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Abstract. We study Keisler measures in strongly n-distal NIP theories, generalizing
some results of Simon and Chernikov–Starchenko for distal theories and addressing
some questions of Walker. In particular, we establish a hypergraph version of the distal
regularity lemma, compact domination for definable fsg groups, and demonstrate that
the strong n-distality hierarchy is strict among stable theories using a connection to
Poizat’s total triviality of forking. We also show that infinite strongly n-distal NIP
fields have characteristic 0 using a discrepancy result of Babai–Hayes–Kimmel from
multiparty communication complexity.

1. Introduction

This paper contributes to the emerging subject of higher arity classification theory in
model theory (see [17] for a brief survey) and its connections to hypergraph combinatorics,
focusing on higher arity generalizations of distality.

Distal theories were defined by Simon [75] in terms of indiscernible sequences, aiming
to isolate the subclass of purely unstable NIP theories [76]. In particular, these are
precisely the theories in which all global generically stable Keisler measures are smooth
([75, Theorem 1.1]; see Section 2.2 for the definitions). Distality was characterized in
terms of the existence of (uniform) strong honest definitions in [29], exhibiting a (not
noticed at the time) connection to the existing notion of the “isolation property” [10, 12]
studied in computer science. In [30], this was recast as a distal cell decomposition, and
used to establish equivalence of distality of a theory to a definable version of the strong
Erdős-Hajnal property (generalizing [3] in the semi-algebraic and [7] in the o-minimal
case), as well as a so-called distal regularity lemma (generalizing [42, 44] in the semi-
algebraic case), for hypergraphs definable in it (see also [77]). Further work demonstrates
that distal structures provide a general abstract setting for tame Erdős-style incidence
combinatorics [19, 33, 32, 8, 28, 86]. Distality is studied from the point of view of pure
model theory [13, 14, 29, 58, 4], and we refer to e.g. [51, 5, 85, 65] for further examples
of distal theories (see also the introduction of [30] for a survey).

Two natural higher arity generalizations of distality, n-distality and strong n-distality
(for 1 ≤ n ∈ N), were proposed and studied by Walker [87] (see Section 2.4; with distality
= 1-distality = strong 1-distality). N -distal theories form a subclass of the better studied
n-dependent theories (see Proposition 2.33), introduced by Shelah [73, 72] and generaliz-
ing NIP/dependent theories in the case n = 1. In the last decade, N -dependent theories
were studied in pure model theory [27, 50, 22, 23, 24]; in connection to (arithmetic) hy-
pergraph regularity in combinatorics [34, 83, 81, 80, 79, 46, 70] (generalizing from graphs
[2, 64, 55], as well as hypergraphs [31, 45], of finite VC-dimension; we also refer to the
introduction of [35] for a survey); and higher arity VC theory (VCn theory) and PAC
learning (PACn learning) in product spaces [61, 62, 34, 37, 40]. We also mention some
higher arity generalizations of stability, forming another subclass of n-dependent theories,
considered in [78, 82, 83, 17, 1, 36, 48].
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However, already the restriction of (strong) n-distality to NIP, or even stable, theories,
is of interest. In this paper, we generalize some aspects of the rich theory of distal theories
to strongly n-distal NIP theories, focusing on Keisler measures, as well as isolate some
new phenomena — this should be viewed as a first step in the development of a general
theory of (strong) n-distality, informed by n-dependence. In what follows we summarize
the main results of the paper.

In Section 2 we discuss some preliminaries for the rest of the paper. In particular,
in Section 2.1 we overview some facts about finitely additive probability measures on
Boolean algebras, including a criterion for the existence/uniqueness of extensions of a
measure to a bigger Boolean algebra (Fact 2.4, Proposition 2.5). In Section 2.2 we review
some basic properties and results concerning Keisler measures on definable sets in NIP
theories, and in Section 2.3 we review properties of forking (and related pre-independence
relations) in NIP theories. In Section 2.4 we review the definitions and basic properties
of (strong) n-distality, and note that n-distality implies n-dependence (Proposition 2.33).
In Section 2.5 we recall (definable) cylinder intersection sets (i.e. subsets of product
spaces in a Boolean algebra generated by sets that only depend on a proper subset of the
coordinates) which play a crucial role in the paper.

In Section 3 we establish our main results about products of Keisler measures in
(strongly) n-distal NIP theories and obtain some combinatorial applications. In Section
3.1 we generalize some results in NIP and strongly n-distal theories from indiscernible
sequences to indiscernible measures. In Section 3.2 we generalize Simon’s result that in
a distal theory all generically stable measures are smooth [75] to strongly n-distal NIP
theories:

Theorem (Proposition 3.17). Assume T is NIP and strongly n-distal, and let µ0(x0),
. . ., µn−1(xn−1) be global measures generically stable over a small model M. Then µ :=
µ0 ⊗ · · · ⊗ µn−1 is n-smooth over M (i.e. for any global measure ω(x0, . . . , xn−1) so that
ω|M = µ|M and ω|(xi:i ̸=j) = µ|(xi:i ̸=j) for all 0 ≤ j < n, we must have ω = µ; Definition
3.11).

In Section 3.3 we present some applications of this result. First, combining it with a
compactness argument, we obtain an n-distal packing lemma:

Theorem (Proposition 3.25). Let T be NIP and strongly n-distal. For every formula
φ(x0, . . . , xn−1;xn) and ε > 0 there exist some k ∈ N and formulas γi(x0, . . . , xn−1; z0) ∈
L, ρi(xn; z0) ∈ L and χ−

i (x0, . . . , xn−1; z), χ
+
i (x0, . . . , xn−1; z) ∈ Ln

x0,...,xn−1,z for i < k,
where z = z0z1 and each χ−

i , χ
+
i is given by a Boolean combination of γj(x0, . . . , xn−1; z0),

and some formulas of the form δu((xt : t ∈ u); z1) ∈ L for u ⊊ {0, . . . , n−1}, satisfying the
following. Given a tuple of global generically stable measures µ̄ = (µ0(x0), . . . , µn−1(xn−1))
there exists some eµ̄ ∈ Mz0 so that: (ρi(M; eµ̄) : i < k) partition Mxn and for every
b ∈ ρi(Mxn) there is some db ∈ Mz1 with

(1) χ−
i (x0, . . . , xn−1; eµ̄, db) → φ(x0, . . . , xn−1, b) → χ+

i (x0, . . . , xn−1; eµ̄, db),
(2) µ0⊗· · ·⊗µn−1(χ

+
i (x0, . . . , xn−1; eµ̄, db))−µ0⊗· · ·⊗µn−1(χ

−
i (x0, . . . , xn−1; eµ̄, db)) <

ε.

This is a stronger form of the n-dependent packing lemma (i.e. a packing lemma for
families of sets of finite VCn dimension, generalizing the classical Haussler’s packing
lemma [49] in the case n = 1) established in [34] (see Remark 3.26 for a discussion).
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As an application, we obtain a regularity lemma for hypergraphs definable in strongly
n-distal NIP theories (generalizing the case n = 1 established in [30])1:

Theorem (See Corollary 3.33 for a more precise version). Let M be an NIP and strongly
n-distal structure. Given a definable (n+1)-ary relation φ(x0, . . . , xn) and ε > 0 there ex-
ists k ∈ N satisfying the following. Given finitely supported measures µ0(x0), . . . , µn(xn),
for every 0 ≤ i ≤ n there is a partition (P i

ℓ : ℓ < k) of
∏

j ̸=iMxj so that
∑

(ℓ0,...,ℓn)
µ0 ⊗

. . . ⊗ µn
(∧n

i=0 P
i
ℓi

)
< ε, where the sum is over all cylinder intersections sets

∧n
i=0 P

i
ℓi
⊆∏

0≤j≤nMxj (Definition 2.34) that are not φ-homogeneous.

Again, this strengthens the n-dependent (equivalently, finite VCn-dimension) hypergraph
regularity lemma from [34] which only guarantees ε-homogeneous rather than actually
homogeneous cylinder intersection sets, see Remark 3.35).

This regularity lemma immediately implies a higher arity version of the strong Erdős-
Hajnal property (again generalizing the n = 1 case from [30]):

Theorem (See Corollary 3.37 for a more precise version). Let M be NIP and strongly
n-distal. Then every definable relation φ(x0, . . . , xn) ∈ L satisfies the n-strong Erdős-
Hajnal property, or n-sEH: there exists α > 0 satisfying the following. Given any
finitely supported measures µ0(x0), . . . , µn(xn), there exists a cylinder intersection set
C =

∧n
i=0Ci ⊆

∏
0≤j≤nMxj (with Ci ⊆

∏
j ̸=iMxj ) so that µ0 ⊗ . . .⊗ µn (C) ≥ α and C

is φ-homogeneous.

Finally, in Section 3.4 we demonstrate that n-distal (rather than strongly n-distal) NIP
theories are characterized by n-determinacy for (n + 1)-tuples of particular generically
stable measures obtained by averaging over mutually indiscernible sequences, generalizing
the results in [75, Proposition 2.21] in the case n = 1.

In a distal theory all global generically stable types are algebraic. This fits as the first
level into a hierarchy expressing n-triviality of forking for realizations of generically stable
types in (strongly) n-distal NIP theories. Recall that a stable theory T has trivial forking if
a |⌣A

b, a |⌣A
c and b |⌣A

c implies a |⌣A
bc. Poizat [47] considers its higher arity version,

n-trivial forking (if all proper subsets of a set of size n+ 2 are independent over A, then
the whole set is independent over A). Walker shows, using the n-determinacy principle for
generically stable types, that in a stable theory (n+1)-distality is equivalent to n-triviality
of forking (Fact 4.10). In Section 4 we consider two other notions of “n-triviality”. First
is also from [47]: T has (1-)totally trivial forking if a |⌣A

b and a |⌣A
c implies a |⌣A

bc,
without requiring b and c to be independent (and its higher arity version, totally n trivial
forking, see Definition 4.11). The other is (endless) indiscernible triviality, considered in
[15] (we also consider its higher arity version, n-indiscernible triviality, Definition 4.6).
We show:

Theorem (Proposition 4.16). (T stable) The following are equivalent for all n ≥ 1:

(1) T is strongly (n+ 1)-distal,
(2) T is (endlessly) indiscernibly n-trivial,
(3) T has totally n-trivial forking.

More generally, this holds for realizations of generically stable types in NIP theories (see
Remark 4.17). Combining this with some results and examples in [47], we can thus
address a question of Walker [87]:

1We note that a hypergraph regularity lemma for strongly n-distal NIP hypergraphs was also obtained
independently by Tong [84], using a different approach of generalizing strong honest definitions to higher
arity. Another higher arity version of strong honest definitions was previously obtained by Walker [88].
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Corollary (Corollary 4.23). For every n ≥ 1, there exists a superstable 2-distal T which
is strongly 2n-distal but not strongly (2n − 1)-distal. There exists a 2-distal superstable
theory which is not strongly n-distal for any n < ω. For a 1-based stable theory and any
k ≥ 2, k-distality implies strong 2-distality.

We also consider some natural intermediate notions between n-distality and strong n-
distality for n ≥ 2 (Definition 4.1) and demonstrate that some of them collapse in stable
theories (Proposition 4.24).

In Section 5 we consider translation invariant measures on definable groups. If T is
(1-)distal then every generically stable measure µ ∈ Mx(M) is smooth. This fails badly
in stable 2-distal theories. However, generalizing the distal case, we have:

Theorem (Theorem 5.8). Assume 1 ≤ n ∈ ω and T is NIP and strongly n-distal. Assume
G is a definable group and µ ∈ MG(M) is generically stable and G-invariant. Then µ is
smooth.

This implies that compact domination holds for definable fsg groups in strongly n-distal
NIP theories (see Fact 5.3 and the discussion there), and so an arithmetic version of the
distal regularity lemma holds for definable groups exactly as in [39, Section 6]. We also
note that for types the result holds in arbitrary n-distal theories, hence no stable n-distal
theory can type-define an infinite group (Proposition 5.6).

In Section 6 we prove the following:

Theorem (Theorem 6.6). No theory satisfying the k-strong Erdős-Hajnal property (for
uniform finitely supported measures) can define an infinite field of positive characteristic.
In particular any infinite field definable in a strongly k-distal NIP theory has characteristic
0; and the (stable) theory ACFp of algebraically closed fields of characteristic p > 0 does
not admit a strongly n-distal NIP expansion for any n.

This generalizes [30, Corollary 6.3] in the case n = 1, which combined that NIP fields
are Artin-Schreier closed [57] with the count for point-line incidences on the affine planes
over large finite fields. Our proof here combines the fact that n-dependent fields are still
Artin-Schreier closed [50] with a classical result of Babai–Hayes–Kimmel from multiparty
communication complexity establishing high discrepancy of generalized inner products
over large finite fields [6].

Throughout the paper, we state some questions and conjectures on possible general-
izations and refinements of our results.

1.1. Acknowledgements. We thank Chris Laskowski and Roland Walker for helpful
discussions on some of the topics of the paper. Part of the results in Section 3 also ap-
pear in the MA thesis of Westhead [89] under the supervision of Chernikov. Chernikov
was partially supported by the NSF Research Grant DMS-2246598; and by the Deutsche
Forschungsgemeinschaft (DFG, German Research Foundation) under Germany’s Excel-
lence Strategy-EXC-2047/1-390685813. He thanks Hausdorff Research Institute for Math-
ematics in Bonn, which hosted him during the Trimester Program “Definability, decidabil-
ity, and computability”. Westhead was partially supported by the NSF Research Grant
DMS-2154101.

2. Preliminaries

2.1. Measures on Boolean algebras. Given a Boolean Algebra, B, we let S(B) be its
Stone dual, i.e. the compact Hausdorff totally disconnected space of ultrafilters on B with
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the topology generated by a basis of clopen sets of the form [B] := {U ∈ S(B) : B ∈ U}.
A σ-additive Borel measure ρ on a topological space is regular if for any Borel set A,
ρ(A) = sup{ρ(F ) : F ⊆ A closed} = inf{ρ(O) : A ⊆ O open}. Given a finitely additive
probability measure µ on B, equivalently on the clopen subsets of S(B), it extends
uniquely to a σ-additive regular probability measure µ̃ on the Borel subsets of S(B) (see
e.g. the proof of [76, Section 7.1], which applies verbatim in this slightly greater level of
generality). In a slight abuse of notation we will in general identify µ with µ̃.

