conjuncts of the form = Pry (mz + y), thus reducing to the case in Claim 6.18. O

Claim 6.20. Every formula ¢(x,y) € L with |z| = 1 satisfies local FHP, in the
stronger form stated in Theorem 6.16.

Proof. Let y = (y; : ¢ € [s]). The proof of Lemma 2.11(2) shows that the class of
formulas satisfying local FHP in the strong form stated in Theorem 6.16 is closed
under disjunctions. Using this and quantifier elimination in Tp, (Fact 6.15), we
may assume that ¢ (z,y) is a conjunction of formulas of the form Pr (mz + f (y))t,
Pry (mzx + f(y))t, P (mx+ f (y))t and (mz + f (y) = O)t where m € Z, k € N>,
t € {0,1} is a truth value and f is an L-term (i.e. a Z-linear combination of the
yj,j € [s]). Let ¢’ (z;y,y’) be obtained from ¢ (z,y) by replacing each occurrence
of f (y) above with a new variable y’. As in Remark 2.16, it is easy to see that local
FHP in the strong form stated in Theorem 6.16 for ¢’ (z,y’) implies the same for
v (x,y). So we may assume that ¢ (x,y) is a finite conjunction of formulas of the
form Pr (mx +y)*, Pry, (maz 4+ y)', Py (ma +1y)" and (mz +y = 0)".

By Fact 6.15, Fact 2.28 and Remark 2.29, Tp, eliminates 3°°. That is, there
is some D = D(y¢) € N such that for any tuple ¢, ¢ (Z,c) is finite if and only if
(2,0 < D.

The formula ¢ (z,y) A (=3P ¢ (z,y)) satisfies FHP, by Lemma 2.13. Hence
it suffices to show the Theorem 6.16 holds for the formula ¥(x,y) = @(z,y) A
(F>x ¢ (z,y)) with d = 1.

Fix o > 0, and let tuples (¢; : ¢ € [n]) with ¢; = (¢;; : j € [s]) be so that for
each j, tp(c; ;) = tp(cyv ;) for all 4,7’ € [n] and ¥ (z, ¢;) is consistent, hence p(Z, ¢;)
is infinite, for all ¢ € [n].

This implies in particular that ¢ (z,y) cannot contain any conjuncts of the form
mx+y = 0. Let ¢’ (z,y) be obtained from ¢ (x,y) by forgetting all of the conjuncts
of the form ma 4y # 0, then ¢’ (x,y) is of the form considered in Claim 6.19.

Hence there is some 8* = 8* (¢') > 0 and I C [n],|I| > B*n such that the set
Nicr ¢’ (Z,c;) is infinite. In particular, it contains infinitely many elements outside
of the finite set

U {a € Z : ma + ¢; ; = 0 for some conjunct maz + y; # 0 occuring in ¢ (z,y)} .
i€l,jE(s]
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Then every such element satisfies \;.; ¢ (z,¢;), hence B(p) := f* > 0 shows that
¥ (z,y) satisfies local FHP; in the strong form stated in Theorem 6.16. O

Finally it remains to observe that the proof of Lemma 2.11(3) goes through to
show that in any theory, if every formula ¢(x,y) with |z| = 1 satisfies local FHP
in the strong form stated in Theorem 6.16 (i.e. only singleton coordinates in the
parameter tuples are required to have the same complete type), then every formula
does.

Problem 6.21. We do not know if this is true for local FHP however (i.e. when
the type of full parameter tuples is required to be the same).

7. MS-MEASURABLE STRUCTURES AND LARGE FINITE FIELDS SATISFY FHP

We recall the notion of an MS-measurable structure and some of its basic prop-
erties (see [MS08, EMO0S]).

Definition 7.1. An L-structure M is MS-measurable if for every non-empty set
X C M™ definable (with parameters), we have a pair (dim (X),meas (X)) € N x
R~ U{(0,0)} satisfying the following properties:
(1) For any partitioned L-formula ¢ (z,y) € L with |z| = 1, there is a finite set
D, C NxRsoU{(0,0)} and finitely many L-formulas {¢q,,, (v) : (d,t) € Dy}
partitioning MY and such that for any b € MY, |= 14, (b) if and only if
dim (¢ (M, b)) = d and meas (¢ (M, b)) = p.
(2) If X is finite, then dim (X) = 0 and meas (X) = | X]|.
(3) If X, Y C M™ are disjoint definable sets, then:

dim (X UY) = max {dim (X),dim (Y)},

meas (X) + meas (V) if dim (X) = dim (Y),
meas (X UY) = ¢ meas (X) if dim (X) > dim (Y),
meas (V) if dim (X) <dim(Y).

(4) (“Fubini”) Let f : X — Y be a definable surjection such that dim (

fa) =
d,meas (f~!(a)) = r for all a € Y. Then dim(X) = dim(Y) + d and

meas (X) = rmeas (V).

Some of the main examples of MS-measurable structures are ultraproducts of
finite fields (see below), finite simple groups of bounded Lie rank, vector spaces,
etc. — we refer to [EM08, Example 2.4] for further examples.

Fact 7.2. [MSO08] Let M be an MS-measurable L-structure.

(1) The condition (1) in Definition 7.1 holds for L-formulas ¢ (z,y) with |x|
arbitrary [MS08, Proposition 5.7].

(2) Any M' = M, in particular M = M, is also MS-measurable.

(3) A definable set X is finite if and only if dim (X) = 0 (in which case
meas (X) = |X|). Moreover, for every formula ¢ (v,y) € L there is some
k, € N such that: for any b € MY, o (M,b) is finite if and only if
lo (M,b)| <k, (follows from the finiteness of the set D, above).

(4) Suppose that dim (M) = e and meas(M) = v. Then we can define a
normalized measuring function by taking meas’ (X) = ;f,lena?)(()f/e for each
definable X C M. Then dim, meas’ also satisfy all the properties above, but
in addition meas’ (M) =1 (and hence also meas’ (M™) =1 for alln € N).
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(5) For any definable (with parameters) set B C MY, we have a global Keisler
measure pp (working in M = M ) with up(B) = 1 defined by

meas(X0B) ¢ dgim (X N B) = dim (B),

_ meas(B)
ps (X) {0 if dim (X N B) < dim (B)

for any definable X C MVY.

From now on, for simplicity of exposition we will assume that dim(X) < n and
that meas is normalized.

Fact 7.3. By [CVDDM92| (generalizing the classical Lang-Weil estimates using
partial quantifier elimination of Az), if p(x;y) € Lring with |x| = n, |y| = m then
there exist C € N and a finite set H, of pairs (d,p) € {0,1,...,n} x Qs¢ so that
for any finite field Fy and a € F,

1

||o(Fy,a)| — pg?| < Cq~2

for some (d, 1) € H,. Moreover, for each (d, ) € Hy, there is a formula 4, (y) €
Lying so that for all finite fields Fy, ¥a,,.(Fy') defines the set of all tuples a € Fy*
satisfying this. This implies that any infinite ultraproduct of finite fields F :=
[LienFo. /U is MS-measurable, where given o(z,y) € Lyng and a € F™, where
a = (a;)ien/U with a; € Fy!, one sets (dim, meas)(p(F,a)) := (d,p) for (d,pn) as

above (see [EMO08, Proposition 3.9]).

Lemma 7.4. Let M be MS-measurable. For each definable B C M”, the Keisler
measure up is definable (over the same parameters as B), in a strong form (by
Fact 7.2). And for any definable sets B; C M™ and permutation o : [k] — [k], we
have HBix..xBy = UB; @ ... Q U, = KB, (1) ®...0 KB,k -

Proof. Consider k = 2. Let p(x1,22) € L(M) be arbitrary, and let M < M be a
small model containing the parameters of By, Ba, ¢. As both up, @ up, and up, x5,
give measure one to By X Ba, we may replace o(z1, z2) by @(x1, z2)AB1 (1) ABa(z2)
and assume (21, x2) defines a subset of By X Bs.

Let Y be the (M-definable) projection onto the second coordinate of the set
defined by ¢(z1,22). Then there are r € N and (d;, m;) € (N x R>%) U {(0,0)} so
that, taking Y; := {b € Y : (dim, meas)(¢(z1,b)) = (d;,;m;)}, Y =Y u...UY,
is a partition of Y into non-empty disjoint M-definable sets. Note Y; C Bs. Let
(dim, meas)(Y;) = (e;,v;). Let ¢ := max{d; + e : 1 <4 < r}, and let T :=
{1 <i<7r:d+e = c}. Then, by “Fubini” (see [MS08, Proposition 5.7]),
(dim, meas) (¢ (21, 22)) = (¢, ) ;e Mils)-

By definition of ®, additivity of Lebesgue integral and “Fubini” in a measurable
structure we have (where [Y;] = {p2 € Sy, (M) : p2 F Y }):
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15, ® i, ({1, 22)) = / g () i (2) =

S e i)y = Y s () =

i=1 {i:d;=dim(B1)} meas(B1)

) B (B =
{i:di=dim(B1)Ae;=dim(B2)} meas(B1) meas(B)
Z{i:di:dim(Bl)/\ei:dim(BQ)} mi - Vg
meas(B; X By)

Note that d; < dim(B;) and e; < dim(Bz) for all ¢ € [r]. It follows that
dim(p(z1,22)) = dim(By x Bg) = dim(By) + dim(Bsy) if and only if ¢ = dim(B;) +
dim(Bs), if and only if I = {i : d; = dim(B;) A e; = dim(Bz)}. Hence, by the
calculation above, g, xB, (@(%1,22)) = B, ® pp,(P(x1,x2)).

Repeating the argument changing the order of integration and taking projection
onto the first coordinate, we similarly get pp,xB,(71,%2) = up,(r2) @ up, (1),
hence BB, @ UBy, = By @ UB, -

The claim follows by induction for arbitrary k£ using that ® is associative on
definable measures in arbitrary theories by Fact 3.4. ]

First we consider definable families of subsets of maximal dimension and measure
bounded away from zero:

Lemma 7.5. Let M be MS-measurable. For any partitioned formulas ¢ (z,y),
Y(xz, z) € L there is some oo = (g, ) > 0 such that the following holds.

Assume e € M® and B C MY is definable (with parameters) so that, letting
X =y M,e), for allb € B we have: dim (p (M, b) N X) = dim(X) and ¢ (M, b)NX

is non-empty. Then there is some a € X such that
dim (¢ (a,M) N B) = dim (B) and meas (¢ (a, M) N B) > « - meas (B).

Proof. Let ¢ (z,y),¥(x,z) be given. Let 0(x;y,z) := o(z,y) A ¥(x,z), and let
n € N and a finite set Dy = {(d;, ;) : @ € [n]} be as given by Fact 7.2(1) for
0(z;y,2). Let a := min{y; : ¢ € [n],u; > 0} > 0 (depends only on ¢,1). Then,
for all b € B, as ¢ (M, b) N X # () we have meas(p(M,b) N X) > a (by Definition
7.1(1),(2)).

Let d := dim (X). Consider the definable set

Z:={(a,b):a € X,be B,Ey(a,b)} C X x B.

Let m, : Z — B be the projection of Z onto the y-coordinate. Then 7, is a
definable surjection from Z onto B (as for all b € B, p(M,b) N X # () by assump-
tion), dim (7, * (b)) = dim (¢ (M, b) N X) = d by assumption, and meas (m, ' (b)) =
meas (¢ (M,b) N X) > «a. It follows by “Fubini” that dim (Z) = dim (B) + d and
meas (Z) > « - meas (B).

On the other hand, let A :=7m,(Z) = {a € X :=3bp(a,b)}, where 7, : Z — A
is the projection onto the z-coordinate. Again, 7, is a definable surjection onto A,
and for any a € A, 7! (a) = BN (a,M). By MS-measurability, there is m € N,
(di, ;) € N x RsgU{(0,0)} for 7 € [m], and a partition A = A; U...U A, where
each

A; = {a € A: (dim, meas) (r; ' (a)) = (di, i) }
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is a non-empty definable set. Let ¢ := max{dim (A;) +d; : 7 € [m]}. Then by
“Fubini” we have dim (Z) = c and meas(Z) = >, ; p; - meas (A;), where I :=
{i € [m] : dim (A;) + d; = ¢}. By the previous paragraph we have dim (Z) = d +
dim(B), and also for all i € [m] we have dim (4;) < dim (X) =d (as A C X) and
d; < dim(B) (as m; ! (a) C B for all a € A). Hence

I={ie[m]:dim(A;) =d A d; =dim(B)}.