For a measure µ on a Boolean algebra B, we let S(µ) denote the support of µ, i.e. the set
of ultrafilters U ∈ S(B) so that µ(B) > 0 for every B ∈ U . Then, by compactness of S(B)
and finite additivity of µ, S(µ) is a non-empty closed subset of S(B) and µ̃(S(µ)) = 1.

Given a measure µ on a Boolean algebra B with a subalgebra A ⊆ B, we denote the
restriction of µ to A by µ|A. And we let µ̃|S(A) := π∗µ̃ denote the pushforward of µ̃
under the canonical (continuous, surjective) restriction map π : S(B) → S(A) defined
via π(U) := U|A. Note that for any Boolean algebras A ⊆ B and µ (respectively, ν)
a finitely additive probability measure on A (respectively, on B), if ν extends µ, then
also ν̃|S(A) = µ̃ (indeed, ν̃|S(A) is a regular extension of µ, so must be equal to µ̃ by
uniqueness).

Definition 2.1. Suppose A ⊆ B are Boolean algebras and µ is a finitely additive prob-
ability measure on B. We say that µ is A-determined if µ is the unique extension of µ|A
to a finitely additive probability measure on B.

We now give a useful characterization of A-determinacy (generalizing [74, Lemma 4.1]).

Definition 2.2. Given Boolean algebras A ⊆ B, let π : S(B) → S(A) denote the
canonical restriction. Given B ∈ B, we define its A-border ∂AB ⊆ S(A) to be

{p ∈ S(A) : there are q0, q1 ∈ S(B) with ¬B ∈ q0, B ∈ q1 and π(q0) = π(q1) = p}.

Lemma 2.3. For any B ∈ B and subalgebra A ⊆ B, ∂AB is a closed subset of S(A).

Proof. Suppose p ∈ S(A)\∂AB. Then,
⋂
A∈p

[A]B ⊆ [Bε]B for some ε ∈ {0, 1}, without loss

of generality ε = 1. So,
⋂
A∈p

[A∧¬B]B = ∅. Since [¬B]B is compact, there is a finite subset

p0 ⊆ p so that
⋂

A∈p0
[A ∧ ¬B]B = ∅, so

⋂
A∈p0

[A]B ⊆ [B]B. Let Dp :=
⋂

A∈p0
[A]A ⊆ S(A).

Now, Dp is clopen, p ∈ Dp and Dp ∩ ∂AB = ∅. Thus, S(A) \ ∂AB =
⋃

p∈S(A)\∂AB
Dp, an

open set. □

We recall a general fact about extending finitely additive probability measures:

Fact 2.4. [63] Suppose A ⊆ B are Boolean algebras and µ is a finitely additive probability
measure on A. Then for each B ∈ B, and α ∈ [0, 1] such that sup{µ(A) : A ∈ A, A ⊆
B} ≤ α ≤ inf{µ(A) : A ∈ A, B ⊆ A}, there is a finitely additive probability measure ν on
B extending µ with ν(B) = α.

Proposition 2.5. Suppose A ⊆ B are Boolean algebras and ν is a finitely additive
probability measure on B. Denote µ := ν|A. The measure ν is A-determined if and only
if µ̃(∂AB) = 0 for all B ∈ B.

Proof. For B ∈ B and ε ∈ {0, 1}, let Xε
B :=

⋃
{[A]A : A ∈ A, [A]B ⊆ [Bε]B}. Then, by

the proof of Lemma 2.3, ∂AB = S(A) \ (X0
B ∪X1

B). Both Xε
B are open, and disjoint, so

µ(∂AB) = 0 if and only if µ(X0
B) + µ(X1

B) = 1.
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Now, for any ν ′ extending µ to B, µ̃(X1
B) ≤ ν̃ ′([B]) ≤ 1 − µ̃(X0

B). So, if µ̃(∂AB) = 0
for each B, it is clear that ν ′(B) is determined by µ for each B, so ν ′ = ν.

In the other direction, suppose that µ̃(∂AB) > 0 for some B ∈ B. So, µ̃(X0
B)+µ̃(X

1
B) <

1. Trivially, sup{µ(A) : A ∈ A, A ⊆ Bε} ≤ µ̃(Xε
B). So,

1− µ(X0
B) ≤ 1− sup{µ(A) : A ∈ A, A ⊆ ¬B} = 1− sup{1− µ(¬A) : A ∈ A, A ⊆ ¬B}

= inf{µ(¬A) : A ∈ A, A ⊆ ¬B} = inf{µ(A) : A ∈ A, B ⊆ A}.

Hence, sup{µ(A) : A ∈ A, A ⊆ B} < inf{µ(A) : A ∈ A, B ⊆ A}. By Fact 2.4, µ has two
extensions to B that take distinct values on B. □

2.2. Keisler measures. We fix a complete L-theory T and M |= T a monster model.
Given set A ⊆ M, a (Keisler) measure over A in the variables x is a finitely additive
probability measure on Lx(A), the Boolean algebra of A-definable subsets of Mx. We
denote by Mx(A) the set of Keisler measures over A in x.

Definition 2.6. Take a global measure µ(x) ∈ Mx(M) and a set A ⊆ M.

(1) µ is A-invariant if for any φ(x, y) ∈ L and b ≡A b′, we have that µ(φ(x, b)) =
µ(φ(x, b′). If µ is A-invariant, q ∈ Sy(A), a ∈ A and ψ(x, y, z) ∈ L, we write
µ(ψ(x, q, a)) to refer to µ(ψ(x, d, a)) for some/any d |= q.

(2) µ is finitely satisfiable (f.s.) over A if for any φ(x, y) and b, if µ(φ(x, b)) > 0, then
there is a tuple a in A with |= φ(a, b).

(3) µ is A-definable if µ is A-invariant and, for each φ(x, y) and ε > 0, the set
{q ∈ Sy(A) : µ(φ(x, q)) > ε} is open.

(4) µ is generically stable if there is some small A over which µ is f.s. and definable
(this is not the right definition outside of NIP theories, but we are only interested
in NIP theories in this paper).

(5) µ forks over A if there is φ(x) ∈ L(M) with µ(φ(x)) > 0 that forks over A.
(6) µ is Borel definable over A if µ is A-invariant and, for each φ(x, y) and ε > 0, the

set {q ∈ Sy(A) : µ(φ(x, q)) > ε} is Borel.

Fact 2.7. [54, Corollary 4.9] Assume T has NIP and M ≺ M is small. Then a global
measure µ is M-invariant if and only if µ is Borel definable over M.

The following is essentially [54, Proposition 4.3] (it is stated there with N = M, but
the proof goes through only assuming that N is |M|+-saturated):

Fact 2.8. Assume that T has NIP. Suppose M |= T , N ⪰ M is |M|+-saturated and
µ ∈ Mx(N ). Then µ does not fork over M if and only if µ is Aut(N/M)-invariant.

Definition 2.9. (1) Given µ(x), ν(y) measures over A, we define µ × ν to be the
unique measure on the product Boolean algebra Lx(A)×Lx(A) ⊆ Lx,y(A) deter-
mined by (µ× ν)(φ(x) ∧ ψ(y)) := µ(φ(x)) · ν(ψ(y)) for all φ(x), ψ(y) ∈ L(A).

(2) Suppose µ(x) is an A-invariant global measure, ν(y) is a global measure, and M
is a small model containing A. For any φ(x, y, z) ∈ L and b ∈ Mz, we define
(µ ⊗ ν)(φ(x, y, b)) :=

∫
Sy(N ) µ(φ(x, q, b))dν|N , where N is any small model with

Mb ⊆ N .

Remark 2.10. The tensor product of invariant measures is well-defined in NIP theories
by Fact 2.7, and does not depend on the choice of N . We can iterate the above to define⊗
i∈I

µi(xi) for any linear order I. Finite linear orders are clear, and since formulas may

involve only finitely-many variables this is enough.
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The theory of the tensor product for invariant measures in NIP theories is developed in
[54]. The following basic observations can be found in e.g. [76, Section 7.4].

Fact 2.11. Assume T has NIP. Then ⊗ is associative, but in general not commutative.
If µ ⊗ ν = ν ⊗ µ, we say that µ and ν commute. If µ and ν are both invariant (finitely
satisfiable, definable, generically stable) over A, then µ⊗ν is invariant (finitely satisfiable,
definable, generically stable) over A.

Fact 2.12. (T NIP)

(1) If µ ∈ Mx(M) is generically stable and ν ∈ Mx(M) is any invariant measure,
then µ⊗ ν = ν ⊗ µ [55, Lemma 3.1].

(2) If µ ∈ Mx(M) is generically stable over M, N ≻ M is |M|+-saturated and
ν ∈ Mx(N ) is Aut(N/M)-invariant, then µ|N = ν [55, Proposition 3.3].

Remark 2.13. Given a measure µ ∈ Mx(A) and σ ∈ Aut(M), letting A′ := σ(A)
we have a measure σ(µ) ∈ Mx(A

′) defined via σ(µ)(φ(x, c)) := µ(φ(x, σ−1(c)) for all
φ ∈ L and tuples c from A′. This corresponds to the pushforward of the associated
Borel probability measures, as follows. Let σ′ : Sx(A) → Sx(A

′) be the map defined via
σ′(tp(b/A)) := tp(σ(b)/A′). Then σ′ is continuous: for any ψ(x, c) ∈ L(A′) we have

(σ′)−1([ψ(x, c)]) = [ψ(x, σ−1(c))]

for the corresponding clopen sets. Then, for the corresponding extensions to regular
Borel measures on Sx(A) and Sx(A′) (see Section 2.1), we have σ̃(µ) = σ′∗(µ̃) (the push-
forward measure under the continuous σ′). Indeed, we have the equality on the clopens
by definition, so we get equality on the full Borel σ-algebra by uniqueness.

2.3. Forking in NIP theories. We will use some properties of forking independence |⌣
in arbitrary theories, as well as in NTP2, resilient, NIP and stable theories (where a |⌣C

b

denotes tp(a/bC) does not fork over C, a non-symmetric condition in general).

Fact 2.14. Let T be arbitrary (see e.g. [25, Lemma 3.12]).

(1) Assume that a |⌣B
b. Then φ(x, b) divides/forks over B if and only if it di-

vides/forks over aB.
(2) a |⌣C

b⇔ a |⌣acl(C)
b.

(3) (Left transitivity of forking) If a |⌣Dc
b and c |⌣D

b, then ac |⌣D
b.

Definition 2.15. [91, Definition 4.8] A theory T is resilient if for any indiscernible
sequence (ai : i ∈ Z) and formula φ(x, y) ∈ L(∅), if φ(x, a0) divides over a ̸=0, then
{φ(x, ai) : i ∈ I} is inconsistent.

Remark 2.16. It is immediate from the definition that if T is resilient, then TA is also
resilient.

Fact 2.17. [90, Proposition 4.11]

(1) If T is either simple or NIP, then T is resilient.
(2) If T is resilient, then T is NTP2.

Problem 2.18. [90, Question 4.14] Are there NTP2 theories that are not resilient?

Fact 2.19. [59, Proposition 5.1] Assume that T is resilient, A any small set and (ai : i ∈ I)
an A-indiscernible sequence such that a ̸=i |⌣A

ai for all i ∈ I. If φ(x, y) ∈ L(A) and
φ(x, a0) divides over A, then {φ(x, ai) : i ∈ I} is inconsistent.

Definition 2.20. (1) A small set A ⊆ M is an extension base if every complete type
p(x) over A admits a global extension non-forking over A.
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(2) A theory T is extensible if every small set is an extension base.

Remark 2.21. (1) T is extensible if and only if every 1-type over every small set has
a global non-forking extension.

(2) Examples of extensible theories: o-minimal, simple, ACVF, p-adics, ... ([52]).

Fact 2.22. [25] If T is NTP2, A is an extension base and φ(x, a) ∈ L(M) is a formula,
then φ(x, a) divides over A if and only if it forks over A.

Definition 2.23. We write a |⌣
i
A
b if there is a global type p extending tp(a/Ab) which is

Lascar-invariant over A, i.e. for every c ≡L
A d and φ(x, y) ∈ L(A), φ(x, c) ∈ p⇔ φ(x, d) ∈

p.

We will need some standard facts about forking and invariance:

Fact 2.24. (1) Assume T is stable, p is a global type, and A a small set. Then p does
not fork over A if and only if p is acleq(A)-invariant (see e.g. [67]).

(2) If T is NIP and A any set, then a |⌣A
b ⇐⇒ a |⌣

i
A
b (see e.g. [25, Section 2]).

(3) If I is an A-indiscernible sequence and a |⌣
i
A
I, then I is indiscernible over aA

(e.g. [25, Remark 2.20]).
(4) a |⌣

u
A
b =⇒ a |⌣

i
A
b =⇒ a |⌣A

b (see e.g. [25, Section 2]; here a |⌣
u
A
b denotes

that tp(a/bA) is finitely satisfiable in A).
(5) If T is NIP, p ∈ Sx(M) a global type and A ⊆ M small, the p does not fork over A

if and only if p is Aut(M/ bdd(A))-invariant, where bdd(A) denotes the bounded
closure of A in Mheq ([54, Proposition 2.11]).

Remark 2.25. We note that if T is NTP2 and |⌣ = |⌣
i, then T is NIP ([25, Theorem

4.3]).

2.4. Higher-arity generalizations of distality. We recall n-distality and strong n-
distality, as introduced by Walker [87] (with 1-distality corresponding to the usual notion
of distality considered by Simon [75]).

Definition 2.26. (1) Given a sequence I of tuples in M, a cut c is a partition of
I into two disjoint sets I0, I1 where for each i ∈ I0 and j ∈ I1, i < j. We
say c is Dedekind if I0 has infinite cofinality and I1 has infinite coinitiality as
subsequences of I.

(2) Given a set A and a cut c = (I0, I1) in an A-indiscernible sequence of tuples I,
we say that a tuple a inserts into I preserving A-indiscernibility if the sequence
I0 ⌢ (a)⌢ I1 is A-indiscernible. Informally, we call this new sequence the result
of inserting a into c.

(3) Given an infinite sequence of tuples I, a formula φ(x0, . . . , xn−1) ∈ L is in the
Ehrenfeucht-Mostowski type of I if for each strictly increasing tuple (i0, . . . , in−1)
from I, |= φ(i0, . . . , in−1). We refer to this set of formulas by EM(I).