Now assume towards contradiction that meas (¢ (a, M) N B) < a - meas (B) for
all a € A with dim (¢ (e, M) N B) = dim (B). In particular y; < «-meas (B) for all
i € I. Also, as meas (M®) = 1 and (A; : i € I) are disjoint non-empty subsets of M*
of the same dimension dim (4;) = d, it follows (see e.g. [EMO08, Lemma 3.3|) that
> icrmeas (A;) = meas(| |;.; A;) < 1. Hence meas(Z) = ), ; pi - meas (A;) <
a-meas(B) - Y, meas (A;) < a-meas(B). But by the first paragraph we had
meas (Z) > « - meas (B) — a contradiction. O

Theorem 7.6. Let M be an MS-measurable structure. Then every partitioned for-
mula p(x,y) € L with |z| < d satisfies FHP 41 with respect to the class of definable
measures My, := {up(y) : B C MY definable with parameters} (see Definition 3.5).
In particular, ¢(x,y) satisfies FHPg.1.

Proof. The result will follow from a more precise claim:

Claim 7.7. For any partitioned formulas ¢ (z,y), ¥(z,z) € L and a € R5p,d € N
there is some 8 = B(p, 1, d, &) > 0 such that the following holds.
Assume e € M* and B C MY is definable (with parameters) so that, letting X :=

V(M.e), dim(X) < d and (up) 7)) (32 € X Aigan @(,9) = . Then

Y1yeeey Yd+1
there exists some a € X so that pp(p(a,y)) > B.

Proof of Claim 7.7. We will prove the claim by induction on d € N. Let p(z,y),
U(x, 2), d, o, X =M, e) with dim(X) = d and B be given.
Base case d = 0.

The only possibility is dim(X) = 0, hence X is finite and |X| < k for some
k = k(¥) € N by Fact 7.2(3), write X = {a1,...,ax} for some k' < k. By

assumption

a < (up)y (Gr € X o(x,11)) < (up)y |\ elaim) |,
telk’]

o

hence (i), (¢(as, y1)) > ¢ for at least one t € [k'] — and we can take 3 := .
Inductive step d > 0.
Assume d > 1, dim(X) < d and the claim holds for all 0 < d' < d. Let aq := §.
Case 1. pp (Bg) > ag for By :={b € B : dim(p(z,b) A X(x)) = d}.
As 0 < ag < pup (Bg), we have in particular dim(B;) = dim(B) (by Fact 7.2(5))
and meas(Bg) > ag - meas(B). As d > 0 we have (M, b) N X # () for all b € By.
By Lemma 7.5 there is some v = v(¢,%) > 0 and some a € X so that

dim (¢ (a, M) N By) = dim (By) = dim(B) and
meas (¢ (a, M) N By) > 7 - meas (Bg) > aq4 -y - meas(B),

hence /LB(QD(CL,y)) Z Bd =Qgcy > 07 and 6d = Bd(@? 11Z)7 OL).
Case 2. up (Bg) < ag.
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By assumption (,uB)®(d+1) (C) > « for

C:={(b1,...,bay1) € B : Jwr e X /\ o(x,b;)}.
i€[d+1]

And (MB)®(d+1) = ptga+1 by Lemma 7.4.

Let BYy := {(by,...,bap1) € B : dim(p(M, bgy1) N X) = d}. As (up)® ™
extends the product measure we have (/,LB)®(d+1) (B))) = pup(Ba) < og, hence
(MB)®(d+1) (C\ B}) > a—ag = §. Then by Fubini there exists some b* € B\ By
so that (1u5)® ({(b1,...,ba) € BY: (bi,...,bg,b*) € C\ B}}) > 2.

Let o' (z;2,y) = ¥(x,2) A p(x,y), X' = X NoM,b*) = ¢'(M;e, b*). Then
dim(X’) < d — 1, and we have (up)>" v (EI € X' Nieig cp(z,yi)) > Z. By the

Y1,
inductive assumption there exists some B4 = f<a(p,¥’,d —1,5) > 0 and some
a € X' C X so that up(p(a,y)) > B<q. Then B := min{B.4, B4} > 0 is chosen
depending only on ¢, 1, d, o and satisfies the requirement. This concludes the proof
of the claim. O

Now the theorem follows: given ¢(x,y) with |z| < d and a > 0, we can choose
B = B(p,a) > 0 satisfying FHP ;41 with respect to 91, by applying the claim
to p(z,y), v(x1,...,xq4;2) = (/\ie[d] T; = :172) ,d, . As all finite sets are definable,

M, contains all finitely supported probability measures on MY, so the “in particular”
part follows by Remark 3.6. (]

Remark 7.8. In fact, the proof of Theorem 7.6 shows that given any finite set
D C NxRsoU{(0,0)} and a € Ry there exists § = (D, «) € Ry satisfying
the following. Let M be any MS-measurable L-structure and ¢(x,y) € L is an
L-formula with |z < d so that, letting (A, ) (@591, .., 3) = Niep (@, 9:), we
have Dp, , C D for all t € [d] (where Dp , is the set given by Fact 7.2(1) for the
formula (A, ¢) (x;y1,...,¥¢) in the MS-measurable structure M). Then ¢(x,y)
satisfies FHP(d + 1, , ) with respect to the class of measures M, in M (see
Definition 3.5).

As a corollary of Theorem 7.6, we get that definable families of sets of bounded
description complexity in large finite fields satisfy the fractional Helly property, in
the following sense. Given an L-structure M, we say that a family F of subsets of
M? is definable if there exist partitioned L-formulas ¢(z,%),%(y, 2), with |z| = d
and y, z finite tuples of variables, and e € M* so that F = {p(M,b) : b € (M, e)}.
We say that the description complexity of a definable family F is < (Dq, Dq) if
there exist some ¢ of length < D; and some % of length < D satisfying this for
some e (see e.g. [Taol5, Section 1.2| for a discussion and examples). We view fields
as structures in the ring language Lying = (+, x,0,1).

Corollary 7.9. For every (D1,D3) € N and a > 0 there exist § = 5(D1,a) > 0
and N = N(D1, D2, o) € N satisfying the following.
Let d € N, F a finite field with |F| > N and F C F?% a definable family of sets
of description complexity < (D1, D3) so that
| 7]
> .
= (d +1

{1gf;|1|:d+1 A ﬂs;e@}

sel
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Then Ngey S # 0 for some J C F with |J| > B|F|.

Proof. Fix (Dy,Ds) and a > 0. Let A be the set of all Lyin,-formulas of length
< Dy, then A is finite. For each ¢(z,y) € Lying and t € N, let finite set Hp
be as given by Fact 7.3 for A\, p(z;y1,...,9:), and let D := U{Hp,, : p(z,y) €
A,t € [D1]}, then D is still finite. It follows by Fact 7.3 that if F' := [[, . Fi/U
is an arbitrary infinite ultraproduct of finite fields, ¢(z,y) € Lying is any formula
of length < D; and ¢t € [Dy], then F is MS-measurable and Dp,, €D (where
D, , is given by Fact 7.2(1) for the formula (A, ¢) (z;91,...,y;) in F). It follows
by Theorem 7.6 and Remark 7.8 that there is § = 8(D, ) = (D, a) > 0 so that
o(x,y) satisfies FHP(d + 1, o, 8) with respect to 9, in F.

Now assume towards contradiction that no N € N satisfies the conclusion of the
corollary with respect to 5/2. Then for every i € N there exists a finite field F;
with |F;| > i and a definable family F; C F¢ of description complexity < (D1, D3),
witnessed by some ¢;(x,y;), ¥i(yi, 2i), €; € Filzil, so that taking B; := v¢;(F}, e;) and
Cii={(b1,--,bay1) € B{T B |2 32 Ny #i(2,0:)}, we have |Ci| > a| B,

but |¢;(a, F;) N B;| < g\Bl| for all a € Fim. As there are only finitely many
formulas of length at most max{D;, Dy}, passing to a subsequence we may assume
vilz,y:) = ez, y),v:i(yi, z:) = ¥(y,2) for all i € N. Let U be a non-principal
ultrafilter on N and F':= [[,cy Fi/U, B := [[;cn Bi/U, C :=[];cy Ci/U. Then F
is an infinite MS-measurable structure, and by the definition of (dim, meas) from
Fact 7.3 we have dim(C) > dim(B%*!) (hence equal to it as C C B9t1) and
meas(C') > ameas(BYt1), so using Log’s theorem, Fact 7.2(5) and Lemma 7.4, we
have

(MB)®(d+1) (bl, ey bd+1) S Bd+1  F ): dx /\ (pi(l’, bl) > a.
teld+1]

Then, by the choice of 3 in the first paragraph, there is some a € FI*! a = (a;);en/U
with a; € F/", so that pp(p(a,F)) > B, ie. dim(p(a, F) N B) = dim(B) and
meas(¢(a, F)NB) > §-meas(B). Again, by the definition of (dim, meas) in F' from
Fact 7.3 this implies that |p;(a;, F;) N B;| > B|B;| for a U-large set of i € N — a
contradiction. (]

Corollary 7.10. Assume M is an MS-measurable structure. Then M* with |z| < d
satisfies colorful FHP 411 with respect to 9.

Proof. By Theorem 7.6 and Proposition 4.6 (noting that the measures in 91 are
definable and pairwise commuting by Lemma 7.4). ]

Similarly to Corollary 7.9, this implies colorful fractional Helly number d+ 1 for
definable families of subsets of Fg of bounded description complexity.

8. ULTRAPRODUCTS OF THE p-ADICS HAVE FHP

In this section we prove an Ax-Kochen-Ershov style result for the FHP property
in henselian valued fields (Theorem 8.5). We only consider the equi-characteristic
0 case here (sufficient for the intended application to ultraproducts of the p-adics,
Corollary 8.13) and leave the obvious more general questions for the future (see
Problem 8.15).
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8.1. Quantifier elimination in henselian valued fields. We recall some basic
facts about the RV language for valued fields (we use [Flell] as a reference, see
also [ACGZ22, Section 5.1]). Fix a valued field K, with valuation v : K* — T,
value group I, residue field k£ and valuation ring O. Let RV be the quotient group
K*/(1+m) where m = {z € K : v(x) > 0} is the maximal ideal of O. We have
a short exact sequence 1 — kX — RV ¥ I' — 0, where v,, is induced by the
valuation map and, for a € O \ m, the embedding £* — RV sends a + m € k* to

a(1+m) € RVX.

Definition 8.1. We consider the two-sorted structure M = (K,RV,rv) in the
language L (fixed for the rest of the section) consisting of:

e the quotient map rv: K — RV,

e on the sort K, the ring structure,

e on the sort RV, the structure -, 1 of a multiplicative group, a symbol 0, a

symbol oo and a ternary relation .

The multiplicative group structure on RV is interpreted as the group structure
induced from K* and 0-2 = 2 -0 = 0, co = rv(0). The relation @ is interpreted
as the partially defined addition inherited from K: @(a,b,¢) <= 3x,y,z €
K(a=rv(z)Ab=1v(y) Ac =1v(2) ANz +y = z). Welet RV, denote the structure
(RV,0,1,-,®), and denote its language by Lry.

Remark 8.2. (1) Let WD(z,y) be the (definable in RV.,) set of pairs of elements
in RV for which the sum is well-defined as
Vz, 2 (®(x,y,2) ND(z,y,2) = 2 = 2).
Given a pair of elements z,y € RV such that WD(«, y) holds, z + y denotes
the unique element z € RV satisfying &(z, vy, 2).

(2) For a,b € K, we have WD(rv(a),rv(b)) < v(a + b) = min {v(a),v(b)}, in
which case rv(a + b) = rv(a) +1rv(b) (see [Flell, Proposition 2.4]).

(3) The relation v,y (x) < vy (y) on RV is definable in RV, [Flell, Proposition
2.8(1)]. Hence the multiplicative group k* 2 ker v,, is definable in RV,
thus the ordered abelian group I' is interpretable in RV, so using & the
field k is also interpretable in RV,.

We will use the following Ax-Kochen-Ershov style relative quantifier elimination
result:

Fact 8.3. [Flell, Propositions 4.3 and 5.1] Let K be a henselian valued field with
char (k) =0 and M = (K,RV,rv).

(1) Suppose S C K is A-definable in M, for some set of parameters A in M.
Then there are n € N, ay,...,a, € K Nacl(A) and an acl(A)-definable
subset D C RV" such that

S={zeK:v(z—a1),....,tv(x —ay)) € D}.

(2) RV, is fully stably embedded (i.e. the structure on RV, induced from M,

with parameters, is precisely the one described above).

Moreover, this holds with arbitrary additional structure on RV, (see the discussion
before [Flell, Propositions 4.3].

Remark 8.4. (1) By compactness we get that the stable embeddedness in Fact
8.3(2) is uniform. Le. for every p(z,y) € L with x a tuple of sort RV and y a
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tuple of arbitrary sorts there is some ¥(x, z) € Lry satisfying the following:
if M = (K,RV,rv) is a henselian valued field of equicharacteristic 0 and b
is a tuple in M corresponding to y, then there is some ¢ a tuple in RV (M)
corresponding to z so that for all tuples a in RV (M) corresponding x we
have

M E ¢(a,b) & RV.(M) F v(aso).

(2) Using (1), Fact 8.3(1) and compactness, we have the following additional
uniformity in Fact 8.3(1). For every p(z;y) € L, with x of sort K,
|z] = 1, and y any finite tuple of variables of any sorts, we can choose
Y(x1,...,2,;2) € Lry depending only on ¢, with |z;| = 1 of sort RV and
z a finite tuple of variables of sort RV, so that: if M = (K,RV,1v) is a
henselian valued field of equicharacteristic 0 and b is a tuple in M corre-
sponding to y, then there is some ¢ a tuple in RV(M) corresponding to z
and some oy, ..., q, € K(M) so that for any a € K(M),

M E ¢(a,b) & RV, (M) E¢(rv(a—a1),...,tv(a — ay);c).

8.2. Ax-Kochen-Ershov for FHP. In this section we prove the following theo-
rem:

Theorem 8.5. Let M = (K,RV,rv) be an equi-characteristic 0 henselian valued
field (viewed as an L-structure, see Section 8.1). Then M satisfies FHP if and only
if both the residue field k and the (ordered) value group T' satisfy FHP.

In the rest of the section we prove this theorem (we do not try to optimize
the bounds). Throughout, we let M = (K,RV,rv) be an equi-characteristic 0
henselian valued field, viewed as an L-structure, and M > M a monster model.
By ®;-saturation, we may always assume that M admits a cross-section map ac :
K(M) — k*(M), so we can view M also as a structure in the language L,. with
the angular component map added to the language.

The distinction of the cases below is inspired by the analysis in [Chel4, Section
7.2], [CS19] and [ACGZ22]. The following two lemmas are easy to verify by the
basic properties of valuations (see the proofs of [Chel0, Lemma 6] and [Chel0,
Lemma 7], replacing ¢_so, 100 by €o, ¢, and restricting to 1 <i < j <n—1).

Lemma 8.6. There is a finite set of formulas A C L such that the following holds
foranyn > 3. Let (b; : 0 <i <n) be a A-indiscernible sequence of singletons in K,
and consider the function (i,7) — v (bj —b;) for 1 <i < j <n—1 (so we ignore
the first and the last elements of the sequence). Then one of the following cases
oceurs:

(1) it is strictly increasing depending only on i (in which case we say that the
sequence (b; : 1 <1i <mn —1) is pseudo-convergent ),

(2) it is strictly decreasing depending only on j (so the sequence (b; : 1 < i <
n — 1) taken in the reverse direction is pseudo-convergent),

(3) it is constant (we refer to such a sequence (b; : 1 <i<n—1) as a “fan”).

Lemma 8.7. For anyn > 3, let (b; : 0 <i < n) be a pseudo-convergent sequence
of singletons from K. Then for any d € K there is some 0 < j < n such that:
(1) for all 0 < i < j: v(by, —b;) < v(d—by), which implies v(d—1b;) =
v (b, — b;) and ac (d — b;) = ac (b, — b;),
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(2) for alln—1>4 > j: v(b, —b;) > v(d—by), which implies v(d —b;) =
v(d—by) and ac (d —b;) = ac(d — by).

First we consider the key special case:

Lemma 8.8. Assume RV, has FHP. Then every partitioned formula v (z;y, z) €
L of the form ¢ (rv(z —y),z), with p(2',z) an Lry-formula and x,y singleton
variables of sort K and z an arbitrary finite tuple of variables of sort RV, has
FHP.

Proof. Let k = k(¢) € N be sufficiently large, to be determined in the proof.
Let o > 0 be arbitrary, and we find § = 5 (p,«, k) > 0 such that the following
holds. For any n € N, let (b; :i € [n]) with b; € K(M) and (¢; : ¢ € [n]) with
¢; € RV(M)? be arbitrary. Let F := {¢p M;b;,¢;) i € [n]}. Let Cy := Consy, (F)
(we are using the notation from Section 2). Assume that [Co| > a(}) (and without
loss of generality n is arbitrarily large with respect to k and «), then there is some
I C [n] such that |I| > Bn and {¢ (M,b;c;) : i € I} is consistent.

Let finite A C L be as given by Lemma 8.6. Let k1 € N be arbitrary. Assuming
that k = k(ki,A) is sufficiently large, by Ramsey’s theorem every sequence of
elements from K (M) of length & contains a A-indiscernible subsequence of length k.
Let C; := {S € Consg, (F) : (b; : i € S) is A-indiscernible}, where indiscernibility
is with respect to the order induced from the natural order on [n]. Then for every
S € Cy there is some S’ C S such that S’ € C;. On the other hand, each S’ € C;

can be contained in at most (Z:ZI) sets S € Cy. Hence

for some a1 = a1 (o, k, k1) > 0.
Now let

D, = {S e Cy: (bi 11 € S_) is pseudo—convergent} ,
Dy = {S € Cy : the reverse of (bi NS S_) is pseudo—convergent} ,
and D3 ={S€C :(bj:i€S57) isafan},

where S~ is the set obtained from S by removing the minimal and the maximal
elements (with respect to the order induced from [n]). By Lemma 8.6, C; = D; U
Dy U D3, hence |D;| > %(,fl) must hold for at least one i € {1,2,3}.

Case 1. |Dq| > %(]Z)

For each S € Dy, fix some ag € K(M) such that ag E {¢ (z;b;,¢;) : i € S}.
Let js € S~ be as given by Lemma 8.7 for ag and the sequence (b; : i € S7). By
pigeon-hole, for every S € D; at least one of the sets Lg := {i € (S7)™ : ¢ < js},
Rg:={i € (87)" :js < i} must have size > ky := L(le_zl)J Let

& ={S € Consy, (F):35"€D1(SC Lg)},
&y = {S S COIISk2 (.7:) == D, (S - RS/)},
and 5 = 51 U52.



FRACTIONAL HELLY PROPERTY AND FORKING IN NTP, THEORIES 50

As every S € Dy contains some S’ € &€, by double counting as above we get
o1 (N
g 2 L, (:)
(klsz) 2
for some ay = as (a1, k1) > 0. Hence [&;| > %2 (") for at least one i € {1,2}.

k2
Case 1.1. [&] > %(kr;)
Unwinding the definition, for every S € &; there is some ag € K (M) such that
as = {W (z;b;,¢;) 1 i € S} and, denoting by ig the last element of S in the order
induced from [n], v (big — b;) < v (as — big), and hence rv (ag — b;) = 1v (big — b;),
for all i € S,7 < ig (see Lemma 8.7).
As there are at most n choices for ig as S varies over &7, it follows that for some

i* € [n], the set
g1 := {S S COHSszl (f) 138 € & (S =9 \ {is/} Nigr = ’L*)}

has size at least % > as (k;il) for some ag = ag (az,k2) > 0. Note that, as-

suming kg — 1 > 1, for H := |JG; we have |H| > (ozg (,J_J)m > ayn for some
ay = ay (a3, k2) > 0. Note that for every i € H there is some ag € K (M) such that
E v (ag; b, ¢;), that is = ¢ (rv (as — b;),¢;), and rv (ag — b;) = v (b;, — ;). Com-
bining, we get that b;- = {¢ (x;b;,¢;) : ¢ € H}. Hence we have found a consistent
subfamily Fq of F of size > f1n for 1 := ay > 0.

Case 1.2. |&| > %(]?2)

Unwinding the definition, for every S € & there is some ag € K(M) such that
as = {W (z;b;,¢;) : i € S} and, denoting by ig the last element of S in the order
induced from [n], v (ag — b;) < v (b;s — b;), and hence rv (ag — b;) = 1v (ag — b;),
for all i € S, i < ig (see Lemma 8.7).

Again, as there are at most n choices for ig as S varies over &, it follows that

for some i* € [n], the set
Gy = {S c COHS]Qfl (f) -39 € & (S =9 \ {is/} Nigr = ’L*)}

has size at least % > ag (k;il) for some ag = ag (ag, k2) > 0.

Let ¢ (z'; z, 2’) be the Lyy-formula ¢ (', 2) A (viv(2') < vy (27)). Consider the
family

Fi={o @ e) AN (viv(@') < vy (b= — b)) 11 € [n]} = {¢' (M;¢;,d;) i € [n]}
of subsets of RV(M), where d; := rv (b« — b;). Note that Go C Consg,_1 (F'),
hence |Consy, 1 (F')| > az(," ,)-

As o' (2';2,7") is an Lyy-formula, by assumption (and Remark 8.4(1)) it has

FHP. Assuming ko — 1 is larger than the fractional Helly number of v)’, there is
some (2 = B2 (¥, a3) > 0 and I C [n] such that |I| > fon and

{p @ ci) N (viy (2") < v (b= — ;) i €T}
is consistent, say realized by e € RV(M) (where v (b~ —b;) is a shortcut for
Vyv (rv (b« — b;)) in our language). Let a € K (M) be such that rv(a —b;) =
e. Then v(a—b;+) = vry(e) < v (b= —10;) for all ¢+ € I, hence rv(a—b;) =
rv(a—bx) =eforalli el Andsoa = {o(@v(x—">b;),c):i€I}. Hence we
have found a consistent subfamily Fy of F of size > [on.
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Case 2. |Dy| > %(,?1)

Reduces to Case 1 by working with the reverse order on [n].

Case 3. D3| > %4-(,).

For each S € D3, the A-indiscernible sequence (b; : ¢ € S7) is a fan, that is
there is some g € T' such that v (b; —b;) = vg for all i < j € S7. We fix some
as € K(M) such that as = {9 (z;b;,¢;) 13 € S}.

For each S € Dg, let

Sci={i€ S :v(as—b;)<7s},S> :={i €8 :v(as —bi) >s}
S_ = {2'657 IV(as—bi):fyS},
Then S~ is a disjoint union of S, S~,S=. Let kg := Lkl?’_QJ, Let
K1 :={9" € Consy, (F):3S € D3 (5" € S.)},

K2 :={9" € Consy, (F):3S € D3 (S’ € S~)},
K3 :={S" € Consy, (F):3S € D3 (S’ € S-)},
K:=KiUKyUKs.
As every S € D3 contains some S’ € K, by double counting we get

5 (i) n
|’C‘ Z (7z—k2) Z (6%) (kg)

k1—ks2

for some as = ag (a, k1) > 0. Hence ;| > %(:2) for some i € {1,2,3}.

Case 3.1. |Ky| > %(,?2)
If S € Ky, then in particular v (as — b;) < vs = v (big — b;) for all i € S, where
is is the last element of S in the order induced from [n]. Hence rv(ag —b;) =

rv(a —b;,) for all i € S,i < ig. Then we can conclude exactly as in Case 1.2.

Case 3.2. |[Ky| > %(,?2)
Note that if S € Iy, then |S| < 1. Indeed, if v (as — b;) > vs = v (b; — b;) then
v (b; — bj) =v (as — b;j) > 7s, a contradiction. Hence, assuming ko > 2, this case

does not occur.

Case 3.3. |K3| > %(;:)

In this case for every S € K3 we have v(ag —b;) = v(b; —b;) = g for all
i < jeS. Let ig denote the last element of S in the order induced from [n]. It
follows that rv (ag — b;) =rv (as — big) +1v (b;y — b;) for all i € S,i < ig.

There are at most n choices for ig when S varies over 3. It follows that for
some i* € [n], the set

L:={S € Consy,_1(F):39 € K3(S =95\ {isg'} Nigr =1i")}
has size at least % > a3 (k;il) for some ag = as (az, k) > 0.
Let ¢’ (2; 2, 2') be the Lry-formula
o' +2,2) A (viy (') = vy (2)) AWD (2, 2)
(see Remark 8.2), and let F’ be the family
{o (@ +1v (b= —b;),¢i) A (Vg (27) = v (bix — b;)) AWD (2, 1vv (b= — b;)) 1 i € [n]}
={¢' (¢/5¢i,d;) i € [n]}
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of definable subsets of RV (M), with d; := rv (b;« — b;). Note that £ C Consy,_1 (F'),
hence |Consg,—1 (F')| > a3 (k2"_1).