Definition 2.27. (1) Given n ≥ 1, an infinite indiscernible sequence I is strongly n-
distal if for any tuples a, b0, . . . , bn−1, I ′ |= EM(I) indiscernible over b0, . . . , bn−1

and c a Dedekind cut in I ′, if a inserts into c preserving (bi)i ̸=j,i<n-indiscernibility
for each 1 ≤ j ≤ n− 1, then a inserts into c preserving (bi)i<n-indiscernibility.

(2) T is strongly n-distal if every infinite indiscernible sequence is strongly n-distal.

Remark 2.28. For n = 1, this generalizes the so-called “external characterization of
distality” in NIP theories [75].

N -distality, as defined in [87], generalizes the “internal characterization of distality”.
It was originally defined for a single sequence with multiple cuts, but a version using
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mutually indiscernible sequences is easily shown to be equivalent at the level of theories.
In particular, we incorporate into the definition here a simplification afforded by [87,
Proposition 3.12] for the NIP context.

Definition 2.29. (1) Given a set A, a tuple of sequences (Ii)i<n is mutually A-
indiscernible if for each j < n, Ij is indiscernible over A ∪ [

⋃
(Ii ̸=j)]. A tuple of

(Dedekind) cuts in (Ii)i<n is an n-tuple (ci)i<n where each ci is a (Dedekind) cut
in Ii.

(2) Given m ≤ n, (Ii)i<n mutually A-indiscernible and (ci)i<n a tuple of cuts in
(Ii)i<n, we say that a tuple of parameters (ai)i<n m-inserts into (Ii)i<n preserv-
ing A-indiscernibility if for each strictly increasing subtuple of length m from n,
(j0, . . . , jm−1), the result of simultaneously inserting ajk into cjk leaves (Ii)i<n

mutually A-indiscernible.

Definition 2.30. (1) A mutually indiscernible (n + 1)-tuple of dense endless se-
quences (Ii)i≤n equipped with a tuple (ci)i<n of Dedekind cuts ci in Ii is n-distal
if for any (ai)i≤n that n-inserts preserving mutual indiscernibility, we have that
the whole tuple (ai)i≤n (n+ 1)-inserts preserving mutual indiscernibility.

(2) A mutually indiscernible (n+1)-tuple of dense endless sequences (Ii)i≤n is called
n-distal if any tuple of sequences (I ′

i)i≤n formed by taking cuts in (Ii)i≤n and
removing any realizations so the cuts become Dedekind is (together with these
cuts) n-distal.

(3) T is n-distal if any mutually indiscernible (n+ 1)-tuple of sequences is n-distal.

Recall also a more general notion of n-dependence introduced by Shelah (with 1-
dependence corresponding to NIP):

Definition 2.31. A partitioned formula φ (x; y1, . . . , yn) has the n-independence prop-
erty (with respect to a theory T ), if in some model of T there is a sequence of tuples
(a1,i, . . . , an,i)i∈ω such that for every s ⊆ ωn there is a tuple bs with the following property:

|= φ (bs; a1,i1 , . . . , an,in) ⇔ (i1, . . . , in) ∈ s.

Otherwise we say that φ (x, y1, . . . , yn) is n-dependent. A theory is n-dependent if it
implies that every formula is n-dependent.

Recall a characterization of n-dependence using random ordered hypergraph indis-
cernibles. We let Gn,p = (G,R, P0, . . . , Pn−1, <) denote the countable generic ordered
n-partite n-hypergraph, we denote its language by Lopg.

Fact 2.32. [27, Proposition 5.2] Assume that φ(x; y0, . . . , yn−1) is not n-dependent. Then
in M there is a Gn+1,p-indiscernible (ag)g∈Gn+1,p so that φ encodes the edge relation on
it, i.e. for any g0 ∈ P0, . . . , gn ∈ Pn we have |= φ(ag0 , . . . , agn) ⇐⇒ (g0, . . . , gn) ∈ R.

The following was already included in [87, Proposition 6.7], but we include it here for
completeness:

Proposition 2.33. Let T be a complete theory in a language L. If T is n-distal, then T
is n-dependent.

Proof. Assume that T is not n-dependent, and let φ and (ag)g∈Gn+1,p be as given by
Fact 2.32. As Gn,p embeds every countable ordered partite hypergraph, we can choose
g0,j ∈ P0, . . . , gn,j ∈ Pn for j ∈ Q such that:

gi,j < gi,j′ ⇐⇒ j < j′, for all i < n and j, j′ ∈ Q;(1)
(g0,j0 , . . . , gn,jn) ∈ R ⇐⇒ (j0, . . . , jn) = (0, 1, . . . , n).(2)

Let I := Q \ {0, 1, . . . , n}. Then we have the following:
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• for any j∗ ∈ {0, 1, . . . , n}, the sequence (g0,j , . . . , gn,j)j∈Q\{j∗} is clearly quantifier-
free indiscernible in the language Lopg; as (ag)g∈Gn+1,p is Gn+1,p-indiscernible, this
implies that the sequence (ag0,j , . . . , agn,j )j∈Q\{j∗} is L-indiscernible;

• the sequence (ag0,j , . . . , agn,j )j∈Q is not indiscernible, as by (2) we have

|= φ(ag0,j0 , . . . , agn,jn
) ⇐⇒ (j0, . . . , jn) = (0, 1, . . . , n).

Then T is not n-distal, witnessed by the sequence (āj)j∈I with āj := (ag0,j , . . . , agn,j ). □

We will further discuss the (strong) n-distality hierarchy, restricting to NIP or even
stable theories, in Section 4.

2.5. Cylinder intersection sets. Let X1, . . . , Xk be sets and write X := X1×· · ·×Xk.
For x = (x1, . . . , xk) ∈ X and i ∈ [k] := {1, . . . , k}, write

x−i := (x1, . . . , xi−1, xi+1, . . . , xk) ∈
∏
j ̸=i

Xj .

Definition 2.34. Fix i ∈ [k]. A set Ci ⊆ X is called a cylinder in direction i if there
exists a function ci :

∏
j ̸=iXj → {0, 1} such that 1Ci(x) = ci(x−i). A set E ⊆ X is called

a k-ary cylinder intersection if it can be written as E =
⋂k

i=1Ci for some cylinders Ci

in direction i. If ci is the indicator function of a set Ai ⊆
∏

j ̸=iXj , we will also write
E =

∧k
i=1Ai to denote the cylinder intersection.

Definition 2.35. Given E ⊆ X and C ⊆ X, we say that C is E-homogeneous if C ⊆ E
or C ⊆ X \E. In particular, we will be interested in E-homogeneous cylinder intersection
sets C.

We will also consider an analog restricted to Boolean algebras of definable sets:

Definition 2.36. As usual, Lx(A) refers to the set of L-formulas with free variables from
x and parameters from A, which we identify, up to logical equivalence, with definable sets
in M. Given a partitioned tuple of variables x0, . . . , xn−1 and 0 ≤ k ≤ n, we denote by
Lk
x0,...,xn−1

(A) the Boolean algebra generated by
⋃

I⊆n,|I|=k[LxI (A)]. When the variable
partition is clear from context we write Lk

n(A) for Lk
x0,...,xn−1

(A).

3. N-determinacy for measures and n-distal regularity lemma

3.1. Indiscernible measures in strongly n-distal NIP theories. In this section we
generalize some results in NIP and strongly n-distal theories from indiscernible sequences
to indiscernible measures.

Typically we used I to denote a sequence of tuples in M, but we may also use it for the
indexing sequence, for example using the notation (bi)i∈I for a sequence of tuples. For
shorthand, whenever J is a subsequence of I, we may write bJ := (bi)i∈J . The following
fact is standard (see e.g. [53, Proposition 3.3]).

Fact 3.1. For all ε > 0 and m ∈ ω, there is n ∈ ω such that whenever µ(x) ∈ M(M) and
(φi(x))i<n ∈ L(M)n with µ(φi) ≥ ε for all i, for some I ⊆ [n] with |I| = m we have that
µ(
∧
i∈I

φi) > 0.

Given a measure µ ∈ Mx(A), a type p ∈ Sx(A) is in the support of µ if µ(φ) > 0 for each
φ ∈ p. We let S(µ) ⊆ Sx(A) be the (closed, nonempty) set of types in the support of µ.

Definition 3.2. Fix an infinite indexing sequence I, a global measure µ and B ⊆ M.
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(1) A sequence bI is µ(x)-indiscernible if for each same-length increasing tuples ī, j̄
from I and each compatible formula φ(x, z̄) ∈ L, µ(φ(x, bī)) = µ(φ(x, bj̄)).

(2) A measure µ(xI) (in an infinite tuple of variables xI) is indiscernible over B if
for each same-length increasing tuples ī, j̄ from I, and each compatible formula
φ(y) ∈ L(B), µ(φ(xī)) = µ(φ(xj̄)).

(3) A measure µ(xI) is totally indiscernible over B if for each same-length tuples ī,
j̄ from I (not necessarily increasing), and each compatible formula φ(y) ∈ L(B),
µ(φ(xī)) = µ(φ(xj̄)).

Lemma 3.3. Suppose T has NIP and fix µ(x) ∈ M(M). If I indexes an infinite µ-
indiscernible sequence (bi)i∈I , then whenever p ∈ S(µ) and a |= p|bI (the global type p
restricted to parameters from bI), we have that bI is a-indiscernible.

Proof. Take ψ(x, y) ∈ L and J, J ′ ⊆ I of length |y|.

Claim. µ(ψ(x, bJ)△ψ(x, bJ ′)) = 0.

Proof of claim. Suppose otherwise. We can assume that I has no maximal element
(inverting the order and passing to a subsequence if necessary). Hence we can find, for
each i ∈ ω, Ji, J ′

i copies of J, J ′ (i.e. the order type of J ∪ J ′ is identical to the order
type of Ji ∪ J ′

i) such that Ji ∪ J ′
i < Ji+1 ∪ J ′

i+1 for all i ∈ ω. By µ-indiscernibility, for
each i, µ(ψ(x, bJi)△ψ(x, bJ ′

i
)) = ε for some fixed ε > 0. Hence, by Fact 3.1, compactness

and indiscernibility of I, we can choose a |=
∧
i∈ω

(ψ(x, bJi)△ψ(x, bJ ′
i
)). By passing to

a subsequence, we may further assume that for some t ∈ {0, 1}, a |=
∧
i∈ω

(ψt(x,BJi) ∧

ψ1−t(x,BJi)). Let ci := bJi if i is even, and ci = bJ ′
i

if i is odd. This sequence (ci : i ∈ ω)

is indiscernible (by our choice of Ji, J ′
i and indiscernibility of I) and admits infinite

alternation with respect to ψ(a, y), contradicting NIP. ■Claim

As p ∈ S(µ), a |= p|bI and ¬(ψ(x, bJ)△ψ(x, bJ ′)) ≡ ψ(x, bJ) ↔ ψ(x, bJ ′), by the Claim
we have |= ψ(a, bJ) ↔ ψ(a, bJ ′) for all J, J ′ ⊆ I of the same length. And as ψ was
arbitrary, this implies that I is a-indiscernible. □

Using this, we see that strong n-distality lifts from sequences indiscernible over parameters
to sequences indiscernible over measures:

Lemma 3.4. Assume T has NIP. Suppose that I := I0 + ∗ + I1 indexes an infinite
strongly n-distal indiscernible sequence (bi)i∈I and ω(x0, . . . , xn−1) ∈ M(M) (where each
xi is possibly an infinite tuple of variables). If bI0+I1 is ω-indiscernible and bI is ω|(xi)i ̸=j

-
indiscernible for each j < n, then bI is ω-indiscernible.

Proof. Suppose otherwise, let x̄ := (x0, . . . , xn−1). Then there are finite J, J ′ ⊆ I of
the same order type and ψ ∈ L with ω(ψ(x̄, bJ)) − ω(ψ(x̄, bJ ′)) > 0. In particular
ω(ψ(x̄, bJ)△ψ(x̄, bJ ′)) > 0. Hence, there is p(x̄) ∈ S(ω) with ψ(x̄, bJ)△ψ(x̄, bJ ′) ∈ p.
Easily, p|(xi)i̸=j

∈ S(ω|(xi)i ̸=j
) for each j. So, by Lemma 3.3, fixing ā = (ai)i<n |= p|bI ,

I is (ai)i ̸=j-indiscernible for each j and I0 + I1 is ā-indiscernible. By strong n-distality,
then, I is ā-indiscernible. But this is a contradiction since |= ψ(ā, bJ)△ψ(ā, bJ ′). □

We introduce generalizations of some notions for sequences of tuples from [75, Section
2] to measures. Given µ a measure in the variables (xi)i∈I and J ⊆ I, we refer to the
natural restriction µ((xi)i∈J ) by µJ .

Definition 3.5. Fix an infinite indexing sequence I.
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(1) An indiscernible measure µI and an indiscernible sequence bI are called µI-weakly
linked if for each I1, I2 ⊆ I with I1 ∩ I2 = ∅, µI1 is indiscernible over bI2 . (Note
that we require I1 ∩ I2 = ∅ but not I1 < I2.)

(2) An indiscernible measure µI and an indiscernible sequence (bi)i∈I are called bI-
weakly linked if for each I1, I2 ⊆ I with I1 ∩ I2 = ∅, bI2 is µI1-indiscernible.

Generalizing a standard fact for indiscernible sequences, NIP also gives a bound on
alternation for indiscernible measures. It is noted in [55, Corollary 2.12], as a corollary
of the two-sided measure theoretic result from [11, Theorem 5.3]:

Fact 3.6. Assume that T has NIP. Suppose µ ∈ M(xi)i∈ω
(M) is indiscernible, b ∈ M,

φ(x, y) ∈ L and ε > 0. Then there is N ∈ ω such that whenever i0 < · · · < iN−1 ∈ ω,
there is 0 < k < N such that |µ(φ(xik−1

, b))− µ(φ(xik , b))| < ε.

We will need some auxiliary lemmas generalizing various results about indiscernible se-
quences in NIP theories to indiscernible measures.

Lemma 3.7. Assume that T has NIP and I is infinite. If µI is totally indiscernible and
b ⊆ M finite, then there is I1 ⊆ I with |I1| ≤ |T | such that µI\I1 is totally indiscernible
over b.

Proof. We may assume that I is dense and endless since re-enumerating the variables
preserves total indiscernibility. Fix φ(x0, . . . , xk−1, ; b) ∈ L(b). By Fact 3.6 and total
indiscernibility, for each n ∈ N there is an integer Nn such that there exists a set of Nn

disjoint k-tuples (̄i)i<Nn from I with |µ(φ(xī, b))−µ(φ(xi+1, b))| ≥
1
2n , but there does not

exist a set of Nn + 1 disjoint k-tuples from I with the same property. Hence, removing
finitely many indices, we may ensure that |µ(φ(xī, b)) − µ(φ(xj̄ , b))| < 1

n for each ī, j̄
remaining k-tuples from I. Hence, choosing these indices for each n and removing the
countably many variables corresponding to these indices, we can ensure that the value
µ(φ(xī, b)) is constant for all k-tuples ī. Now, repeating this for every formula φ ∈ L(b),
the result follows. □

Lemma 3.8. Fix an indexing sequence I, a sequence cI of tuples in Mz, and a global
measure µ(xI). Then we may define a measure ηI in the variables (xi, zi)i∈I (where each
zi is a copy of z) by η(φ(xI , zI)) := µ(φ(xI , cI)).

Proof. It is easy to check each condition of the definition of a finitely additive probability
measure. □

The following is a generalization of [75, Corollary 2.15] from 1-distality and sequences to
n-distality and measures:

Lemma 3.9. Assume that T has NIP and I is infinite. Fix a tuple of variables, ū, parti-
tioned into subtuples ū = x0 . . . xn−1 and form a sequence of copies of ū, (ūi)i∈I . Denote
by ūji the copy of xj in ūi. Suppose that a global measure ω(ūI) is totally indiscernible
(over ∅), an indiscernible sequence cI is strongly n-distal and the measure η((ūi, zi)i∈I)
defined by η(φ(ūI , zI)) := ω(φ(ūI , cI)) (Lemma 3.8) is indiscernible. If the sequence cI is
ω|

(ūj
I)j ̸=k

-indiscernible for each k < n, then cI is ω-indiscernible and ω(ūI) is indiscernible
over cI .

Proof. Throughout, we use the consequence of strong n-distality given by Lemma 3.4.

Claim 1. We may assume that the order I is dense and arbitrarily large.

Proof of Claim 1. Assume that we have a counterexample to the lemma indexed by
I, and let J be an arbitrary linear order. Assume that the counterexample has cI
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not ω-indiscernible (the case that the counterexample is given instead by ω not being
indiscernible over cI is exactly analogous). This means we can find some finite increasing
subtuple I0 of I, say of length l, formula ψ(ūI0 , ȳ) ∈ L where ȳ is the order type of a
finite subtuple of cI , and c̄, d̄ subtuples of cI0 corresponding to ȳ, and ε > 0 such that
ω(ψ(ūI0 , c̄))− ω(ψ(ūI0 , d̄)) > ε.

By indiscernibility of η, given any increasing l-tuple I ′
0 from I, it also witnesses that

cI is not ω-indiscernible with respect to ψ and ε, in the same way as I0 (i.e. the copies
of c̄, d̄ are chosen in cI′

0
in the same way) — call this observation (∗).

By Ramsey and compactness, let (c′i : i ∈ J ) be an indiscernible sequence realizing
EM(cI). Fix an arbitrary increasing l-tuple J0 from J .

We use compactness of the space of global Keisler measures in the variables (ūj)j∈J .
Recall (see e.g. [20, Proposition 2.11]) that the topology on this space is generated by the
basic open sets of the form{

ω′ ∈ MūJ (M) :
N∧
i=1

ri < ω′(φi(ūJ )) < si

}
for some N ∈ N, ri, si ∈ [0, 1] and φi ∈ L(M). Observe that the set of ω′ ∈ MūJ (M)
satisfying the following conditions is closed in the topology (expressed by the intersection
of complements of basic open sets):

(1) the measure η′((ūi, zi)i∈J ) defined by η′(φ(ūJ , zJ )) := ω′(φ(ūJ , c
′
J )) is indis-

cernible;
(2) ω′(ūJ ) is totally indiscernible;
(3) (c′J ) is ω′|

(ūj
J )j ̸=k

-indiscernible for each k < n;
(4) J0 witnesses that c′J is not ω′(ūJ )-indiscernible with respect to ψ and ε.

Thus, by compactness of MūJ (M), we only need to show that there is a measure ω′

satisfying these conditions restricted to a finite set of indices J1 ⊆ J , which without loss
of generality we assume contains J0 (closed sets are intersections of complements of basic
open sets whose conditions only concern finitely many indices). So let I1 be a copy of J1

in I (exists as I is infinite) and fix an automorphism σ of M mapping c′I1 to cJ1 . Then
we let ω′′ ∈ M(ūi)i∈J1

(M) be given by ω′′(φ((ūi : i ∈ J1), ā)) := ω(φ((ūi : i ∈ I1), σ(ā)))
for all φ ∈ L and tuples ā in M. Let ω′ ∈ MūJ (M) be obtained by extending ω′′

arbitrarily (e.g. we can first take the product measure with arbitrary measures on the
new variables ūJ\J1

, e.g. measures concentrated on a point, and then extend from the
product subalgebra to the full algebra LūJ (M) by Fact 2.4). Using observation (∗) and
preservation under automorphism we conclude that ω′ satisfies the given finite set of
conditions involving indices from J1. ■Claim 1

Hence, we continue with the proof assuming that I is dense and |I| ≥ |T |+.

Claim 2. ωI , (ci)I are µI-weakly linked.

Proof of Claim 2. Let I1, I2 ⊆ I with I1 ∩ I2 = ∅ be given. Without loss of generality
I1, I2 are finite. Let C := (ci)i∈I2 . By Lemma 3.7, we can find a set I ′ ⊆ I of size at
most |T | such that µ|I\I′ is (totally) indiscernible over C. As the order is dense, there is
an order preserving partial bijection of I fixing I2 pointwise and sending I1 to a subset of
I \ I ′. Then, by indiscernibility of η, it follows that µI1 is also indiscernible over (ci)i∈I2 .
■Claim 2

Claim 3. ωI , (ci)I are bI-weakly linked.

Proof of Claim 3. This follows combining Claim 2 and indiscernibility of η. ■Claim 3
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It is now fairly easy to conclude. We again assume the order is dense. Then pick a
finite I1 ⊆ I and note that (ci)I\I1 is ωI1-indiscernible by bI-weakly linked. By applying
Lemma 3.4 a finite number of times, the whole sequence (ci)i∈I is ωI1-indiscernible too.
Hence, by finiteness of formulas, (ci)i∈I is ω-indiscernible.

It remains to show that ω is cI-indiscernible. Fix finite tuples ī, ī′ from I with the same
order type, and fix φ(ūī, c̄) ∈ L ((ci)I). Then, by µI-weakly linked, we have ω(φ(ūī, c̄′)) =
ω(φ(ūī′ , c̄

′)) for any copy c̄′ of c̄ in I away from ūī, ūī′ . Then, moving c̄′ to c̄ by ω-
indiscernibility of (c)I , we conclude that ω(φ(ūī, c̄)) = ω(φ(ūī′ , c̄)). □

3.2. N-smooth measures in strongly n-distal NIP theories. In this section we
generalize Simon’s result that in a distal theory all generically stable measures are smooth
[75, Proposition 2.27] to strongly n-distal NIP theories.

Definition 3.10. Given a subset Γ of a larger ambient Boolean algebra, we denote by
B(Γ) the smallest Boolean subalgebra containing Γ — i.e. the Boolean algebra generated
by Γ. Given Boolean subalgebras Ai of an ambient larger Boolean algebra and measures
µi on Ai for i ∈ I, we say that the tuple of measures (µi : i ∈ I) is compatible if there is
a measure ν on B(

⋃
i∈I Ai) extending µi for all i ∈ I.

We introduce a higher arity generalization of the notion of a smooth measure:

Definition 3.11. A global measure ω(x0, . . . , xn−1) ∈ M(M) is n-smooth over A ⊆ M
if for any ω′(x0, . . . , xn−1) ∈ M(M) so that ω′|A = ω|A and ω′|(xi:i ̸=j) = ω|(xi:i ̸=j) for all
0 ≤ j < n, we must have ω′ = ω. And ω is n-smooth if it is n-smooth over some small
A ⊂ M.

Remark 3.12. We will also say that ω(x0, . . . , xn−1) ∈ M(M) is weakly n-smooth over
A if for any ω′(x0, . . . , xn−1) ∈ M(M), if

ω′|B(Ln−1
x0,...,xn−1

(M)∪Lx0,...,xn−1 (A)) = ω|B(Ln−1
x0,...,xn−1

(M)∪Lx0,...,xn−1 (A))

then ω′ = ω.

And we say that ω(x0, . . . , xn−1) ∈ M(M) is strongly n-smooth over A ⊆ M if for any
small tuple a and any ω′(x0, . . . , xn−1) ∈ M(Aa) so that ω′|A = ω|A and ω′|(xi:i ̸=j) =
(ω|(xi:i ̸=j))|Aa for all 0 ≤ j < n, we must have ω′ = ω|Aa.

Note that obviously strongly n-smooth implies n-smooth implies weakly n-smooth.

Remark 3.13. A global measure ω(x0) is smooth, in the usual sense, exactly when it is
1-smooth, if and only if it is weakly 1-smooth (in which case the subalgebra L0

x0
(M) is

trivial), if and only if it is strongly n-smooth.

The following lemma is a generalization of [60, Theorem 3.16] (see also [76, Proposition
7.9]) in the case n = 1:

Lemma 3.14. Assume T has NIP, n ≥ 1 and M |= T . Given any global measure
ω′(x0, . . . , xn−1), there is a global measure ω(x0, . . . , xn−1) which is n-smooth over some
small N ⪰ M and satisfies ω|M = ω′|M and ω|(xi:i ̸=j) = ω′|(xi:i ̸=j) for all j < n.

Proof. Suppose otherwise, and let x̄ = (x0, . . . , xn−1). We choose an increasing continuous
sequence of small models (Mα)α<|T |+ and a sequence of measures (ωα(x̄))α<|T |+ by with
ωα ∈ Mx̄(Mα), ωα compatible with (ω′|(xi:i ̸=j) : j < n) and ωα|Mβ

= ωβ for all β ≤ α <

|T |+, as follows.
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Let M0 := M and ω0 := ω′|M. Suppose 1 ≤ α < |T |+ and we have chosen Mβ, ωβ

for β < α. Let also ω′
β(x̄) be a global extension of ωβ and of (ω′|(xi:i ̸=j) : j < n) (exists

by the compatibility requirement and Fact 2.4).

Assume first that α = γ + 1 is a successor ordinal. By supposition, there exist
φα(x̄, bα) ∈ L(M), εα > 0 and global extensions ω0

α, ω
1
α ∈ M(M) of ωγ , with each ωi

α also
extending each of (ω′|(xi:i ̸=j) : j < n), and so that ω1

α(φα(x, bα)) − ω0
α(φα(x, bα)) ≥ 4εα

(note that there exists at least one such global extension ω′
γ , hence there have to be two

distinct ones to fail the conclusion of the lemma). Let ω′
α := 1

2(ω
0
α + ω1

α) ∈ Mx̄(M),
note that ω′

α extends each of (ω′|(xi:i ̸=j) : j < n). Take Mα to be a small model con-
taining Mγbα and let ωα := 1

2(ω
0
α + ω1

α)|Mα ∈ Mx(Mα). Clearly ωα extends ωγ , and is
compatible with (ω′|(xi:i ̸=j) : j < n) witnessed by ω′

α.

Assume now that α is a limit ordinal. Then we let Mα :=
⋃

β<αMβ and ωα :=⋃
β<α ωβ ∈ Mx̄(Mα). Note that the set of measures in Mx̄(M) that both extend ωα

and each of (ω′|(xi:i ̸=j) : j < n) is closed, given by the intersection of complements of
basic open sets (see the proof of Lemma 3.9). Any finite list of these basic open sets only
involves finitely many parameters from Mα, hence there is some β < α so that ω′

β is in
the intersection of their complements, hence by compactness of Mx̄(M), we find a global
measure ω′

α extending both ωα and each of (ω′|(xi:i ̸=j) : j < n).

Now, for each α < |T |+ and θ(x) ∈ L(Mα), we have that ωi
α+1(θ(x)△φα+1(x, bα+1)) ≥

2εα+1 for at least one i ∈ {0, 1}. Indeed, we have ω0
α+1(θ(x)) = ω1

α+1(θ(x)) (as ω0
α+1|Mα =

ω1
α+1|Mα), so if ωi

α+1(θ(x)△φα+1(x, bα+1)) < 2εα+1 for both i ∈ {0, 1} we would have
ω1
α+1(φα+1(x, bα+1))−ω0

α+1(φα+1(x, bα+1)) < 4εα+1, contradicting the assumption. Hence
ωα+1(θ(x)△φα+1(x, bα+1)) ≥ εα+1.

Noting that we may assume that all εα are rational, and |T |+ is uncountable, passing to
a subsequence we may assume that φα = φ and εα = ε for all α. Let ω∗ := ∪α<|T |+ωα, a
measure over a small model ∪α<|T |+Mα. Also, for any α < β, ω∗(φ(x, bα)△φ(x, bβ)) ≥ ε.
Using Ramsey and compactness (with the measure incorporated into the language), we
may assume that the sequence (bα) is indiscernible. Then, by NIP, the partial type
{φ(x, b2α)△φ(x, b2α+1) : α < ω} is inconsistent. Using Fact 3.1 and compactness, this is
a contradiction. □

Remark 3.15. The same proof shows that if T has NIP, given any small model M |= T
and a global measure ω′(x0, . . . , xn−1), there is a global measure ω(x̄) which is weakly
n-smooth over some small N ⪰ M and satisfies ω|B(Ln−1

x0,...,xn−1
(M)∪Lx0,...,xn−1 (M)) =

ω′|B(Ln−1
x0,...,xn−1

(M)∪Lx0,...,xn−1 (M)).

Lemma 3.16. If a global measure ω(x0, . . . , xn−1) is n-smooth over a small set A and
ω|(xi)i ̸=j

is A-invariant for each j < n, then ω is A-invariant.

Proof. Let σ ∈ Aut(M/A) be arbitrary. Then, by assumption, σ(ω) extends σ(ω|(xi)i ̸=j
) =

ω|(xi)i ̸=j
for all j < n and σ(ω|A) = ω|A, hence σ(ω) = ω by n-smoothness of ω over A. □

The following is a key proposition generalizing [75, Proposition 2.27] in the case n = 1.