As o' (2;2,7') is an Lry-formula, by assumption it has FHP. If ky — 1 is larger
than the fractional Helly number of ¢, then there is some 83 = (3 (¢, a3) > 0
and I C [n] such that |I| > B3n and {¢' (¢;¢;,d;) : ¢ € I} is consistent, realized by
some e € RV (M).

Let a € K(M) be such that rv(a — b;») = e. Then in particular v (b« — b;) =
Viv(€e) = v(a—0b) for all ¢ € I and, as WD (e,rv (b« — b;)) holds, we have
rv(a—0b;) = rv(a—bi)+rv(by—b;) = e+1v(b=—10;) for all ¢ € I. Hence
aE{o@v(z—10;),c¢): i€ I}, and we have found a consistent subfamily Fy of F
of size > (B3n.

Finally, choosing k sufficiently large — satisfying all of the assumptions in each
of the cases, which can be done depending only on the formula ¢ — and taking
B = min{f;} with §8; appearing in each of the cases, we have demonstrated the
claim. 0

Proposition 8.9. Assume RV, satisfies FHP. Then every partitioned formula
o(xz,y) € L satisfies FHP.

Proof. By Fact 2.11(3) is suffices to show FHP for every partitioned formula ¢(z,y) €
L with |z| = 1. If z is a singleton of sort RV, this holds by Remark 8.4(1) and the
assumption that RV, satisfies FHP. So assume that x is of sort K. By Fact 8.3 and
Remark 8.4(2), it suffices to show that FHP holds for every partitioned formula of
the form

w(x;yOV"aym—laz) :@(rv(x_yo)7"'7rv(m_ym—l)7z)a

where z is a singleton of sort K and ¢ (zo,...,Tm—1,2) is an Lry-formula (with z;
singletons and z an arbitrary finite tuple). We prove this by induction on m, the
base case m = 1 given by Lemma 8.8.

Let k = k() be sufficiently large (to be determined in the proof) and let oz > 0
be arbitrary. Let n € N, (b;; : ¢ € [n],t <m) with b;;, € K(M) and (¢; : i € [n])
with ¢; € RV(M)* be arbitrary (without loss of generality n is arbitrarily large with
respect to k and «), and let F := {4 (2;b;0,...,bim—1,¢;) : ¢ < n} be such that
|Consy; (F)| = a(}). Let C := Consy, (F). For each S € C, fix some ag € K (M)
realizing {¢ (x;b;,¢;) : ¢ € S}, where b; := (b;0,...,bim—1). Let

Sy:={ieS:v(as—bio) <V(bim-1—Dbio)} =
{ieS:v(as—bim-1)<v(bim-1—bio)},
Se:={ie S:v(as—bio) >V (bim-1—bio)},
Sz:={ieS:v(as —bim-1)>V(bim-1—bio)} and
Sy={i€S:v(as —bio) =v(as —bim-1) =V (bim-1—bio)}.

Then S is the disjoint union of Sy, S2, S5, S4. Let ko := [£],

D; := {S' € Consy, (F):3S € C(S' C S))}
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for ¢ € {1,2,3,4}, and D := Ule D;. As every S € C contains some S’ € D, by

double counting we get
a(}) n
D> s = i
(ksz) 2

for some a2 = az (a, k) > 0. Hence |D;| > %(&) for some i € {1,2,3,4}.
Case 1. |Dy| > %(:2)
For every S € D, we have v(as —b;0) < V(bim—1—bio), which implies

v (CLS — bi70) =1V (CLS — bi,m—l)y for all i € S. We let

W (@590, Ymo2,2,2) 1=
<)O(I"V(x_yO)7'''7I‘V($_ym*Q)71"7(1'_3/0)7’2) /\(V(x_y()) < Vyy (Z/))

Case 2. |Dy| > %(,:;)
For every S € Dy we have v (ag — b, 0) > v (bj m—1 — bi0), so rv (ag — bjm—1) =

rv (b m—1 — bio), for all i € S. We define

w/ (l‘;y(h e 7ym727zazl> =
(v (T —v0),. stV (T —Ym—2),2,2) A(v(z—y0) > viv (2))

Case 3. |D3| > %(&)

Symmetric to Case 2. We define

1/)/ (35;1/17 CIaE 7ym717272/) =
e v —11), v (T = Ymo1),2) AV (T — Ym—1) > Viv (27)) .

Case 4. |Dy| > %(;’2)

For every S € Dy and i € S we have
v(as —bio) =v(as —bim—1) =V (bim—1 — bio), hence
rv (ag — bio) =1v(as — bim—1) + v (bim—1 — bio) -
We define (see Remark 8.2)

w/ (x;ylw"aymfhzazl) =
(v (T —ym_1)+2v(@—y1), . stV (T = Ym-1),2) AWD (rv ( — Ym—1),2’) -

We let d; = rv(bjm-1—bio) for i € [n]. In each of the cases, we con-
sider the family F' := {4’ (z;b;,¢;,d;) 14 € [n]}. By the inductive assumption
for m — 1, the formula ¢’ has FHP. Assuming that ko is larger than the frac-
tional Helly number of 1/, it follows that there is some 8 = S (%,w',kg) >0
and I C [n] such that |I| > fn and {¢’ (x;b;,c;,d;) : i € I} is consistent, realized
by some a € K(M). In each of the four cases, it is easy to see that then also
al=A{Y(z;bi0,- .. bim—1,¢) 1 € I'}. For example, this holds in Case 4 as by the
choice of a we have that WD (rv (@ — b; m—1) ,tV (bim—1 — bi,0)) holds for all ¢ € I,
and so rv(a —b;0) =rv(a — b m—1) + 1V (b m—1 — bio) for all i € I.

Finally, choosing k sufficiently large — satisfying all of the assumptions in each
of the cases, which can be done depending only on the formula ¢ — and taking the
minimal 8 appearing in each of the cases, we have demonstrated the claim. O

Proposition 8.10. Assume k and I' satisfy FHP. Then RV, also satisfies FHP.
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Proof. Working in M, which is in particular R;-saturated, we have that the short
exact sequence 1 — kX — RV ¥ I' — 0 splits (see e.g. [AvdHvdD17, Corollary
3.3.38]), so RV is the direct sum of k* and I". We have that RV is bi-interpretable
with this short exact sequence (see [ACGZ22, Lemma 5.17]), and this short exact
sequence expanded by a function symbol for a right inverse map for v,, is bi-
interpretable with a structure consisting of two disjoint sorts given by k and T’
with their induced structure (and no additional structure). It is then clear, using
Fact 2.11(3), that if both k¥ and I" are FHP, then such a structure is also FHP.
By Lemma 2.11, any theory interpretable in an FHP theory is also FHP, so we
conclude that RV, is FHP. O

Combining Proposition 8.10 and Proposition 8.9 finishes the proof of Theorem
8.5.

8.3. FHP in ultraproducts of Q, and explicit bounds. Burden in henselian
valued fields is studied extensively [Chel0, Chel4, CH14, CS19, Sin22, Tou23|. In
particular we have:

Fact 8.11. [CS19] If M = (K,RV,rv) is a henselian valued field of equichar-
acteristic 0, bdn(k) = bdn(T') < 1 and k™ /(k*)P is finite for all prime p, then
bdn(M) = 1. In particular, bdn(M) = 1 for any ultraproduct K =[], Qp, /U
with p; prime.

Remark 8.12. If k is inp-minimal, then, by the proof of [CKS15, Corollary 4.6],
E*/(k*)P is finite for all but at most one prime p. It is open if it has to be finite
for all p [CS19, Problem 25] (true when k is also NIP by [Joh18]).

Corollary 8.13. Let K be [[;cn Qp, /U or [[;enFp. (1)) /U for some prime p; and
a non-principal ultrafilter U on N. Let M = (K,RV,rv). Then every partitioned
formula o(x,y) € L with |z| < d satisfies FHPqa.

Proof. The residue field & = [, yFp, /U is pseudo-finite, hence satisfies FHP by
Theorem 7.6 (and Fact 7.3). The (ordered abelian) value group I' is NIP by [GS84],
hence satisfies FHP by Fact 2.23. Hence M = (K, RV, rv) satisfies FHP by Theorem
8.5.

By Fact 8.11 we have bdn(M) = 1. By Corollary 4.10 we know that, assuming
M satisfies FHP, any formula o(z,y) € L satisfies FHPygn(as+)41. By Fact 4.5 this
implies that any formula ¢(z,y) € L satisfies FHP ,q,(ar)41y12 (and if M is NIP,
satisfies FHP|;|.ban(ar)+1). Hence any formula o(z,y) € L satisfies FHP ). |

We note that each individual field F,, ((¢)) has TP by [CKS15, Corollary 3.3], hence
cannot satisfy FHP.

Conjecture 8.14. The bound 2% in Corollary 8.13 can be improved to d + 1.

Problem 8.15. (1) Which (ordered, valued, etc.) fields satisfy FHP?
(2) Do bounded PAC, pRC, pPC fields satisfy FHP? They are known to be
NTP, (see [MRK25]).
(3) Does VFA( satisfy FHP? Again, it is known to be NTP; by [CH14]. In
particular, does ACFA satisfy FHP?
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9. ULCFS AND COUNTING PARTIAL TYPES OVER FINITE SETS

9.1. ULCFS. Let T be a complete first-order theory with infinite models in a
language L. First we consider finitary counterparts of some notions, properties
and facts around forking and dividing. We assume some familiarity with the basic
definitions and properties of dividing (see e.g. [CK12]).

Definition 9.1. Let A be a set of formulas and n, k € N. Given a formula ¢(z, b)
with ¢(x,y) € L and b a tuple in M, we say that it (A, n, k)-divides over a set
C C M if there is a A (C)-indiscernible sequence (b; : 4 < n) in M so that by = b
and the set of formulas {¢ (x,b;) : ¢ < n} is k-inconsistent.

Note that, by compactness, ¢ (z,b) is k-dividing over C' if and only if it (A, n, k)-
dividing over C for all finite sets of formulas A C L and all n € w.

Definition 9.2. Let 7 (x) be a partial type over a set of parameters B, and let
CCB.

(1) For a formula ¢ (z,y) € L, we say that 7 is (¢, A, n, k)-dividing over C if
there is an instance ¢ (x,b) € 7 such that ¢ (z,b) is (A, n, k)-dividing over
C.

(2) We say that 7 internally (¢, A, n, k)-divides over C'if it (¢, A, n, k)-divides
over C, and moreover we can choose a A (C')-indiscernible sequence (b; : i < n)
witnessing (A, n, k)-dividing over C' as in Definition 9.1 inside B = dom ().

Remark 9.3. Assume that p € S, (M) is a type over a model M and C'is a subset of
M. If M is |C|"-saturated, then dividing over C is equivalent to internal dividing
over C for p (given an arbitrary sequence witnessing dividing, by saturation we can
find a copy of it inside M). For example, if C C M is finite, then for any finite
A,n,k we have p € S (M) is (A, n, k)-dividing over C' if and only if it internally
(A, n, k)-dividing over C. We will be mostly interested in types over finite sets here,
where these two notions may be different.

Definition 9.4. (1) We say that dividing in T satisfies the Uniform Local
Character over Finite Sets (or that T satisfies ULCFS) if every partitioned
formula ¢ (z,y) € L satisfies ULCFS, i.e. for every k € w there is some
finite set of formulas A C L and some n € w so that: for every finite set
B and every p(z) € S, (B) there is some C C B with |C| < n such that p
does not internally (p, A, n, k)-divide over C.

(2) We say that T satisfies strong ULCFS if in (1) instead of internal non-
dividing we require non-dividing.

Obviously, strong ULCFS implies ULCFS.

Problem 9.5. Is it true that (strong) ULCFS holds in 7" only assuming that
Definition 9.4 is satisfied for £ = 27 Only assuming that Definition 9.4 holds for all
formulas ¢(z,y) with |z| = 17

9.2. NIP implies strong ULCFS. The following is the so-called UDTFS prop-
erty (i.e. Uniform Definability of Types over Finite Sets). It was conjectured by
Laskowski, and, after some partial results [JL10, Guil2], established in [CS13, CS15]
for formulas in NIP theories (and more recently for NIP formulas in arbitrary the-
ories [EK21]):
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Fact 9.6. Let o(z,y) € L be a partitioned NIP formula. Then there exists a
formula 0(y;y) € L, with § = (y1,...,ya) for some d € N, satisfying the following:
for every finite A C MY with |A| > 2 and every b € M?, there exists some tuple
c € A? such that for every a € A we have |= ¢(b,a) <= = 6(a,c).

It is immediate that if ¢(x,y) satisfies UDTFS then it also satisfies ULCFS.
Indeed, given 6(y, §) as in Fact 9.6 and finite set A, every p(z) € S,(A) clearly does
not internally (¢, 0, n, k)-divide over a subset of A size at most d for any n,k € N,
namely over ¢ where ¢ is so that 8(y, ¢) is a definition for p (p(z,a) € p == 0(a,c),
so if a; € A for i < n with a = ag and (a; : i < n) is #-indiscernible over ¢, then
also = 6(a, ¢) for all i < n, hence ¢(z,a;) € p).

We show that strong ULCFS follows from the more explicit form of UDTFS
established for NIP formulas in [EK21, BKS24]:

Proposition 9.7. If a partitioned formula ¢(x,y) is NIP then it satisfies strong
ULCEFS.

Proof. Assume that ¢ (z,y) is NIP. By [EK21, BKS24] there exists k,m € N de-
pending only on ¢ (more precisely, only on the VC-dimension VC (¢)) satisfying
the following: for every finite set A C MY and every p € S, (A), there exist some
types pi,...,Pm € S, (A) so that:
(1) each p; is k-compressible, i.e. for some A; C A with |A4;] < k we have
pi la;F pi,
(2) and p is the rounded average of the p;’s, i.e. for any a € A and ¢ € {0,1},
o' (r,a0) €p = |{z € [m]: ! (x,a) € pi} > %’
Let A (y, (y; : j € [k])) be the finite set of formulas

v | [ A ¢ @) | = @) | (e k) {0,131 ¢ e {o,1}
JE[K]

Now let A C MY be an arbitrary finite set and b € M®, and let p := tp,, (b/A).
Let A; € A and p; € S, (A) for i € [m] satisfy (1) and (2) above with respect to
p, and let A" := Uie[m] A;. Then |A’| < km. We claim that p does not (p, A, n, k)-
divide over A’ for any n, k > 2.

For each i € [m], fix an arbitrary enumeration A; = (a;; : j € [k]). Let a € A
be arbitrary, and let ¢ € {0,1} be such that ¢’ (z,a) € p. Then by (2) there exists
some s C [m] with |s| > 2 so that ¢ (x,a) € p; for each i € s. Fix an arbitrary
i €s,and for j € [k] let t; be such that ¢ (z,a; ;) € p;. Then by (1) we have

mva (| A ¢ @ay) | >t @a)

€lk]
Let (a: ¢ € [n] be an arbitrary A (A’)-indiscernible sequence in MY with a!

a. In partlcular (a‘: ¢ € [n]) is A(as, : j € [k])-indiscernible, hence by the choice
of A for any ¢ € [n] we also have

Vv N\ ¢ (zai;) | = ¢ (2,a")

JE[K]
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Let b; € M* be an arbitrary realization of p;, in particular b; |= /\76[,C i(z,a55),
but then also b; = Ay, # b (x,a"). O

9.3. Simple theories satisfy strong ULCFS. From the definition of NTP (Def-
inition 2.17) and compactness we have:

Lemma 9.8. Assume that ¢ (x,y) is NTP and k € N. Then there is some K € w
such that there do not ewist (a, :n € K*) in MY such that {¢ (z,ay;) 11 < K} is
consistent for every n € KX and {p (x,a,;) :i < K} is k-inconsistent for every
ne K<K,

Proposition 9.9. If a partitioned formula ¢ (x,y) is NTP then it satisfies strong
ULCFS.

Proof. This follows by compactness from the local character of dividing in simple
theories, but we give an explicit finitization of the argument.

Let p(z,y) and k € w be given.

For any ¢ (x,y) € L, finite A C L, n € w and tuple of variables z, the set

Ev.an (Y 2) ={(y,2) : ¥ (z,y)is (A, n, k)-dividing over z}

is (-definable. Now let K be as given by Lemma 9.8 for ¢(z,y).
Let Ak := (), and by reverse induction on i = K —1,...,0 we define

Ai(Yo, - Yi-13Yi) =
- K-1
Jyivr - /\ (x,y;) A /\ B,k (Y55 Y05 -+ Yji—1)
j=0 j=it1
and let A := J,_x A

Let A be a set and p(z) € S,(A). We try to choose by induction on i < K
elements a; from A such that ¢ (z,a,11) € p and ¢ (x,a;41) is (A, K, k)-dividing
over A; := (a; : j < ).

Suppose that we succeded. Now we build a K<X-tree for ¢ (x,y) as follows.
As A; C A, in particular ¢ (z,ai+1) is (A, K, k)-dividing over (a; : j < ¢) for all
i < K. Let by := ap. Then let by := a1. By assumption, ¢ (z,a1) is (A, K, k)-
dividing over ag, let (b; : j < K) be a Ay (ag)-indiscernible sequence witnessing this.
By the choice of A; it follows that for each j < K there are some (bjol)K(K_l)
such that each ¢ ([E,bj()i) is (A4, K, k)-dividing over (bjoh th< z) and such that
{<p (x, bjoi) i< K — 1} is consistent. This gives the first level of the tree. Con-
tinuing in the same way we end up with a tree (bn in € K<K) contradicting the
choice of K.

Thus we had to get stuck at some ¢ < K, which means that p does not (¢, A, K, k)-
divide over (a; : j < i), as required. O

9.4. ULCFS, resilience, NTPs.

Definition 9.10. [BYC14, Definition 4.8] A theory T is resilient if every for-
mula ¢ (z,y) € L is resilient, i.e. there do not exist an indiscernible sequence
(a; :i € Z) and an {a; : ¢ € Z\ {0} }-indiscernible sequence (b; : i € w) so that ag =
bo, {p(x,a;):i € Z} is consistent and {¢ (x,b;) : i € w} is inconsistent (hence k-
inconsistent for some k € w by compactness and indiscernibility).
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Fact 9.11. If T is either simple or NIP, then it is resilient. And if T is resilient,
then it is NTPy [BYC14, Proposition 4.11]|. It is open if NTPy is equivalent to
resilience [BYC14, Question 4.14].

Problem 9.12. Assume that T is not resilient. Is it possible to find a witness to
it as in Definition 9.10, such that moreover {¢ (x,b;) : ¢ € w} is 2-inconsistent?

This following lemma and corollary appeared first in a preliminary version of
[CH14], but were removed in the final version due to an error in its intended appli-
cation.

Lemma 9.13. The following are equivalent for a theory T

(1) Every formula ¢ (z,y) with |z| < n is resilient.

(2) For every small set D, every c with |c[ <n and every sequence @ = (ai);cq
indiscernible over cD, if b = (),
then there exists b’ indiscernible over caxoD such that v =4pb.

(8) For every small set D, every c with |c| < n and every sequence a = (a;);cq

18 indiscernible over axoD and by = ag,

indiscernible over ¢D, if b = (i) c0,

18 indiscernible over axqD and by = ag,
then there exists b’ indiscernible over caxoD such that V =4,p b.

Proof. (1) implies (2): Let € > 0 from Q be arbitrary. Consider the type p. (x,a¢) =
tp (¢/aoag(—c D). By indiscernibility of @ over cD it follows that Uie(_w) pe (z,a;)
is consistent (realised by c). We claim that (J,., pe (z,b;) is consistent. Other-
wise there is some ¢ (z,apa'd) € pe (x,a9) with @’ C ag(_..) and d C D such
that {¢ (z,b;a’'d)},.,, is inconsistent. Let aj = a;a’d and b = b;a’d. Then
@' = (a});(—c . 1s indiscernible, v = (b)), is indiscernible over alsg ag = by
and they witness that ¢ (z,y) is not resilient — a contradiction.

As ¢ > 0 was arbitrary, it follows by compactness that, letting p (z,a9) =
tp (c/apaxoD) = U.-qPe (7,a0), we have that (J;., p(z,b;) is consistent. But
this means that there is b’ =zp b which is indiscernible over caoD (see [CH14,
Lemma 3.5(1)]).

(2) implies (3) is obvious.

(3) implies (1): Assume that ¢ (x,y) is not resilient, where |z| < n, and let a =
(ai)icq > b= (b;) icw Witness this. Then by Ramsey, indiscernibility and compactness
we may find ¢ = {¢ (2, a;)},cq such that in addition a is indiscernible over c. But
as ¢ = ¢ (x,bp) and {p (z,b;)},c, is inconsistent, there is no way to make it c-
indiscernible keeping the type of b even just over the first element. O

Corollary 9.14. If T is not resilient, then there is some ¢ (x,y) with |x| = 1 which
15 not resilient.

Proof. We show by induction that if T satisfies 9.13(2) for n — 1 > 1, then it
satisfies it for n. So let ¢ = (¢;),_,,, @ and b be given, with @ indiscernible over c
and b indiscernible over axo. Then by the induction hypothesis and Lemma 9.13
with D = () we find &’ =; b and indiscernible over c<,_1a.0. Again by the inductive
assumption and Lemma 9.13 with D = c.,,—; we find a ¢,,_1c<n—10a20-indiscernible
b =51 =; b— as wanted. O
Proposition 9.15. (1) If (x,y) satisfies ULCFS, then p(x,y) is NTPs. In
particular, if T satisfies ULCFS for 1-types then T is NTPs.
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(2) If p(x,y) satisfies strong ULCFES then o(x,y) is resilient. In particular, if
T satisfies strong UCLFS for 1-types then T is resilient.

Proof. (1) Assume ¢(x,y) has k-TPy for some k € w, witnessed by a strongly
indiscernible array (a; ;)i jew (.. the rows a; := (a;; : j € w),? € w are mutually
indiscernible, and the sequence of rows (a@; : ¢ € w) is indiscernible, see [Chel4,
Definition 1.1]). Let A,n be arbitrary. Let A := {a;; : i,j < n+ 1}, b |=
{e(x,a05) : j <n+1} and p := tp,(b/A). Let C' C A be arbitrary with [C| < n.
Then there is some i < n+1 so that {a;; : j <n+1}NC =0, (a;,; : j <n+1)
is indiscernible over C' (by strong indiscernibility of the array) and {¢(z,a; ;) : j <
n + 1} is k-inconsistent. This shows that p is internally (¢, A, n, k)-dividing over
C. For the “in particular” part, if T is not NTPy, there is a formula (z,y) with
|z| = 1 with TPy (by Fact 2.19(2)).

(2) Assume ¢(x,y) is not resilient (if T is not resilient, by Corollary 9.14 there
is some non-resilient ¢ (x,y) € L with || = 1), then there exist some indiscernible
sequence b = (b; : i € Z) and some (b; : i € Z\ {0})-indiscernible sequence b’ =
(b} : 1 € w) with by = b, so that {¢ (z,b;) : i € Z} is consistent and {¢ (z,b}) : i € w}
is k-inconsistent for some k € w. Let now A and n € w be arbitrary. Let
B, = (b;:0<i<n+1) and let p, € S,(B,) be arbitrary so that we have
{o(x,b;) : 0<i<n+1} Cp,. Weclaim that p, is (p, A, n, k)-dividing over every
subset C' of B,, with |C] < n. Indeed, given such C, there is some 0 < j < n+1
with b; € B,, \ C. By indiscernibility of b, taking an automorphism o of M sending
(., bo1,bo,b1,...) to (-..,bj_1,bj,bj41,...) we consider the sequence b := o (V).
In particular it is indiscernible over {b; : ¢ € Z \ {j}} and witnesses that ¢ (x,b;) is
(A, n, k)-dividing over C. O

Remark 9.16. We note a weak converse to Proposition 9.15(2): given ¢(x,y), if
there is k € w so that for all A n there is a finite set A with |4] = n + 1 and
p € S,(A) so that p is (¢, A, n, k)-dividing over every C C A with |C| > n, then
o(z,y) is not resilient. Indeed, in this case we can find a witness to ¢ being not
resilient by Ramsey and compactness.

The above observations motivate the following conjecture:

Conjecture 9.17. If p(x,y) is NTPy (or even T is NTPy), then ¢(x,y) satisfies
ULCFS. If o(x,y) is resilient (or even T is resilient), then o(x,y) satisfies strong
ULCFS.