Proposition 3.17. Assume T is NIP and strongly n-distal, and µ0(x0), . . . , µn−1(xn−1)
are global measures generically stable over a small model M. Then µ0 ⊗ · · · ⊗ µn−1 is
n-smooth over M.

Proof. Let x̄ := (x0, . . . , xn−1). Fix a an arbitrary tuple in M. Let ω′(x̄) ∈ M(Ma) be
arbitrary with ω′ ⊇ (µ0⊗· · ·⊗µn−1)|M and compatible with (

⊗
i ̸=j µi(xi) : j < n). Since
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T has NIP, by Lemma 3.14, there is a global measure ω(x̄) ∈ M(M) which is n-smooth
over some small set B ⊇ Ma and so that ω|Ma = ω′ and ω|(xi:i ̸=j) =

⊗
i ̸=j µi(xi) for all

j < n. We will show that ω′ = (µ0 ⊗ · · · ⊗ µn−1)|Ma, which is sufficient.

We choose a particular Morley sequence in tp(B/M) as follows. Let p be a global
coheir of tp(B/M). Let B0 := B and fix a small |B0|+-saturated, |B0|+-homogeneous
model M0 ⊇ B0. For each i ∈ N, by induction on i, choose a |Mi−1 ∪ Bi|+-saturated
and |Mi−1 ∪Bi|+-homogeneous small model Mi ⊇ Mi−1 ∪Bi. Then, choose Bi+1 to be
a realization of p|Mi

For each i, there is a canonical τi ∈ Aut(M/M) satisfying τi(B) = Bi according to the
enumeration of the variables of p (in particular, τ0|B0 = id |B0). Hence, we can define a
global measure ωi(x̄i) via ωi(φ(x̄i; b̄)) := ω(φ(x̄; τ−1

i (b̄))) for all φ ∈ L and b̄ tuple in M
(identifying x̄ = x̄0 and ω = ω0 from now on).

For all i ∈ N, we have ωi|(xk:k ̸=j) =
⊗

k ̸=j µk(xk) for all j < n (since each µk is
M-invariant, hence also

⊗
k ̸=j µk(xk) is M -invariant for all j < n, see Fact 2.11)

Furthermore, ωi is n-smooth over Bi for all i ∈ N. Indeed, let ω′′
i ∈ Mx̄(M) be arbitrary

such that ω′′
i |Bi = ωi|Bi and ω′′

i |(xk:k ̸=j) = ωi|(xk:k ̸=j) =
⊗

k ̸=j µk(xk) for all j < n. Then
τ−1
i (ω′′

i ) satisfies τ−1
i (ω′′

i )|B0 = ω0|B0 and τ−1
i (ω′′

i )|(xk:k ̸=j) = ω0|(xk:k ̸=j) for all j < n, so
τ−1
i (ω′′

i ) = ω0 as ω0 is n-smooth over B0. So ω′′
i = τi(ω0) = ωi.

Now, for each i ∈ N, as
⊗

k ̸=j µk(xk) is M-invariant, hence Bi-invariant (M ⊆ Bi),
and ωi is n-smooth over Bi, Lemma 3.16 implies that ωi is Bi-invariant. Hence, we can
form a global measure λ((x̄i)i∈ω) :=

⊗
i∈ω

ωi(x̄i) (Remark 2.10).

Claim 1. λ((x̄i)i∈ω) is totally indiscernible over M.

Proof of Claim 1. We show that for each i, (
⊗
j<i

(ωj(x̄j))|M = (
⊗
j<i

(µ0⊗· · ·⊗µn−1(x̄j)))|M.

This is sufficient: each µi is generically stable over M, so is each product µ0⊗· · ·⊗µn−1;
since generically stable measures in NIP theories commute (see Fact 2.12), this implies λ
is totally indiscernible over M.

The base case i = 1 follows from the fact that ω0|M = ω′|M = µ0 ⊗ · · · ⊗ µn−1|M by
assumption. So, suppose inductively that (

⊗
j<i

ωj)|M = (
⊗
j<i

(µ0 ⊗ · · · ⊗ µn−1))|M, and we

prove the claim for i+ 1.

Subclaim 1. ωi|Mi−1 = (µ0 ⊗ · · · ⊗ µn−1)(x̄i)|Mi−1

Proof of Subclaim 1. As ωi is Bi-invariant, by Fact 2.8, ωi does not fork over Bi. Suppose
that φ(x̄i;Mi−1) has positive ωi measure, so φ(x̄i;Mi−1) does not fork over Bi. Choose
ax̄ from M such that |= φ(ax̄;Mi−1) and tp(ax̄/Mi−1) does not fork over Bi. Now, we also
know that tp(Bi/Mi−1) does not fork over M (by finite satisfiability, Fact 2.24). By left-
transitivity of forking (Fact 2.14), we conclude that tp(ax̄/Mi−1) does not fork over M. In
particular, φ(x̄i;Mi−1) does not fork over M. Since φ was arbitrary, we see that ωi|Mi−1

does not fork over M. Then, again by Fact 2.8 and |M|+-saturation of Mi−1, ωi|Mi−1 is
Aut(Mi−1/M)-invariant. Also, (µ0⊗· · ·⊗µn−1)(x̄i) is M-invariant and generically stable,
and ωi|M = (µ0⊗· · ·⊗µn−1)|M. So, by Fact 2.12, ωi|Mi−1 = (µ0⊗· · ·⊗µn−1)(x̄i)|Mi−1 .

Subclaim 2. ((
⊗
j<i

ωj)⊗ωi)|B<i = ((
⊗
j<i

ωj)⊗(µ0⊗· · ·⊗µn−1)x̄i)|B<i , where B<i =
⋃

j<iBj .

Proof of Subclaim 2. Now,
⊗
j<i

ωj is B<i-invariant (as ωj is Bj-invariant) and by Subclaim

1 we have that ωi|Mi−1 = (µ0⊗· · ·⊗µn−1)|Mi−1 . So for any formula φ(x̄≤i, B<i) we have



ON n-DISTALITY, n-TRIVIALITY AND HYPERGRAPH REGULARITY IN NIP THEORIES 17

(note that B<i ⊆ Mi−1):

((
⊗
j<i

ωj)⊗ ωi)(φ(x̄<i, x̄i;B<i)) =

∫
q∈Sx̄i (Mi−1)

(
⊗
j<i

ωj)(φ(x̄<i; q,B<i))dωi

=

∫
q∈Sx̄i (Mi−1)

(
⊗
j<i

ωj)(φ(x̄<i; q,B<i))d((µ0 ⊗ · · · ⊗ µn−1)(x̄i))

= ((
⊗
j<i

ωj)⊗ (µ0 ⊗ · · · ⊗ µn−1)(φ(x̄<i, x̄i;B<i)).

Subclaim 3. (
⊗
j<i

ωj)⊗ (µ0 ⊗ · · · ⊗ µn−1) = (µ0 ⊗ · · · ⊗ µn−1)⊗ (
⊗
j<i

ωj).

Proof of Subclaim 3. Since (µ0 ⊗ · · · ⊗ µn−1) is generically stable (Fact 2.11) and each
ωj is invariant, (µ0 ⊗ · · · ⊗ µn−1) commutes with each ωj (see Fact 2.12). The subclaim
follows by associativity of the tensor product.

Subclaim 4. (µ0⊗· · ·⊗µn−1)⊗(
⊗
j<i

ωj))|M = ((µ0⊗· · ·⊗µn−1)⊗(
⊗
j<i

(µ0⊗· · ·⊗µn−1)))|M.

Proof of Subclaim 4. We have (
⊗
j<i

ωj)|M = (
⊗
j<i

(µ0 ⊗ · · · ⊗ µn−1))|M by the inductive

hypothesis, and µ0 ⊗ · · · ⊗ µn−1 is M-invariant, so the subclaim follows by the same
argument as Subclaim 2.

Applying Subclaims 2–4 consecutively (as M ⊆ B<i), we conclude that (
⊗
j≤i

ωj)|M =

(
⊗
j≤i

(µ0 ⊗ · · · ⊗ µn−1))|M. By induction, Claim 1 follows. ■Claim 1

Now, define a new measure η((x̄i, yi)i∈ω) ∈ M(M), where yi is a variable of the same
sort as Bi, via η(φ((x̄i, yi)i∈ω)) := λ(φ((x̄i, Bi)i∈ω)) for all φ ∈ L(M) (see Lemma 3.8).

Claim 2. η((x̄i, yi)i∈ω) is an indiscernible measure (over M).

Proof of Claim 2. Choose any l, k0 < · · · < ki < · · · < kl and ki < j < ki+1 in N.
For convenience, we denote ki =: i. We also index tuples of parameters, sets or variables
as follows: (αkn)n<i =: α− and (αkn)i<n≤l =: α+. We also let ω− :=

⊗
n<i ωkn , ω+ :=⊗

i<n≤l ωkn . The cases that i = 0 or i = l are obvious modifications of the following.
Fix φ(x̄−, x̄i, x̄+, B−, Bi, B+) ∈ L(B−BiB+) with φ(x̄−, x̄i, x̄+, y−, yi, y+) ∈ L(M). It
suffices to show that:

(ω− ⊗ ωi ⊗ ω+)(φ(x̄−, x̄i, x̄+, B−, Bi, B+)) = (ω− ⊗ ωj ⊗ ω+)(φ(x̄−, x̄j , x̄+, B−, Bj , B+)).

First, choose N ∈ N bigger than the index of any of the parameters. Recall that we chose
each Mn to be |Mn−1|+-saturated and |Mn−1|+-homogeneous, and B−BiB+ ⊆ MN .
So, fix σ ∈ Aut(MN/M) with σ|B−,B+ = id |B−,B+ and σ(Bi) = Bj canonically. Now,
by definition of the tensor product,

(ω− ⊗ ωi ⊗ ω+)(φ(x̄−, x̄i, x̄+, B−, Bi, B+))

=

∫
q∈Sx̄+ (MN )

(ω− ⊗ ωi)(φ(x̄−, x̄i, q, B−, Bi, B+))dω+|MN
.

We note here that the extension of each ωi to a regular Borel measure is the pushforward
of the Borel extension of ω0 by the continuous map on the space of types induced by
τi (see Remark 2.13). We use variants of this observation together with the change
of variable formula for pushforwards to obtain the result. (Specifically, the change of
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variables formula applies to the pushforward of the corresponding Borel measures by the
continuous map on the spaces of types induces by the automorphism.)

Fix q ∈ Sx̄+(MN ). Note that σ(q) ∈ Sx̄+(MN ), and q is realized by some c in MN+1

(since MN+1 is |MN |+-saturated) and σ extends to an automorphism of MN+1 (MN+1

is |MN |+-homogeneous), which then extends to an automorphism of M. We also denote
this extended automorphism by σ. Then we have

(ω− ⊗ ωi)(φ(x̄−, x̄i, q, B−, Bi, B+)) =

∫
r∈Sx̄i (MN+1)

ω−(φ(x̄−, r, c, B−, Bi, B+))dωi

=

∫
r∈Sx̄i (MN+1)

ω−(φ(x̄−, σ(r), σ(c), B−, Bj , B+))dωi

=

∫
r∈Sx̄j (MN+1)

ω−(φ(x̄−, r, σ(c), B−, Bj , B+))dωj

= (ω− ⊗ ωj)(φ(x̄−, x̄j , σ(q), B−, Bj , B+)).

In the above, the first equality is by definition. The second equality follows from B−-
invariance of ω− and σ(B−BiB+) = B−BjB+. The third equality follows from the
following observation. For any ψ(x̄i, b) ∈ L(M), define a new measure via ω′

i(ψ(x̄i, b)) :=

ωj(ψ(x̄j , σ(b))). Then ω′
i|Bi = ωi|Bi since σ|Bi = (τj ◦ τ−1

i )|Bi . And ω′
i|(xk:k ̸=j) =

σ−1
(⊗

k ̸=j µk(xk)
)

=
⊗

k ̸=j µk(xk) for all k < n, by M-invariance of
⊗

k ̸=j µk. So,
ω′
i = ωi because ωi is n-smooth over Bi, hence ωi(ψ(x̄i, b)) = ωj(ψ(x̄j , σ(b))). Since the

measure on Borel sets is determined by its value on clopens, this shows that the Borel
extension of ωj is the pushforward of the Borel extension of ωi by the continuous map σ
induces on types, ˜ωj |MN+1

= σ′∗(
˜ωi|MN+1

) (see Remark 2.13 and the notation there). We
can then apply the change of variable formula for pushforward measures to obtain the
third equality. The final equality is by definition of the tensor product again.

We also have that,∫
q∈Sx̄+ (MN )

(ω− ⊗ ωj)(φ(x̄−, x̄j , σ(q), B−, Bj , B+))dω+

=

∫
q∈Sx̄+ (MN )

(ω− ⊗ ωj)(φ(x̄−, x̄j , q, B−, Bj , B+))dσ∗(ω+)

=

∫
q∈Sx̄+ (MN )

(ω− ⊗ ωj)(φ(x̄−, x̄j , q, B−, Bj , B+))dω+.

Here, the first equality is the change of variable formula for pushforward measures (again,
applied with respect to the Borel extensions and the continuous map on types over MN

induced by the automorphism). The second equality is given by the following. Since each
ωk is Bk-invariant, ω+ is B+-invariant. So, since σ fixes B+, ω+ is invariant under the
action of σ∗. Putting these together, we find that

(ω− ⊗ ωi ⊗ ω+)(φ(x̄−, x̄i, x̄+, B−, Bi, B+))

= (ω− ⊗ ωj ⊗ ω+)(φ(x̄−, x̄j , x̄+, B−, Bj , B+)).

■Claim 2

Now, λ is totally indiscernible over M and η is indiscernible over M (by Claims 1
and 2). Define x̄ji to be the jth coordinate of x̄i. Then for each k < n, λ|

(x̄j
i )j ̸=k,i∈ω

=
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⊗
i∈ω

(
⊗
j ̸=k

µj(x̄
j
i ))). This measure is M-invariant and (Bi)i∈ω is M-indiscernible, so the se-

quence (Bi)i∈ω is λ|
(x̄j

i )j ̸=k,i∈ω
-indiscernible for each k < n. Hence, by strong n-distality

and Lemma 3.9, we have that (Bi)i∈N is λ-indiscernible. In particular ωi(φ(x̄i, B0)) =
ωi(φ(x̄i, Bi)) = ω0(φ(x̄0, B0)), for any φ ∈ L. Hence, recalling that ωi|(xk:k ̸=j) =⊗

k ̸=j µk(xk) for all j < n, by n-smoothness of ω0 over B0 we get ωi = ω0. But, we have al-
ready seen in Subclaim 1 that ω1|B0 = (µ0⊗· · ·⊗µn−1)|B0 , so ω0|B0 = (µ0⊗· · ·⊗µn−1)|B0 .
Hence, ω′ = ω0|Ma = (µ0 ⊗ · · · ⊗ µn−1)|Ma, as required. □

Problem 3.18. In Proposition 3.17, can we conclude that µ0 ⊗ . . .⊗ µn−1 is strongly n-
smooth over M (see Remark 3.12)? We will say that T satisfies strong form of Proposition
3.17 if this holds.