9.5. Counting partial types over finite sets. In this section we consider some
finitary versions of the two-cardinal function fr(k,A) counting partial types from
Section 10, which also generalizes the shatter function from VC-theory. In the same
way as UDTFS is a strengthening of the Sauer-Shelah lemma, we view ULCFS as
a strengthening of this type-counting function being polynomially bounded.

Definition 9.18. Let ¢ (x,y) be a partitioned formula.

(1) For aset A C MY and k € w, we let S, (A) be the set of positive partial
p-types of size < k over A, i.e. consistent sets of formulas of the form
{o(x,a;) 11 < k} with ag,...,ax_1 € A.

(2) For p,q € S,k (A) and m € w, we say that p and ¢ are m-inconsistent
if there are some py C p,q0 C ¢ with |pol,|g0] < m so that py U qp is
inconsistent.
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(3) For m <k <l < w, we define

Fo(m, k1) = Inax{ 1S]: ACMY, 8 C Sy (A), A =1,
p#£qeS=p(x),q(x) are m—inconsistent}.

(4) We let f,(k,1) i= fo(1,k,1) and f1(k,1) = fo(k,k,1).

(5) We will say that f, (k,1) (or f,(k,l)) is polynomially bounded if there is d
such that: for every fixed k there is some Cy € w with f, (k,1) < Cyl? for
all [.

(6) For a formula ¢ (x,y) and ¢ € w, we let

(/\@) (@590, v-1) = N\ e, vi)-

t i<t

Remark 9.19. While the restriction to positive types is natural for our consider-
ations here, we note that for any p(z,y) € L, taking ¥ (x;y1,y2) = @(z,y1) A
—p(x,y2) € L, each p-type of size < k over a set A C M is equivalent to a positive
Y-type of size < k over A x A (more generally, see e.g. [She90, Lemma I1.2.1]) —
hence many type counting questions transfer to general types.

Remark 9.20. (1) fo(m,k, 1) < fo(m',K'I') and fo(m, k1) < fp, o(m, k1)
for all m’ > m, k' > k,I" > I; in particular f,(k,1) < f(k,1) <>, ( ) <
(£)" 1 for all k,1.
(2) fa,o(mi k1) < fo(2m,2k,2l) and fo(m,k,1) < fa o(1,k™,0™) for all
m, k,l.

Proof. (1) is immediate from the definition. For the first inequality in (2), let A C
M2 with |A| = [ and S C Sp, ,x (A) a set of pairwise m-inconsistent positive
Ao @-types. Let A" C MY be the set m1(A) Uma(A), where 7; is the projection onto
ith coordinate, then |A’| < 2I. And for p € S, we let p’ € S, 2x(A’) be defined
via: p(x,a) € p' if and only if there is some o’ so that either p(x,a) A p(x,a’) € p
or o(z,a’) A p(x,a) € p. It follows that for any p1 # p2 € S, pj and ph are 2m-
inconsistent. For the second inequality, given a (-type p of size k over A C MY,
consider the A ¢-type (A,,p)(z) of size k™ over A™ given by {A,_,, ¥(z,a;) :
(a1,...,am) € A™ p(x,a;) € p for all i < m} — if p1, py are m-inconsistent, then
p', Py are l-inconsistent. |

Proposition 9.21. (1) Assume that fp , (k,1) is polynomially bounded for all
t € w, then ¢ (z,y) is NTPy. In particular, if f, is polynomially bounded
for all partitioned formulas p(x,y) € L with |x| =1 in T, then T is NTPs.

(2) Assume that f/, (k,1) is polynomially bounded. Then f’ o (k1) is also poly-

nomially bounded for all t € w, and ¢ (z,y) is low (see Deﬁmtzon 2.24).

Proof. (1) Assume that ¢ (x,y) has TPy. Then, by Fact 2.19(2), for some ¢ = t(¢)
the formula ¥ (z;90,...,%:-1) := N\,c; ¢(x,y;) has 2-TP5, i.e. there is an array
(aij); j<, such that {¢ (z,a;;):j <w} is 2-inconsistent for every i < w and
{1/) (x,ai,f(i)) 11 < w} is consistent for every f:w — w.

Let k and I be arbitrary, and let A := {ai;}, , ;- For f:k =1, let py(z) :=
{1/) (:v,ai,f(i)) 1< k:} Then any two types in the set S := {pf 1 fe lk} C Sy .k (4)
are 1-inconsistent. It follows that |S| > [* while |A| = k x I. That is, |S| > c|A|"
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with ¢ = 2. It follows that for k fixed and | > k, fy (k,l) grows faster than any
polynomial of degree < k — 1. Thus fy = fA,, is not polynomially bounded.
(2) By Remark 9.20, f;\ﬂ) (k,1) < f,(2k,2l), so if the latter is polynomially
bounded by Cyl? then the former is also polynomially bounded by 2¢Cy;,1%.
Assume ¢ (z,y) is not low. Then for an arbitrary large k € w we can find an
indiscernible sequence (a; : 4 € w) in MY so that {¢ (x,a;) : i € w} is k-consistent,
but (k + 1)-inconsistent. But then for every k <[ € w,

{{gp(x,aitj) fj<k}itg<...<tp—1 <l}

is a family of > (,i) pairwise-inconsistent positive ¢-types of size k over (a; : ¢ < I).

Hence f7,(k,1) > %lk, so f;, is not polynomially bounded. O

Remark 9.22. Since there are non-low (super-)simple theories (see [CK98|), and
simplicity of T implies f,, is polynomially bounded for all formulas (by Propositions
9.9 and 9.23), we see that f (k,[) is polynomially bounded is a strictly stronger
condition then f,(k,1) is polynomially bounded.

Next we observe that, closing under conjunctions, ULCFS implies polynomial
boundedness of f,.

Proposition 9.23. For a partitioned formula ¢(z,y), if \y¢ satisfies ULCFS,
then f,(k,1) is polynomially bounded.

Proof. As A\, ¢ satisfies ULCFS, there is some finite set of formulas A C L and some
d € w so that: for every finite set B C MY""¥* and every p’ (z) € Sp,, (B) there
is some C' C B with |C| < d such that p’ does not internally (A, ¢, A, d, 2)-divide
over C.

Let now A C MY be a finite set of size [, and S C S, 1 (A). Given p € S, we
consider A, p € S/\2 o,k? (A2) as in Remark 9.20. By the previous paragraph, there
is some A, C A% with |A,| < d so that A\, p does not internally (A, ¢, A, d, 2)-divide
over Ap.

Claim 9.24. There is some K = K(d, k, A) € w satisfying the following. For any
C C A% with |C| = d, if (p;(z) : i < n) with p; € S, 1 (A) are pairwise 1-inconsistent
and /\, p; does not internally (A, ¢, A, d, 2)-divide over C for all i < n, thenn < K.
Proof. For i < n, let p; = {¢(z,a;) : t < k} for some a;;, € A, and let @; :=
(a;r : t < k). By Ramsey’s theorem, using pairwise l-inconsistency of the p;’s,
there is some K = K(d, k,A) satisfying the following. If n > K then there is a
subsequence (a;, : j < d) of (a; : i <n) which is A-indiscernible over C' and some

a, < k so that for all j < j' < d we have: @(x,aij,a) € pij,go(x,aij,ﬁ) €
i, and {cp (:L',alv%Q) , P (:c,aij,,g)} is inconsistent. This shows that ¢(x,a;; ) A
o(x,ai;,8) € Ny (pi,) internally (A, d, 2)-divides over C' — a contradiction. O

As there are at most (|42])¢ < 12¢ choices for A,, it follows from the claim that
for any k, any family S C S, i (A) of pairwise l-inconsistent types has size at

most K1??, with K depending only on ¢ and k& — hence fo(k,1) is polynomially
bounded. O

Conjecture 9.25. The following are equivalent for a partitioned formula p(z,y):
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(1) N\, is NTPy for allt € w;
(2) fA, (k1) is polynomially bounded for all t € w.

Or at least: f,(k,1) is polynomially bounded for every formula p(x,y) in an NTPy
theory T'.

We note that it is necessary to consider conjunctions in Conjecture 9.25:

Example 9.26. Let T the theory of an infinite triangle-free random graph. Then
the edge relation R (x,y) is NTP (hence satisfies strong ULCFS by Proposition
9.9), while the formula R (z,y1) A R (z,y2) has 2-TPy (see [Cheld, Example 3.13|)
— hence does not satisty ULCF'S by Proposition 9.15, and fa, r(k,1) is not polyno-
mially bounded by (the proof of) Proposition 9.21(1). Note that fr(k,1) = fr(k,1)
(since in a triangle-free random graph, two partial types {R(z,q;) : i < m} and
{R(z,b;) : 7 < n} are inconsistent if and only if = R(a;, b;) for some 4, j, in which
case {R(z,a;), R(x,b;)} is inconsistent), hence fr(k,l) is also not polynomially
bounded by Proposition 9.21(2).

Next we observe that at least TPy is characterized by the maximality of the
function f,(k,l) (unlike in the infinitary version of the problem, see Corollary
10.18). We use a classical result of Erdds:

Fact 9.27. [Erd64] Let G = (V, E) be a uniform k-hypergraph (i.e. E C (‘2)) with
[V| = 1 such that it does not contain a complete k-partite uniform k-hypergraph
Kq,..q with each part of size d. Then the number of hyper-edges for all 1 > k,d

satisfies |E| < 1"~ T

Proposition 9.28. The following are equivalent.
(1) The partitioned formula ¢ (x,y) does not have 2-TP5.
(2) The function f,(k,l) has power saving, i.e. there exists some ¢ = e(p) > 0
and ko € N so that: for each k > ko there is some C = C(p,k) € N so that
Fo (k1) < CU= for all I.

Proof. (2)=(1). The proof of Proposition 9.21(1) shows that if ¢ (x,y) has 2-TP,

then for any k € w and I > k, f, (k,l) > (%)k I*, which grows with [ faster than
C1¥=¢ for any C and € > 0.

(1)=(2): If ¢ (z,y) does not have 2-TP5, then by compactness there exist some
1 < d € w such that there are no (a; ; : 1 <4,5 <d) so that {p(x,a; ;) :1<j <d}
is 2-inconsistent for all 1 < i < d and {@(z,a; 7)) : 1 < i < d} is consistent for
every f:[d] — [d].

Suppose that no € > 0 and kg satisfy (2). In particular, taking ¢ := dd—l,l, there
exists some k > d so that: for any C € N there is an arbitrarily large [ € N with
folk, 1) > ClF=¢. Let C := 2, and, as ¢ < 1, choose [ sufficiently large so that

( e )k71 lk—l < lk—e
k—1 = :

Let S C S,k (A) with |S| > CI*=¢ and A C MY, |A| = be a family of pairwise
1-inconsistent types witnessing this. Note that the number of partial types p € S

k—1

of size < k is at most Zigkq (i) < (kfl) F=1 < ke by assumption on .
Hence there is S’ C S with |S’| > 1¥7° so that all p € S are of size exactly k.
Consider the uniform k-hypergraph G with

V(G):=A,E(G):={dom (p): p€ S’} (so |E|>1*7%).
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Assume that for every a = {ags1,...,ax} € (k‘_/d) we have |E5| < [97¢, where
E: = {{a1,...,a1} € (‘2) : {a1,...,ax} U@ € E}. As there are (kid) < [k
choices for @, this would imply that |E| < (¥~ — contradicting the assumption.
Hence there is some a € (k‘jd) so that the d-hypergraph G := (V, E;) has > [9—¢
hyperedges. By Fact 9.27, G5 contains a complete d-partite d-hypergraph H with
each part of size d. For 1 < i < d, let a; := (a;;:1<j <d) with a;; € A
enumerate the i’s part of the partition of H.

As each hyperedge of F corresponds to a domain of some p € S’, it follows that

{90 (xaai,f(i)) :1<i < d} U {‘p(xaad+1)v o .,QD(ZL’,Q]C)}

is consistent for each f : [d] — [d]. On the other hand, let 1 < ¢ < d and
1 < j #j <d be arbitrary. As H is complete, it follows from its definition that

{QO (‘T,ai,l) 11 <i<di 7é i/} U {50 (Iv aiﬂj)} U {(,0($, ad+1)v ) 90(1770'16)} € S/7
[ (@ i) 1 <0 € dyi £ 7} U {p (5,003} U (i, aanr), o ol )} € 5

As any two types in S’ are 1-inconsistent, the only possibility is that

{o(x,ai ;)¢ (x aij)}

is inconsistent. It follows that {¢ (x,a;;):1 < j < d} is 2-inconsistent for every
1 <i<d. But then (a;; : 1 <14,j <d) contradicts the choice of d O

Hence we have the following weak partial result towards Conjecture 9.25:

Corollary 9.29. The following are equivalent for a partitioned formula o(x,y):

(1) N\, is NTPy for allt € N;
(2) fp, (k1) satisfies power saving for all t € N.