Remark 3.19. We note that at least this stronger conclusion holds for types in stable
strongly n-distal theories. Namely, let p0(x0), . . . , pn−1(xn−1) be global types generically
stable over M, b is any tuple in M, and assume that (a0, . . . , an−1) in M are arbitrary
so that ai |= pi|Mb and (a0, . . . , an−1) |= (p0 ⊗ . . . ⊗ pn−1)|M. In particular ai |⌣M b for
all i. By total (n − 1)-triviality (using Proposition 4.16) this implies a0 . . . an−1 |⌣M b,
hence (a0, . . . , an−1) |= (p0 ⊗ . . .⊗ pn−1)|Mb by stationarity of (p0 ⊗ . . .⊗ pn−1)|M.

3.3. N-distal packing lemma, n-determinacy for measures and hypergraph reg-
ularity lemma.

Fact 3.20. [87, Proposition 7.6, Theorem 7.7] Assume T is k-distal, for 1 ≤ k < ω, and
pi ∈ Sxi(M) are global invariant types that are pairwise commuting, for i < k + 1. Then
the (k + 1)-tuple (p0, . . . , pk) is k-determined, i.e.

⋃
u⊆k+1,|u|=k

⊗
i∈u pi(xi) ⊢ p0(x0) ⊗

. . .⊗ pk(xk). And if T is NIP, this actually characterizes k-distality.

Here we are interested in an analog of this for Keisler measures, and connections to
hypergraph regularity. The following definition generalizes the corresponding notion for
types:

Definition 3.21. Given 1 ≤ k < n, an n-tuple of global invariant (Keisler) measures
(µ0(x0), . . . , µn−1(xn−1)) is k-determined if

⊗
i<n

µi(xi) is Lk
x0,...,xn−1

(M)-determined (see

Definitions 2.1 and 2.36).

Remark 3.22. A pair of global measures is 1-determined if and only if they are orthogonal
in the sense of [55, Corollary 2.5].

Conjecture 3.23. Suppose T is m-distal and n > m > 0. If µ0(x0), . . . , µn−1(xn−1) are
generically stable, then the product µ := µ1 ⊗ . . .⊗ µn−1 is m-determined.

Proposition 3.17 should be sufficient to derive n-determinacy for ⊗-products of gener-
ically stable measures (and it is a standard way to do this in the case n = 1, see [55,
Corollary 2.5]). Here we consider a higher arity version.

The following is an easy consequence of definability of measures (see e.g. [20, Fact 2.3]):

Lemma 3.24. Suppose T has NIP and µ(x) ∈ M(M) is definable over a small model
M. Then for any formulas γ0(x, z), γ1(x, z) ∈ L(M) and ε > 0, there is a formula
ψ(z) ∈ L(M) such that (1) =⇒ (2) =⇒ (3) for all c ∈ Mz, where:

(1) |µ(γ0(x, c))− µ(γ1(x, c))| < ε;
(2) |= ψ(c);
(3) |µ(γ0(x, c))− µ(γ1(x, c))| < 2ε.
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Proposition 3.25. Let T be NIP and strongly n-distal. For every φ(x0, . . . , xn−1;xn) and
ε > 0 there exist some k ∈ N and formulas γi(x0, . . . , xn−1; z0) ∈ L, ρi(xn; z0) ∈ L and
χ−
i (x0, . . . , xn−1; z), χ

+
i (x0, . . . , xn−1; z) ∈ Ln

x0,...,xn−1,z for i < k, where z = z0z1 and each
χ−
i , χ

+
i is given by a Boolean combination of γj(x0, . . . , xn−1; z0), j < k and some formulas

of the form δu((xt : t ∈ u); z1) ∈ L for u ⊊ {0, . . . , n− 1}, satisfying the following. Given
a tuple of global generically stable measures µ̄ = (µ0(x0), . . . , µn−1(xn−1)) there exists
some eµ̄ ∈ Mz0 so that: (ρi(M; eµ̄) : i < k) partition Mxn and for every b ∈ ρi(Mxn) there
is some db ∈ Mz1 with

(1) χ−
i (x0, . . . , xn−1; eµ̄, db) → φ(x0, . . . , xn−1, b) → χ+

i (x0, . . . , xn−1; eµ̄, db),
(2) µ0⊗· · ·⊗µn−1(χ

+
i (x0, . . . , xn−1; eµ̄, db))−µ0⊗· · ·⊗µn−1(χ

−
i (x0, . . . , xn−1; eµ̄, db)) <

ε.

Remark 3.26. We will refer to Proposition 3.25 as the n-distal packing lemma, since it
is a stronger form of the n-dependent packing lemma (i.e. the packing lemma for families
of sets of finite VCn-dimension, generalizing the classical Haussler’s packing lemma in the
case n = 1) established in [34]:

Fact 3.27. (No assumption on T .) For every n-dependent formula φ(x0, . . . , xn−1;xn)
and ε > 0 there exists some k ∈ N and formulas γi(x0, . . . , xn−1; z0) ∈ L (each given by
an instance of the form φ(x0, . . . , xn−1; z0,j) where z0 = (z0,0, . . . , z0,k−1)), ρi(xn; z0) ∈ L
and χi(x0, . . . , xn−1; z) ∈ Ln

x0,...,xn−1,z for i < k, where z = z0z1 and each χi is given by
a Boolean combination of γj(x0, . . . , xn−1; z0) and some formulas δu((xt : t ∈ u); z1) ∈ L
for u ⊊ {0, . . . , n − 1} (each given by replacing some, and at least one, of xi by z1,j
in φ(x0, . . . , xn−1), where z1 = (z1,j)) satisfying the following. Given a tuple of global
generically stable measures µ̄ = (µ0(x0), . . . , µn−1(xn−1)) (or just definable measures so
that µi commutes with µj for all 0 ≤ i, j < n) there exists some eµ̄ ∈ Mz0 so that:
(ρi(M; eµ̄) : i < k) partition Mxn and for every b ∈ ρi(Mxn) there is some db ∈ Mz1 with

• µ0 ⊗ · · · ⊗ µn−1

(
φ(x0, . . . , xn−1, b) △ χ(x0, . . . , xn−1; eµ̄, db)

)
< ε.

Proof of Proposition 3.25. First we prove a non-uniform version of the statement where
the formulas in the conclusion are allowed to depend on the measures. So fix some
µ0, . . . , µn−1 generically stable, and let M be a small model so that all of µi are generically
stable over it. Fix φ(x0, . . . , xn−1, xn) ∈ L(M) and ε > 0.

By Proposition 3.17, µ0(x0) ⊗ . . . ⊗ µn−1(xn−1) is n-smooth over M, so in particular
weakly n-smooth over M (Remark 3.12). Then, using Fact 2.4, we have that for any
b ∈ Mxn there are some χ−

b (x0, . . . , xn−1, z), χ
+
b (x0, . . . , xn−1, z) ∈ Ln

x0,...,xn−1,z, eb ∈ Mz0

and cb ∈ Mz1 with so both χ−
b (x0, . . . , xn−1; eb, cb), χ+

b (x0, . . . , xn−1; eb, cb) are Boolean
combinations of some γb,i(x0, . . . , xn−1; eb) ∈ L(M) and some δu,b((xt : t ∈ u); cb), so
that:

(1) χ−
b (x0, . . . , xn−1; eb, cb) → φ(x0, . . . , xn−1, b) → χ+

b (x0, . . . , xn−1; eb, cb);
(2) µ0⊗· · ·⊗µn−1(χ

+
b (x0, . . . , xn−1; eb, cb))−µ0⊗· · ·⊗µn−1(χ

−
b (x0, . . . , xn−1; eb, cb)) <

ε.

By M-invariance of µ0 ⊗ · · · ⊗ µn−1, if χ−
b , χ

+
b , eb, cb satisfy the above conditions 1,2 for

some b |= q ∈ Sxn(M) in M, then for every b′ |= q there is some cb′ such that χ+
b , χ

−
b , eb, cb′

satisfy the conditions 1,2. So, for each q ∈ Sxn(M) we choose some b |= q and denote
χ+
q := χ+

b , χ−
q := χ−

b and eq := eb.
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Now, for each χ+
q (x, z), χ

−
q (x, z) we can choose a formula ψq(z) ∈ L(M) as in Lemma

3.24 with respect to µ0 ⊗ . . .⊗ µn−1, and let ρq(xn) ∈ L(M) be the formula

∃z1(∀x0, . . . , xn−1(χ
−
q (x0, . . . , xn−1; eq, z1) → φ(x0, . . . , xn) →

χ+
q (x0, . . . , xn−1, eq, z1)) ∧ ψq(eq, z1)).

By the previous paragraph and (1) ⇒ (2) in Lemma 3.24, the clopen sets ([ρq] : q ∈
Sxn(M)) cover the compact space Sxn(M). So we can choose q0, . . . , qk−1 ∈ Sxn(M) such
that ([ρqi ])i<k still covers Sxn(M). For i < k, define ρi(xn) := ρqi(xn) ∧ (∧j<i¬ρqj (xn)).
Then (ρi(xn))i<k partitions Mxn . In an abuse of notation, for each i < k we denote
χ−
i := χ−

qi , χ
+
i := χ+

qi , ψi(z) := ψqi(z) and ei := eqi .

So, by (2) ⇒ (3) from Lemma 3.24, for each b ∈ Mxn there is a unique i < k (such
that |= ρi(b)) and some db ∈ Mz satisfying the following:

(1) χ−
i (x0, . . . , xn−1, ei, db) → φ(x0, . . . , xn−1, b) → χ+

i (x0, . . . , xn−1, ei, db),
(2) µ0⊗· · ·⊗µn−1(χ

+
i (x0, . . . , xn−1, ei, db))−µ0⊗· · ·⊗µn−1(χ

−
i (x0, . . . , xn−1, ei, db)) <

2ε.

Now we show that k, ψi, ρi, χ
−
i , χ

+
i can be chosen independently of µ̄. This follows by

a standard compactness/“ultraproduct of counterexamples” argument, using that ultra-
products of generically stable measures in NIP theories remain generically stable (thanks
to the VC-theorem). We use here the formalism from [18, Section 3.4]. Namely, in an
NIP theory T , given a tuple of variables x we identify the set of global generically stable
measures Mgs

x (M) with an ∅-hyperdefinable set M̃x, and let µ ∈ Mgs
x (M) 7→ [µ] ∈ M̃x

denote the bijection. By [18, Proposition 3.29], the map

([µ0], . . . , [µn−1]) ∈ M̃x0 × . . .× M̃xn−1 7→ [µ0 ⊗ . . .⊗ µn−1] ∈ M̃x0,...,xn−1

is ∅-type-definable. Using this and [18, Proposition 3.27], for every fixed φ(x0, . . . , xn) ∈
L, ε > 0, k ∈ N, and γi, ρi, χ

+
i , χ

−
i , the set Xφ,γ̄,ρ̄,χ̄+,χ̄− of tuples ([µ0], . . . , [µn−1]) ∈

M̃x0 × . . .× M̃xn−1 so that γi, ρi, χ+
i , χ

−
i do not satisfy the conclusion with respect to it

is ∅-type-definable. And, if the conclusion of the proposition fails, the intersection of any
finitely many sets of this form is non-empty (as otherwise it would hold by coding finitely
many formulas into one). Hence, by saturation of M, the intersection of all sets of this form
is non-empty, say it contains a tuple ([µ∗0], . . . , [µ

∗
n−1]). But then the generically stable

measures µ∗0, . . . , µ∗n−1 fail the non-uniform version of the conclusion proved above. □

Remark 3.28. If T satisfies strong form of Proposition 3.17 (Problem 3.18), then in
Proposition 3.25 we could use db = b.

Problem 3.29. Does Proposition 3.25 hold in arbitrary (strongly) n-distal theories (with-
out the NIP assumption)?

As one consequence of the n-distal packing lemma, we obtain n-determinacy for mea-
sures under an additional assumption.

Definition 3.30. A theory T in a language L has definable Skolem functions if for each
formula φ(x, y) possibly with parameters there is a formula θ(x, y) also possibly with
parameters satisfying the following:

(1) |= ∀x, y(θ(x, y) → φ(x, y))
(2) |= ∀x∃z∀y(θ(x, y) → y = z)

Proposition 3.31. Assume T is NIP, strongly n-distal and either has definable Skolem
functions, or satisfies strong form of Proposition 3.17 (Problem 3.18). Then for any
global generically stable measures µ0(x0), . . . , µn−1(xn−1) and any global measure µn(xn),
the (n+ 1)-tuple (µ0, . . . , µn−1, µn) is n-determined (Definition 3.21).
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Proof. Let M be a small model so that all µi are generically stable over M. Fix
φ(x0, . . . , xn−1;xn) and ε > 0, and let k ∈ N and formulas γi(x0, . . . , xn−1; z0) ∈ L,
ρi(xn; z0) ∈ L and χ−

i (x0, . . . , xn−1; z), χ
+
i (x0, . . . , xn−1; z) ∈ Ln

x0,...,xn−1,z for i < k be as
given by Proposition 3.25, we will also follow the notation from its proof. If T has defin-
able Skolem functions, for each i < k we may find formulas θi(xn, z) ∈ L as in Definition
3.30 for the formula

ρ′i(xn, z) :=

∀x0, . . . , xn−1(χ
−
i (x0, . . . , xn−1, z) → φ(x0, . . . , xn) → χ+

i (x0, . . . , xn−1, z)) ∧ ψi(z)

(that is, ρi(xn) dropping quantification over z); or, if T satisfies strong form of Proposition
3.17, we take θi(xn, z) := (xn = z) (using Remark 3.28). So, from now on, we denote by
db the unique element of Mz satisfying |= θi(b, db) where i is such that |= ρi(b). We note
that db satisfies (1),(2) from the proof of Proposition 3.25.

Fix i < k. The formula χ−
i (x0, . . . , xn−1, z) may be written as a disjunction of a

conjunction of formulas using only n of the variables x0, . . . , xn−1, z. We will refer
to this as the disjunctive normal form of χ−

i . We obtain a new formula by replacing
each of these basic formulas, α(x0, . . . , xn−1, z) ∈ Ln

x0,...,xn−1,z(M) with a new formula
α̃(x0, . . . , xn−1, xn) ∈ Ln

x0,...,xn−1,xn
(M) as follows.

• If the basic formula α does not mention z, let α̃ := α.
• If the basic formula α does mention z, it must mention at most n−1 of the variables
x0, . . . , xn−1 — without loss of generality suppose α = α(x1, . . . , xn−1, z). Define
α̃ := ∃z(θi(xn, z) ∧ α(x1, . . . , xn−1, z)). Note that this is a formula using only n
of the variables x0, . . . , xn.

The formula ξ−i (x0, . . . , xn) that results from replacing basic formulas in the above manner
is in Ln

x0,...,xn
(M).

Consider a basic formula α(x0, . . . , xn−1, z) from χ−
i . Assume |= α(a0, . . . , an−1, db).

Since |= θi(b, db), in either case we see that |= α̃(a0, . . . , an−1, b). Suppose conversely that
|= α̃(a0, . . . , an−1, b). Then, since db is the unique element of Mz satisfying θi(b, z), in fact
|= α(a0, . . . , an−1, db). Thus, |= ∀x0, . . . , xn−1(α(x0, . . . , xn−1, db) ↔ α̃(x0, . . . , xn−1, b))
for each basic α. So, in fact |= ∀x0, . . . , xn−1(χ

−
i (x0, . . . , xn−1, db) ↔ ξ−i (x0, . . . , xn−1, b)).

We may carry out precisely the same process to construct ξ+i (x0, . . . , xn), and conclude
the following for each b |= ρi(xn) (call these conditions (†)):

(1) |= ∀x0, . . . , xn−1(ξ
−
i (x0, . . . , xn−1, b) → φ(x0, . . . , xn−1, b) → ξ+i (x0, . . . , xn−1, b));

(2) (µ0⊗· · ·⊗µn−1)(ξ
+
i (x0, . . . , xn−1, b))− (µ0⊗· · ·⊗µn−1)(ξ

−
i (x0, . . . , xn−1, b)) < ε.

Now assume ω(x0, . . . , xn) ∈ M(M) is an arbitrary extension of (µ0⊗· · ·⊗µn)|Ln
x0,...,xn

(M).
From (1) in conditions (†) we see that:

ω(ξ−i (x0, . . . , xn) ∧ ρi(xn)) ≤ ω(φ(x0, . . . , xn) ∧ ρi(xn)) ≤ ω(ξ+i (x0, . . . , xn) ∧ ρi(xn)).
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The formulas on the left and right hand sides are elements of Ln
x0,...,xn

(M), hence ω agrees
with µ0 ⊗ · · · ⊗ µn on each. So,

ω(ξ−i (x0, . . . , xn) ∧ ρi(xn)) =∫
q∈Sxn (M)

(µ0 ⊗ · · · ⊗ µn−1)(ξ
−
i (x0, . . . , xn−1, q) ∧ ρi(q))dµn|M

=

∫
q∈[ρi(xn)]

(µ0 ⊗ · · · ⊗ µn−1)(ξ
−
i (x0, . . . , xn−1, q))dµn|M and

ω(ξ+i (x0, . . . , xn) ∧ ρi(xn)) =∫
q∈Sxn (M)

(µ0 ⊗ · · · ⊗ µn−1)(ξ
+
i (x0, . . . , xn−1, q) ∧ ρi(q))dµn|M

=

∫
q∈[ρi(xn)]

(µ0 ⊗ · · · ⊗ µn−1)(ξ
+
i (x0, . . . , xn−1, q))dµn|M.

Hence, by (2) from conditions (†),

ω(ξ+i (x0, . . . , xn) ∧ ρi(xn))− ω(ξ−i (x0, . . . , xn) ∧ ρi(xn)) < µn(ρi)ε.

Letting

ξ+(x0, . . . , xn) :=
∨
i<k

(
ξ+i (x0, . . . , xn) ∧ ρi(xn)

)
,

ξ−(x0, . . . , xn) :=
∨
i<k

(
ξ−i (x0, . . . , xn) ∧ ρi(xn)

)
,

we have ξ−(x0, . . . , xn) → φ(x0, . . . , xn−1, xn) → ξ+(x0, . . . , xn), and since ([ρi])i<k par-
titions Sxn(M), from the above we get

ω(ξ+(x0, . . . , xn))− ω(ξ−(x0, . . . , xn)) < ε.

As ε > 0 and φ were arbitrary, this shows that ω = µ0 ⊗ · · · ⊗ µn. □

Problem 3.32. Does Proposition 3.31 hold without the assumption of definable Skolem
functions?

However, we still get a (not necessarily definable) n-distal regularity lemma generalizing
the case n = 1 from [30]:

Corollary 3.33. Let T be NIP and strongly n-distal. Given φ(x0, . . . , xn) ∈ L and
ε > 0 there exists k ∈ N satisfying the following. Given any finitely supported measures
µ0(x0), . . . , µn(xn), for every 0 ≤ i ≤ n there is a partition (P i

ℓ : ℓ < k) of
∏

j ̸=iMxj so
that

∑
(ℓ0,...,ℓn)

µ0⊗. . .⊗µn
(∧n

i=0 P
i
ℓi

)
< ε, where the sum is over all cylinder intersections

sets
∧n

i=0 P
i
ℓi
⊆
∏

0≤j≤nMxj (Definition 2.34) that are not φ-homogeneous.

If T has Skolem functions or satisfies strong form of Proposition 3.17, this holds for
all generically stable µi, with P i

ℓ uniformly definable (i.e. each defined by an instance of
the same fixed formula depending only on φ and ε).

Proof. Let T Sk be a Skolemization of T in the language LSk (note that T Sk need not
be NIP/strongly n-distal). By the packing lemma in T (Proposition 3.25), k ∈ N and
formulas γi, ρi, χ−

i , χ
+
i can be chosen in L only depending on φ and ε, and independently of

µ̄ = (µ0, . . . , µn−1). Hence, by the proof of Proposition 3.31, ξ−i , ξ
+
i are given by instances

of a formula in LSk chosen only depending on φ and ε (with parameters depending on µ̄).
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But now, given any finitely supported (so in particular generically stable) measures
µ0, . . . , µn, they extend uniquely to measures in T Sk and ⊗ corresponds to just the product
measure, so even though ξ−i , ξ

+
i need not be L-definable, the integrals with respect to µn

over the µ0⊗. . .⊗µn−1-measure of the fibers of ξ−i , ξ
+
i are still well defined (and correspond

simply to a weighted finite sum over the support of µn), so we still have ξ−(x0, . . . , xn) →
φ(x0, . . . , xn−1, xn) → ξ+(x0, . . . , xn) and µ0 ⊗ . . . ⊗ µn(ξ

+(x0, . . . , xn)) − µ0 ⊗ . . . ⊗
µn(ξ

−(x0, . . . , xn)) < ε.

So both ξ+, ξ− can be written as
∨

t<k1

∧
0≤i≤n ψ

t
i((xj : j ∈ {0, . . . , n} \ {i})) for some

k1 = k1(φ, ε) and ψt
i ∈ LSk(M). For each fixed 0 ≤ i ≤ n, let (P i

ℓ )ℓ<k2 list the atoms of
the Boolean algebra of subsets of

∏
j ̸=iMxj generated by the formulas ψt

i for all t that
appear in ξ+, ξ−, we have k2 = k2(φ, ε). Now let (ℓ0, . . . , ℓn) be arbitrary. We identify
formulas with the sets they define. If

∧n
i=0 P

i
ℓi

is not disjoint from ξ−, then it is contained
in ξ−, hence contained in φ. If it is not contained in ξ+, then it is disjoint from ξ+, hence
contained in ¬φ. It follows that all

∧n
i=0 P

i
ℓi

that are not φ-homogeneous are contained
in ξ+ \ ξ−, so their total measure is at most ε.

And if T had Skolem functions, the proof above goes through for arbitrary generically
stable measures µ0, . . . , µn, showing that additionally P i

ℓ are definable by instances of
formulas chosen depending only on φ, ε (as Boolean combinations of bounded size of such
formulas). □

Problem 3.34. Does Corollary 3.33 hold without assuming NIP? In the case n = 1 (distal
regularity lemma established in [30, Proposition 5.3]), one has uniform definability of the
partition and polynomial dependence of its size on 1

ε without any additional assumption.
Does this still hold for higher n? [30, Theorem 5.8] also establishes a regularity lemma
for hypergraphs of any arity in 1-distal theories. Does Corollary 3.33 generalize to from
(n+1)-ary hypergraphs to n′-ary hypergraphs with n′ ≥ n+1 in strongly n-distal theories?

Remark 3.35. We note that Corollary 3.33 is a (non-definable) strengthening of the n-
dependent hypergraph regularity lemma established in [34] (to which we refer for a more
precise version of the statement):

Fact 3.36. (No assumption on T .) Given an n-dependent formula φ(x0, . . . , xn) ∈ L
and ε > 0 there exists k ∈ N satisfying the following. Given any global generically stable
Keisler measures µ0(x0), . . . , µn(xn) (or just definable measures so that µi commutes with
µj for all 0 ≤ i, j ≤ n), for every 0 ≤ i ≤ n there is a partition (P i

ℓ : ℓ < k) of∏
j ̸=iMxj , with each P i

ℓ defined by an instance of the same fixed formula (in fact, a
Boolean combination of instances of φ) depending only on φ and ε, so that

∑
(ℓ0,...,ℓn)

µ0⊗
. . . ⊗ µn

(∧n
i=0 P

i
ℓi

)
< ε, where the sum is over all cylinder intersections sets

∧n
i=0 P

i
ℓi
⊆∏

0≤j≤nMxj (Definition 2.34) that are not ε-homogeneous with respect to φ, i.e. for which
µ0⊗...⊗µn

(
φ∩

∧n
i=0 P

i
ℓi

)
µ0⊗...⊗µn

(∧n
i=0 P

i
ℓi

) /∈ [0, ε) ∪ (1− ε, 1].

As an immediate application of the n-distal hypergraph regularity lemma (Corollary
3.33), we see that (n+ 1)-hypergraphs definable in strongly n-distal NIP theories satisfy
the following hypergraph version of the strong Erdős-Hajnal property:

Corollary 3.37. Let T be NIP and strongly n-distal. Then every definable relation
φ(x0, . . . , xn) ∈ L satisfies the n-strong Erdős-Hajnal property, or n-sEH: there exists
α > 0 satisfying the following. Given any finitely supported measures µ0(x0), . . . , µn(xn),
there exists a cylinder intersection set C =

∧n
i=0Ci ⊆

∏
0≤j≤nMxj (with Ci ⊆

∏
j ̸=iMxj )

so that µ0 ⊗ . . .⊗ µn (C) ≥ α and C is φ-homogeneous.
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If T has Skolem functions or satisfies strong form of Proposition 3.17, this holds for all
generically stable µi, with C uniformly definable (i.e. defined by an instance of the same
fixed formula depending only on φ).

Proof. Let k = k(φ) be as given by Corollary 3.33 with ε = 1
2 . Then for any finitely

supported µ0, . . . , µn we have partitions (P i
ℓ : ℓ < k) of

∏
j ̸=iMxj so that

∑
(ℓ0,...,ℓn)

µ0 ⊗
. . . ⊗ µn

(∧n
i=0 P

i
ℓi

)
< 1

2 , where the sum is over all cylinder intersections sets
∧n

i=0 P
i
ℓi
⊆∏

0≤j≤nMxj that are not φ-homogeneous. Then there has to exist some (ℓ0, . . . , ℓn) so
that C :=

∧n
i=0 P

i
ℓi

is φ-homogeneous and µ0 ⊗ . . .⊗ µn (C) ≥ 1
2kn+1 . So the claim holds

with α = α(φ) := 1
2kn+1 . □

Problem 3.38. Corollary 3.37 provides a partial generalization of [30, Theorem 3.1] in
the case n = 1. The result there also concludes that C uniformly definable (without any
additional assumptions), and moreover that this definable strong Erdős-Hajnal property
characterizes distality [30, Theorem 6.10]. We leave open a generalization of this part for
higher n.

We can rephrase Corollary 3.37 as a statement for families of finite hypergraphs:

Definition 3.39. Fix k ≥ 1, and let H be a family of finite (uniform) (k + 1)-partite
(k+1)-hypergraphs. We say that H satisfies the k-strong Erdős-Hajnal property, or k-sEH,
if there is α > 0 so that: for every H = (V0, . . . , Vk;E) ∈ H with E ⊆ V := V0 × . . .× Vk
there exists a cylinder intersection subset C ⊆ V with |C| ≥ α|V | so that either C ⊆ E
or C ⊆ V \ E.

Remark 3.40. Note that 1-sEH corresponds to the usual strong Erdős-Hajnal property
for families of finite graphs considered in the literature (see [43], and also [30] for dis-
cussion). Indeed, in this case a cylinder intersection set is just a rectangle of the form
C = C1 × C2 for some Ci ⊆ Vi, and |C| ≥ α|V1||V2| if and only if |Ci| ≥

√
α|Vi| for both

i — which corresponds to an E-homogeneous pair of sets in the usual formulation.

Now given a structure M and a partitioned formula φ(x0, . . . , xn) with all xi tuples of
variables, we have the associated family Hφ of all finite (n+1)-partite (n+1)-hypergraphs
H = (V0, . . . , Vn;E) where Vi ⊆Mxi are finite subsets and E = {(a0, . . . , an) ∈ V0× . . .×
Vn :M |= φ(a0, . . . , an)}. Then Corollary 3.37 says in particular that if Th(M) is NIP and
strongly n-distal, then for every formula φ(x0, . . . , xn) the family of finite hypergraphs
Hφ satisfies the n-strong Erdős-Hajnal property in the sense of Definition 3.39.

3.4. Average measures and n-distality. In this section we demonstrate that n-distal
(rather than strongly n-distal) NIP theories are characterized by n-determinacy for (n+1)-
tuples of measures obtained by averaging over mutually indiscernible sequences, general-
izing the results in [75, Proposition 2.21] in the case n = 1.