Proof. By Proposition 9.28 and Fact 2.19(2). (]

Problem 9.30. (1) Is there an implication in either direction between “p(x, y)
is FHP” and “f[ (k,l) is polynomially bounded”” At least at the level of
the theory T as opposed to individual formula? Matousek’s theorem (Fact
2.22), combined with Remark 9.19, shows that if there is some C,d so that
fo(l,1) < C1? for all [ then ¢(z,vy) is FHP — so part of the question is if
this assumption could be relaxed to polynomial boundedness of f/,(k, ).

(2) Does FHP imply that f,(k,l) is polynomially bounded? By Proposition
2.21 this would follow from Conjecture 9.25.

Problem 9.31. We can also ask a more general version of Conjecture 9.25, corre-
sponding to a finitary version of Conjecture 10.6: what are the possible functions

f‘P(kJ)?

10. COUNTING PARTIAL TYPES IN THE INFINITARY SETTING

Definition 10.1. For a complete first-order theory 7', 1 < n € w and an infinite
cardinal k, we let f2 (k) := sup{|Sp,(M)| : M = T,|M| = k} and fr (k) =
SupnGw f% (K)

A celebrated result of Keisler [Kei74, Kei78] (see also [Kei76]), refining earlier

work of [She71] and Morley [Mor65|, demonstrates that there are exactly six possi-
bilities for fr when T is a complete countable theory:
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Fact 10.2. Let T be a complete countable first-order theory with an infinite model
(we will assume this throughout the section). Then for all k > Vg we have fr(k) =
fH(x) and:

(1) T is w-stable = fr (k) = K;

(2) T is superstable, not w-stable = fr (k) = k + 2%0;

(3) T is stable, not superstable = fr (k) = k™°;

(4) T is not multiorder, unstable = fr (k) = ded k;

(5) T is NIP, multiorder = fr (k) = (ded ;

(6) T is not NIP = fr (k) = 2".

ot

Here ded k is the supremum over all cardinals A so that there exists a linear order
of size £ with A many Dedekind cuts (equivalently, the supremum of the sizes of
linear orders with a dense subset of size at most k), and for the definition of the
multiorder property see Definition 10.10. We always have k < ded x < 2", hence
under the generalized continuum hypothesis (GCH), ded k = 2* for all infinite ,
in which case the functions in (4)—(6) are equal. It is also consistent with ZFC
that the functions in (5) and (6) are distinct [Mit72]; it is also consistent that the
functions in (4) and (5) are distinct [CKS16]. But it is not known if it is consistent
that all three functions in (4), (5), (6) are pairwise distinct simultaneously. Yet,
in ZFC, for every infinite x, we have 2® < ded ded ded ded k [CS16]. We refer to
[CKS16, CS16] for a further discussion of this function.

Here we consider the following two-cardinal refinement of fr introduced in
[She80] in order to characterize simple theories, and further studied in [Cas99,
Les00, Cas03] (where it is denoted as NT(k, A)).

Definition 10.3. For a complete first-order theory T" and infinite cardinals kK < A,
we let f7 (k,A) be the supremum of the cardinalities |P|, where P is a family of
pairwise inconsistent partial n-types each of cardinality < k, all over the same fixed
set of parameters of size \. We let fr(k,A) :=sup,,c,, f7(k,A).

The following is immediate from the definitions:

Remark 10.4. In any theory 17" we have:

(1) fR(AN) = fr(\A) and f2(k,A) < f2T (K, A) for k <A > |T| and n € w;
(2) fE(1,A) > A for all A > Ng;

(3) fR(r,A) < fr(x',N) for any X > N\, k' > K;

(4) fr(k,A) < A" for all A >k > N.

This two-cardinal function is known to characterize simplicity and supersimplic-
ity of T' as follows (restricting to countable theories):

Fact 10.5. Let T be a complete countable theory with infinite models, and k < A
infinite cardinals.

(1) The following are equivalent:
(a) T is simple;
(b) fr (k,\) < AR+ 2% for all k, \;
(c) fr(k,\) < A% for some A = A<,
(2) The following are equivalent:
(a) T is supersimple;
(b) fr(k,\) <X+ 2% for all k, \;
(c) fh(k,\) < ARo for some K, \.
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Proof. (1) The equivalence of (a), (b) and (c) is from [She80, Theorem 0.2] (see
also [She90, Theorem II1.7.7] or [Kim96, Proposition 2.20]) and [Cas99, Theorem
2.8]. Item (2) is from [Cas99, Theorem 3.2|. O

Motivated by Facts 10.2 and 10.5, Adler made the following conjecture:
Conjecture 10.6. [AdI09]

(1) There are only finitely many possible functions fr(k,\) when T is a count-
able theory T'.

(2) The property “T' is NTPy” can be detected from fr(k,\) (note that if T is
TPy, then fr(k,A) is mazimal, i.e. equal to \* for all Rg < k < X).

In what follows, we will refute Conjecture 10.6(2) and confirm Conjecture 10.6(1)
assuming GCH.

Definition 10.7. (1) As usual, by a tree we mean a partial order (7,<) so
that for every t € T, {s € T : s < t} is linearly well-ordered by <. By a
branch in a tree, we mean a maximal linearly ordered subset of the nodes.
The length of a branch is its order type. The level I(t) of t € T is the order
type of {s € T : s < t}. The height of T is sup{l(t)+1:t € T}.

(2) For two infinite cardinals &, A, we let \*** denote the supremum of cardinals
1 so that there exists a tree with < A\ many nodes and > p many branches
of length < k.

Remark 10.8. (1) Equivalently, A®" can be defined as the supremum of car-
dinals p so that there exists a tree of height < x and size < A with > pu
branches (by restricting to the subtree given by the union of all branches
of length < k with the induced ordering).

(2) Note that A < A% < A* and if A = A<% then \®' = \* (witnessed by
the tree A<" with the usual tree ordering: for 7n; € \<", say n; € A% for
ordinals ay < ag < K, M1 < M2 if N2 Ta;=m1).

(3) We have k™' = dedk, by (1) and [Bau76, Theorem 2.1(b)| (see also
[CKS16, Section 6.1] for a more detailed discussion).

Proposition 10.9. Given infinite cardinals k < X, if A\ > XA+ 2" then for some
reqular 0 < k there is a tree with < X\ nodes, 0 levels and A* branches.
In particular, if \® > 25 then A = \F,

Proof. Let p:= min{p: p" > A} < A. Note that u > 2" (as otherwise p* < 27,
hence A < 2%, so A\* < 2% — contradicting the assumption). Then p* = (u~)" >
Af > A+ 2% Also for a cardinal v, v < p = v < A\ by minimality, hence
also v < p = v*® < p (for finite v as p > 2%, and for infinite v as otherwise
Vo= (W) > pf > X). Let 0 := cf (u) — regular. We know that p" > p (as
i < Aand p® > A). On the other hand, if K < 6 = cf(u) < p then using the
above observations we would get p* = p (see e.g. [Kunl4, Theorem 5.20(iii)(a)]), a
contradiction. So necessarily 0 < k.

Consider the tree p<%, it has @ levels and pf-many branches of length . It also
has 375 g ordina 181 nodes. Note that for each 8 < 6 = cf(u) we have plfl <
p-sup{v!®l . v < u cardinal} (see e.g. [HSWO09, Lemma 1.6.15(c)]), and v18l < »? <
v* < X by minimality of ;. Hence pul®l < 1+ X\ = X, so the number of nodes in the
tree <% is at most 6 - A = \.
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And as k > 0 = cf(u) we have (see e.g. [HSW09, Lemma 1.6.15(b)]) u* =
(sup{vF:v<p cardinal})Cf(“):e <p? <A <N < (Rt = p”. So pf = ¥, and
we are done.

For the “in particular” part, note that if \® = X then clearly \* = \*'; and
otherwise A" > A + 2" and the result above applies. O

We recall the multi-order property from [Kei76] (which is equivalent to the theory
T not admitting ird-patterns of infinite height, or ki .q(T) > Ny in the sense of
[She90, Definition ITI.7.1], see also [Adl07, Section 5]):

Definition 10.10. A theory T has the multi-order property if there exist formulas
vi(z,y;) € L for i € w with x fixed and y; arbitrary tuples of variables, and
tuples (a;; @ 4,j € w) so that: for every f : w — w there exists some by with
Eo(by,ai;) < j< f(i)foralli,jew.

Proposition 10.11. The multi-order property is witnessed in one variable, i.e. if
T is multi-order then we can choose the formulas p;(x,y;) in Definition 10.10 with
|z] = 1.

Proof. This follows from [Sim22, Proposition 4.4] (see also [GH15] for the analogous
sub-additivity statement in the case of finite cardinals). Namely, by Ramsey and
compactness it is easy to see that T has the multi-order property witnessed by
some formulas ¢(z,y;),i € w with |z| = n if and only if it is not the case that
opD(x = x) < Ry in the sense of [Sim22, Definition 4.1], if and only if there is an n-
tuple a so that opD(a/0) < Xy does not hold. But [Sim22, Proposition 4.4] implies
that for any finite tuples a, b, if opD(a/0),opD(b/0) < Vg, then opD(ab/f) < Rg —
hence the multi-order property reduces to singletons. O

By analogy with the multi-order property, we define the multi-TP; property:

Definition 10.12. We say that T" has the multi-TP; property if there exist formulas
vi(z,y;) € L with z fixed and y; arbitrary finite tuples of variables and trees of
tuples (a})pew<w for i € w in M such that:

(1) for any choice of branches (7; : i € w) with n; € w*, the set of formulas
Uiewlvi(@say, ) : @ <w} is consistent,
(2) for all i € wand all n L v in w<, {@i(z;a}), pi(z;a})} is inconsistent.

Proposition 10.13. If T is NIP and multi-order then T is mutli-TP, witnessed
by formulas (p;(x,y;))icw with |z| = 1.

Proof. By Proposition 10.11, let ¢;(z,y;) € L for i € w with |z| = 1 witness the
multi-order property.

We will use an elaboration of the trick in Shelah’s proof that NIP plus unstable
implies the strict order property SOP. By Ramsey and compactness, we can choose
tuples (a;; : 1 € w,j € Q) so that for every f : w — Q there exists some by
with = ¢(by,a:;) < j < f(i) for all i € w,j € Q; and so that the sequences
{@; : i € w} with a; = (a;,; : j € Q) are mutually indiscernible.

By induction on o < w we will choose formulas ¢/ (z,y)) € L and sequences
ay, = (ag, ; : j € Q) so that:

«

(1) (@ :i<a)U(a;: a<i<w)are mutually indiscernible;
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(2) the set of formulas 72, (z) U m>q(7) is consistent, where

F/ga(x) = U ({wg(x,a;d) ] € Qv.] < O} U {_‘wé('xaa;,j) .] € Q7.] Z O}) )
i<a
ma(@) = |J (eilw,aiy) € Qi <0}U{~wi(x,a;;):j€Q,j>0});
a<i<w
(3) foralli <aand jo > j1 € Q, pi(z,a;;,) F ¢i(z,a} ;).

Fix a € w, and assume we have already chosen (¢}(z,y,,) : i < o) and (@} : i < «)
satisfying (1)—(3).

Since the formula ¢, (z,y,) is NIP, there is some kq € w and 7 : ko, — {0,1} so
that A\, Yo (T, a4, ;)" is inconsistent (where ¢! = ¢ and ¢° = =p). Starting
with this formula, we change one by one instances of =, (x,aq,;) A ©a(T, Ga j+1)
t0 0 (T, Ga,j) A 0a (T, aq j+1). After finitely many steps, we arrive to a formula of
the form A;c, o<jcr Pa(®,00,5) AN N\jew.r<jcr, "Pa(@;aa,j) for some 0 < £ < kq,
and by assumption ((2) for @ — 1) and mutual indiscernibility this latter formula is
consistent with 7_,_,(2)Um>q(x). Therefore there is a step in the process in which
we pass from a formula inconsistent with 7., (z)U7>q(2) to a formula consistent
with 7l ,_; () Unsqo(z). Namely, there is some jo € ko and 1 : ko — {0,1} so
that

/\ Palz, aa,j)%(j) A palT, aa,jo) N ~0alT; Ga,jo+1) A /\ Pa(2, aa,j)%(j)
0<j<jo Jo+1<j<ka

is consistent with 7., _,(z) Um>qa(x), but

/\ @a(z’ a(%j)n()(j) A —mpa(:c, aa,jo) A 900:(1'7 aa,jo-H) A /\ @a(‘n a(%j)no(j)
0<5<j0 Jo+1<j<ka

is inconsistent with 7 ,_;(z) Unmsq(x), hence already with some finite subtype.
By compactness we can extend (without changing the already given elements)
our sequences a; = (a;; : j € Q) to (aj; : j € J- +Q+ Jy) for i < a and
a; = (a;;:j€Q)to(a;;:j5€J-+Q+J;) for @ < i < w, maintaining mutual
indiscernibility, where J_ = w, J4 = w*.
Then, by the above and mutual indiscernibility, there are some finite sets Jy C
J_,J1 CJy and I Cw,a < I so that, taking

%,Sa—l(x;aﬁa—LJmh) = {wg(xva;,j) i<a—1,j¢€ ‘]O}U
{_'Sag(xaag,j) ri<a—1,j€ i},

Tsa(Tia1,50,0,) = {pi(z,ai5) i € 1,5 € Jo} U{~wpi(r,a;;) i €1,j€ 1},
the first formula is consistent with 7L, ;(z) Umsa(2) UTL, 1 (2) UTsa(2), while
the second formula is inconsistent with 7., ;(2)UT~q(z). Fix an order preserving
bijection v : Q = (jo — 1, jo + 2) N Q with v(jo) = jo,¥(jo + 1) = jo + 1, and for
j € Q we consider the finite tuple

aﬁm = oy () Y (Cajr jew,0< 7 <joVijo+1<j<ky)U

(a;j/:Z'S()z—].,j/GJ()UJl)U(ai,j/IiEI,j/GJ()UJl)
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and formula

Pn(@,95) = 0a(®,Yaje) A\ Cal@Ya))®P A N pal@yay) N
0<j5<Jo Jot1<j<ka

Team1(T3Y<a—1,00,01) A T>a(T391,00,0)-

By construction, the sequences @, (@})i<a, (4;) a<i<w are still mutually indiscernible
(so (1) holds). Using indiscernibility, for all j» > j; € Q we have ¢ (z,a;, ;,) I
@ (w,ay, ) (so (3) holds), and as ¢y, (z, ar, ;) A ~wq (2, ay, ;1) is consistent with
T q_1(x) Umsq(z) implies that (2) also holds.

We can think of (¢}, @});c., as witnessing that T satisfies “multi-SOP”. From this
we can produce multi-TP; similarly to the standard argument that SOP implies
TP;. Namely, by induction on ||, we can choose a tree of non-empty closed intervals
[in,iy] in Q with 7 € w<* so that:

(a) for all v <nin W<, O # [iy,ip] C [iv,4,];

(b) for all n L v in w<¥, [iy,ip] O [0y, 4] = 0.
For a € w and n € w=<¥, let bfy := (a'a,in,a;’i/n), and let 1o (z,by) = @i (z, agn; ) A
-’ (z, a’aﬂ-,n). It follows that for any o € wand n L vin w=*, {¢a(7;by), Ya(w; b5) }
is inconsistent by (3) and (b). And for every choice of branches (1, : @ € w) with
Na € W5 Upew¥al(w; bﬁalt) :t < w} is consistent by (a), (2)+(1) and compactness.

O
The following is a generalization of [Kei78, Lemma 4, (ii)=-(iii)].

Proposition 10.14. (1) If T has TPy then f1(k,A) > X\*% for all Ry < k <
A
(2) If T has multi-TPy, witnessed by formulas (0o (T,Ya))acw with |z| = 1,

then fi(k,\) > ()\’“tr)NO for all Ng < k < .

Proof. (1) By Fact 2.19 some formula ¢(z,y) with |z| = 1 has TP;, witnessed by
A= (ay : 1 € w<¥) (as in Definition 2.17(2)). Let (7, <) be an arbitrary tree.

By compactness we can then find A’ := (alfl)neT with a;, tuples in M such that:

mp(z) = {p(z,a;) : 1 € B} is consistent for every branch B C T3 and for any
incomparable nodes L v in T, {¢(7,a;),¢(z,a,)} is inconsistent (using that
every finite induced subtree of T is isomorphic to an induced subtree of w<%*, and
that A satisfied these conditions). Note that {wg(z): B C T a branch} is a family
of pairwise inconsistent partial types each of size at most the height of 7, all over
the set of parameters A’ with |A’| at most the size of 7. Hence fr (k,\) > A&
(using Remark 10.8(1)).

(2) Asin (1), by multi-TP; and compactness, given any tree (7, <) we can find
trees of parameters (ap : 1 € 7) in M for o € w so that:

e for any choice of branches B, C T, a € w, the partial type ¢, {¢a(7,ay) :
1 € By} is consistent;

e for every a €wand n L vin T, {pa(z,ay), p(v,a;)} is inconsistent.
Hence, if the tree 7 has height < k, size < A and > v branches, this gives a set
of parameters A := J{a; : @ € w,n € T} with [A] < Ng- A = X with > o
pairwise-inconsistent partial types over it, each of size < Ny -k = K.

Let Ro < k < A be arbitrary. Assume first that cf(A®) > Rg. Then (%)™ =
A sup{vRo 1 v < AW cardinal} (see e.g. [HSWO09, Lemma 1.6.15(c)]). It follows
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(using Remark 10.8(1)) that for every v < ()\”’tr)NO, there is a tree T of height < k
and size < X with > vy branches so that l/gfo > v. Then, by the first paragraph,
Fh(r,A) > 15° > v. Hence fh(k,\) > 15° > (Amstr)No,

Otherwise cf (A®*F) < Ng. In this case we can find a tree T of height < k and size
< X with > A% branches (i.e. the supremum in the definition of A®* is achieved).
Namely, we can write A = sup,,, v; for some cardinals v; < \***. By definition
of \®* for each i € w there is a tree 7; of height < k and size < X\ with > v;
branches. We define the tree 7 by adding a new root r and, for each i < w, placing
the tree 7; so that its root r; is one of the Np-many immediate descendants of 7.
Then the size |T] of T is 14+, [Ti]| <14 Rg- A = A, the height of 7 is at most
1+« =  and the number of branches of T is > Y, v; = A", By the first

paragraph again, we thus get fi(x, \) > ()\"”““)NO. O
Using these observations, we can significantly narrow down the possibilities for

fT(KJ7 )\)

Proposition 10.15. Let T be a countable theory with infinite models.

(1) T is w-stable = fr (k,\) = fF(k,A) = X for all A > Kk > Ry.
(2) T is superstable, not w-stable = fr (k,\) = fh(k,A) = X+ 2% for all

A Z K Z No.

(3) T is stable, not superstable = fr (k,\) = ft(k,A) = A for all X > k >
Ro.

(4) T is supersimple, unstable = fr (k,\) = f+ (k,A) = X+ 2" for all \ > k >
Ng.

(5) T is simple, not supersimple, unstable = fr (k,\) = fh(k,\) = AN 4 2%
for all A >k > Ny.
(6) T is not simple = fk(k,\) > A for all A > k> Ny.
(7) T is not simple, not NIP = fL(k,\) = fr (k,A) = \* for all A > Kk > No.
(8) T is NIP, not stable (= not simple), not multi-order =
(a) fh(k,\) > AN for all A > k> Ry;
(b) fr(k,\) = f}(n, A) = A for all \F > 2F;
(c) fr(k,A) <A =dedk for all K = A.
(9) T is NIP, multi-order =
(a) fr(k,A) > AR for all X > K > Ro;
(b) fr(k,\) = fr(k,A) = \* for all \* > 2F;
(¢) fris,A) < (A = (ded k)™ for all k = .

Proof. (1) By Remark 10.4 we have fi(x,A) > X for all Rg < k < A\. And if T
is w-stable we have fr(x,A) < fr(A, A) < A by Fact 10.2(1).

(2) By Fact 10.2(2) we have fr (k,\) < fr (\) < A+2% and f1(Rg,Rg) = 2%0,
Hence, by Remark 10.4, f1 (k,\) > A+ 2%0 for all Rg < x < \.

(3) Again we have fr (k,\) < fr(A) < AR for all A\ > k > Ry by Fact
10.2(3). On the other hand, assume that T is not superstable. Then it
is not supersimple, so by Fact 10.5(2)(c) we have fh(k,\) > A¥ for all
Ny < k < A. See also [Cas99, Proposition 4.2] in relation to (1), (2) and
(3).

(4) As T is unstable and (super) simple (so NSOP), by Shelah’s theorem it has
IP. Then f} (k,k) > 2% for all kK > N, by Fact 10.2(6) (and fh(k,A) > A
by Remark 10.4). On the other hand, by Fact 10.5(2)(b) we have that
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fr (K, A) < A+ 2" for all kK, \. By Remark 10.4(2),(3) we conclude that
fr(k,\) =X+ 2% for all Rg < k < A\

(5) Again fl (k,k) > 2% for all kK > Rg as T has IP. On the other hand, as T
is simple, by Fact 10.5(1)(b) we have fr (k,\) < A% + 2% for all k, \. As
T is not supersimple then again by Fact 10.5(2)(c) we have fk (x, A) > ANo
for all Ng < x < \.

(6) Let T be not simple, and Ng < x < A arbitrary. Assume first that T has
TPy, then there is a formula ¢(z,y) with || = 1 that has 2-TP, (Fact
2.19). By compactness we can then find an array A := (a;; : (4,5) € Kk X A)
so that {¢(z,a;;) : j € A} is 2-inconsistent for each i € k, and 7¢(z) :=
{o(x,a; ;) : i € K} is consistent for every f € A*. Then {7y(z): f € A"}
is a family a pairwise inconsistent partial types each of size k, all over the
set of parameters A with |A] < A, so fr(k, A\) > A",

Otherwise, by Fact 2.18, T has TPy, so we get fi(k,\) > A% by
Proposition 10.14(1).

(7) Let A > k > Yy be arbitrary. If A* > 2% then by Proposition 10.9 we have
A" = A% and as T is not simple by (6) we get ff (k, ) > A" = \*. So
assume that \* < 2%, As T has IP, we have that f} (k,\) > f+ (K, k) >
2% > A" by Fact 10.2(6).

(8) As T is NIP unstable, it is also not simple, hence f (k,x) > A% by (6).
Then (b) holds by Proposition 10.9. And (c) holds by Fact 10.2(5) (and
Remark 10.8(3)).

(9) As T is NIP and multi-order, by Proposition 10.13, T is multi-TP; wit-
nessed by some formulas (¢;(z,¥;))icw with |2| = 1. Then, by Proposition
10.14(2), fh(r,A) > (AT for all Ry < k < A. Again, (b) holds by
Proposition 10.9. And (c) holds by Fact 10.2(4).

(]

By Proposition 10.15, Conjecture 10.6(1) follows from the following (in which
case the explicit list of possible functions fr(x,\) is given in Proposition 10.15):

Conjecture 10.16. Let T be a countable theory and Ng < k < A.

(1) If T is NIP, then fr(k,\) < ()\N,tr)NO.
(2) If T is not multi-order, then fr(r,\) < A%,

(Without loss of generality we may restrict to the case A* < 2% — as for \® > 2#
this holds trivially by Proposition 10.9.)

Corollary 10.17. Conjecture 10.16, and hence Congecture 10.6(1), holds assuming
GCH.

Proof. For any infinite k < A with \* < 2% we have k < dedk = ™" < \OF <
A® < 2F, Hence, assuming GCH, \* = A\*', so the bound in Conjecture 10.16
holds trivially. O

Corollary 10.18. Conjecture 10.6(2) is false.

Proof. By Proposition 10.15, if a countable theory T is neither simple, nor NIP,
then the function fr(x,A) = A" is maximal for all infinite K < A. But such a T can
be taken to have NTP, or not. O
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We also ask if fr(k,\) = f(x,A) for all T, k, A (unlike that case of complete
types and fr(k), this is not automatic for counting partial types; note that Con-
jecture 10.16 combined with Proposition 10.15 implies that this holds for countable
T). We also mention that a different two-cardinal invariant of first-order theories
generalizing fr(x), namely a function of two cardinals £ and A giving the supre-
mum of the possible number of types over a model of size A that do not fork over
a sub-model of size x, is considered in [CKS16].
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