Example 3.41. [74, 55] Assume T is NIP and (bt)t∈[0,1] is an indiscernible sequence
indexed by the interval [0, 1]. Let λ denote the Lebesgue measure on [0, 1]. Take φ(x) ∈
L(M). By NIP, the set {t ∈ [0, 1] :|= φ(bt)} is a finite union of intervals. So, we can define
the average measure of (bi) by Av(b[0,1])(φ) := λ({t ∈ [0, 1] :|= φ(bt)}). Clearly, Av(b[0,1])
is f.s. (hence invariant) over b[0,1]. By compactness and the bound on alternation given
by NIP, the measure Av(b[0,1]) is also definable over b[0,1], hence it is generically stable.

Notation. In this section I will typically denote a sequence of parameters (rather than
its indexing set), since the sequences we consider in this section are indexed by [0, 1]
(though sometimes it will be convenient to abuse the notation by conflating elements of
the sequences with their indices). If I is a sequence of parameters indexed by [0, 1] and
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A ⊆ [0, 1], we will denote by IA the subsequence of I indexed by A. Given a formula
φ(x) ∈ L and a partition x = yz (despite the notation, we do not assume that the
partition respects the ordering on x), a (φ, y)-type over a set A ⊆ Mz is a maximal
consistent set of formulas of the form φ(y, c) for c ∈ A.

We first note that the tensor product of average measures over mutually indiscernible
sequences behaves as expected.

Fact 3.42. (see e.g. [24, Lemma 3.5]) Assume T is NIP and (Ii)i<n are mutually in-
discernible sequences with Ii a sequence of elements in Mxi indexed by [0, 1]. Then for
each φ(x) ∈ L(M) with x = x0 . . . xn−1 there are finite partitions of each Ii into intervals
(Vi,l : l < k) so that φ(

∏
i<n

Ii) is given by a finite disjoint union of (some of the) products

of intervals
∏
i<n

Vi,li — we will informally refer to such sets as boxes.

Lemma 3.43. Suppose T has NIP and (Ii)i<m are mutually indiscernible with each
Ii indexed by [0, 1]. Let µi := Av(Ii) ∈ Mxi(M). Then (

⊗
i<m

µi)(φ(x0, . . . , xm−1)) =

λm({(i0, . . . , im−1) :|= φ(ai0 , . . . , aim−1)}) for all φ ∈ L(M), where λm is the Lebesgue
measure on [0, 1]m.

Proof. The case m = 1 is trivial, we then argue by induction on m ≥ 2. For any small
model N containing the parameters of φ(x0, . . . , xm−1) and I<m, we have(( ⊗

i<m−1

µi

)
⊗ µm−1

)
(φ((xi)i<m)) =

∫
q∈Sxm−1 (N )

( ⊗
i<m−1

µi

)
(φ((xi)i<m−1; q)dµm−1.

By Fact 3.42, there are finite partitions of each Ii into intervals (Vi,l : l < k) so that
φ(
∏
i<m

Ii) is given by a finite disjoint union of (some of the) products of intervals
∏
i<m

Vi,li .

Now, for each k < l, all elements of Vm−1,l have the same (φ, xm−1)-type over I<m−1.
Thus, there are finitely many (φ, xm−1)-types over I<m−1 realized in Im−1, enumerate
them as (pj)j<N . Now, suppose some q ∈ Sxm−1(N ) entails some other (φ, xm−1)-type
over I<m−1. Then, by definition of the average measure, necessarily q contains some
instance of φ that has µm−1-measure 0, so q /∈ S(µm−1). In the integral above we
can restrict to types in the support of µm−1 (the support is a closed set of full mea-
sure in the type space). We pick formulas (ψj(xm))j<N from L(I<m−1) such that ψj

isolates pj among (pj)j<N (given by Boolean combinations of instances of φ). Now,
the sets Zj := [ψj(xm−1)] ∩ S(µm−1) form a partition of S(µm−1). The integrand
(
⊗

i<m−1
µi)(φ((xi)i<m−1; q)) is constant on each Zj : by the induction hypothesis, for a

given Zj this constant value is given by λm−1(φ(
∏

i<m−1
Ii; bj)) for some fixed bj realizing

ψj(xm−1) and tp(bj/N ) ∈ S(µm−1). And for each j, µm−1(ψj(xm−1)) is given by the
Lebesgue measure λ1 of the corresponding union of intervals that it defines in Im−1 by
the case m = 1. We can then calculate the integral of this simple function with respect
to this partition of the domain summing over boxes, which gives the required value. □

Definition 3.44. (1) Given a sequence I, a polarized Dedekind cut (abbreviated as
p.D. cut) is a cut (A,B) of I (i.e. A ∩ B = ∅, A ∪ B = I) with a distinguished
polarity c ∈ {A,B} for which the c has infinite cofinality if c = A and infinite
coinitiality if c = B. If the sequence is indexed by a Dedekind-complete linear
order, we denote by End(c) ∈ I the least upper bound of A if c = A, or the
greatest lower bound of B if c = B (note here that End(c) is not an element of c).
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(2) Given an m-dimensional product of ordered sets
∏
i<m

Ui and ū ∈
∏
i<m

Ui, we say a

set S is an m-ant with respect to the center ū if S =
∏
i<m

Vi where Vi ∈ {{v ∈ Ui :

v > ū(i)}, {v ∈ Ui : v < ū(i)}}.

Remark 3.45. Given (Ii)i<m mutually indiscernible with p.D. cuts ci in Ii and each
sequence Dedekind complete,

∏
i<m

ci is an m-ant with center (End(ci))i<m. We call this

the induced m-ant.

Definition 3.46. Suppose T has NIP, (Ii)i<m are mutually indiscernible and c̄ := (ci)i<m

is a tuple of p.D. cuts ci in Ii. Given any set A, let limA(c̄) consist of the formulas
φ(x0, . . . , xm−1) ∈ L(A) such that there are ai ∈ ci with |= φ(b0, . . . , bm−1) whenever
each bi is an element of Ii strictly between ai and End(ci) in the ordering.

Remark 3.47. In the case that the sequences are indexed by [0, 1] it is equivalent to
define the limit with respect to the Euclidean metric restricted to the induced m-ant. We
will use this formulation when convenient.

Lemma 3.48. If T has NIP, then for any (Ii)i<m mutually indiscernible with a tuple of
p.D. cuts (ci)i<m, limA(c̄) is a complete type over A.

Proof. Let r̄ := (End(ci))i<m. Suppose for contradiction that there is φ(x0, . . . , xm−1) ∈
L(A) and a (coordinate-wise) monotone sequence j̄k from the inducedm-ant with |= φ(j̄k)
if and only if k is even, and j̄k → r̄ in the Euclidean metric (of the indices). By mutual
indiscernibility, (j̄k)k<ω is indiscernible, and hence this contradicts NIP. □

Lemma 3.49. Suppose I is indiscernible indexed by [0, 1] and not totally indiscernible.
Then all p.D. cuts have different limit types over some small set containing I. In fact,
all p.D. cuts c with End(c) ∈ I(0,1) have different limit types over I.

Proof. Suppose to begin that End(c) ∈ (0, 1). Then suppose J is a subinterval containing
an open neighborhood of End(c) but omitting open neighborhoods of 0 and 1. Since I is
not totally indiscernible, there are 0 ≤ j < k, i0 < · · · < ik from I and φ ∈ L such that
|= φ(i0, . . . , ij , ij+1, . . . , ik) and |= ¬φ(i0, . . . , ij+1, ij , . . . , ik) (using indiscernibility and
the fact that every permutation is a composition of transpositions of adjacent elements).
By using indiscernibility to shift the parameters i<j and i>j+1 outside of J , we have a
formula with parameters from I \J that orders J . So, there is a formula with parameters
from J ∪ {End(c)} that distinguishes the p.D. cut c from the p.D. cut with the same
endpoint and opposite polarity. In addition, for any α ∈ (0, 1) \ {End(c)}, there is a
formula φα(x) with parameters from I such that |= φα(aEnd(c)) but |= ¬φα(aβ) for any
β in some open neighborhood of α. So, if d is a p.D. cut with End(d) ∈ (0, 1) \ {End(c)},
then limI(c) ̸= limI(d). This shows that p.D. cuts with distinct endpoints in I(0,1) have
distinct limit types over I.

To conclude the full result, consider an automorphism σ ∈ Aut(M) mapping I onto the
subinterval indexed by [14 ,

3
4 ]. Then consider σ−1(I). This is an indiscernible sequence

containing I as a convex subset that omits open neighborhoods of 0 and 1. By the
argument above, p.D. cuts of I have distinct limit types over σ−1(I). □

Lemma 3.50. Suppose T has NIP, (Ii)i<m are mutually indiscernible with each Ii in-
dexed by [0, 1]. Denote µi := AvM(Ii). If p ∈ S(

⊗
i<m

µi), then there are p.D. cuts ci in

Ii such that p is the limit type (over M) of the tuple of p.D. cuts (ci)i<m. Moreover, if
p ∈ S(

⊗
i<m

µi) and p|xi = lim(ci), then p = lim((ci)i<m).
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Proof. Suppose p(x) ∈ S(
⊗
i<m

µi) and consider the set Γ :=
⋂
φ∈p

cl
({
j̄ ∈ [0, 1]m :|= φ(aj̄)

})
.

This is an intersection of closed sets in a compact space whose finite subintersections are
non-empty (by the fact that p is in the support and Lemma 3.43), so it a non-empty set.
Choose r̄ ∈ Γ. Since p is a complete global type in the support, x ̸= ar̄ ∈ p. So, for each
φ ∈ p, the formula ψφ := φ ∧ (x ̸= ar̄) is also in p. But r̄ ∈ cl({j̄ ∈ [0, 1]m :|= ψφ(aj̄)}).
Hence, there is a sequence (j̄φk )k∈ω ⊆ [0, 1]m with |= φ(aj̄φk

) and j̄φk → r̄ in the Euclidean
metric.

We want to choose these sequences from the same m-ant for all φ simultaneously.
This involves choosing a polarity (with respect to r̄(i)) for each coordinate i. Now, if
r̄(i) ∈ {0, 1} for any i < m, there is only one choice of polarity for the coordinate i < m.
So, fix i and assume r̄(i) /∈ {0, 1}. Note that if any sequence Ii is totally indiscernible
over I̸=i, applying an automorphism reversing the order on Ii and fixing r̄(i) and I̸=i

shows that for any φ we can choose a sequence (j̄φk )k∈ω with ith coordinates on the same
side of r̄(i). So, we can disregard this case too. Now, if Ii is not totally indiscernible over
the other sequences, there is a formula (with parameters) that orders any subsequence of
Ii omitting an infinite initial segment and an infinite terminal segment (by the shifting
argument in the proof of Lemma 3.49). Since r̄(i) /∈ {0, 1}, and j̄φk (i) → r̄(i), we can
just assume that Ii is ordered by such a formula, xi < x′i. Now, either xi < ar̄(i) ∈ p
or ar̄(i) < xi ∈ p. By modifying each ψφ with this formula as another conjunct, we can
force the ith coordinate of j̄φk to have the same polarity with respect to r̄(i), uniformly in
φ. Concluding, we can do this for every coordinate and hence restrict the j̄φk to a single
m-ant, uniformly in φ. Then by the argument given in the proof of Lemma 3.48, by NIP
this suffices to show that p is the limit type of the tuple of cuts inducing the m-ant with
the common polarization and center r̄.

Now we show the moreover part. If the sequence Ii is totally indiscernible over the
other sequences, we can replace ci with any other p.D. cut d in Ii without changing
the limit type of the entire tuple of cuts (taking automorphisms). If Ii is not totally
indiscernible over the other sequences, the shifting argument from Lemma 3.49 shows
that the cut ci is uniquely determined by the restriction to the variable xi. Thus, we are
done. □

We thus get a generalization of [75, Lemma 2.20]:

Corollary 3.51. With notation as in Lemma 3.50,

S

(⊗
i<n

µi

)
= {lim((ci)i<n) : ci a p.D. cut in Ii} .

Proof. We have S(
⊗
i<n

µi) ⊆ {lim((ci)i<n : ci a p.D. cut in Ii} by Lemma 3.50. And

{lim((ci)i<n) : ci a p.D. cut in Ii} ⊆ S(
⊗
i<n

µi) is immediate by Lemma 3.43. □

For the remainder of this section we let 1 ≤ n < ω and denote by (Ii)i≤n a tuple of
mutually indiscernible sequences each indexed by [0, 1] and µi := AvM(Ii) for each i. We
will further denote ν := (

⊗
i≤n

µi)|Ln
x0,...,xn

(M) (we will simply write Ln
n+1 from now on).

Lemma 3.52. Suppose T has NIP. Suppose p((xi)i≤n) ∈ S(ν) (the support of ν, see
Section 2.1). Then, for any ā |= p|(Ii)i≤n

, ā n-inserts (see Definition 2.29) into some
tuple of Dedekind cuts (ci)i≤n where ci is a cut in Ii.
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Proof. Let ā |= p|(Ii)i≤n
be given. By definition of ν we have pi := p|xi ∈ S(µi). So,

pi = lim(ci) for some p.D. cut ci in Ii. Fix any injection σ : n → n + 1, but (without
loss of generality, to ease notation) suppose σ = idn. We need to show that āi<n inserts
into the n-tuple of cuts (ci)i<n while preserving the mutual indiscernibility of the (n+1)-
tuple of sequences. By the moreover part of Lemma 3.50, since p|x0...xn−1 ∈ S(

⊗
i<n

µi),

p|x0...xn−1 = lim((ci)i<n), so we are done. □

Notation. In the following, we denote ∂Ln
x0,...,xn

(M)φ by ∂nφ (identifying formulas with
the subsets of M they define, see Definition 2.2).

Finally, we can deduce n-determinacy for measures in this special case:

Proposition 3.53. Suppose T has NIP. If (Ii)i≤n is n-distal (Definition 2.30), then
(µi)i≤n is n-determined (Definition 3.21).

Proof. Suppose that (Ii)i≤n is n-distal, but for contradiction ν(∂nφ) > 0 (applying
Proposition 2.5). By Lemma 3.43 we have that for every formula ψ(x̄) ∈ L(M), if⊗

i≤n µi(ψ(x̄)) > 0, then ψ(M) is infinite. Then, using that ∂nφ and S(ν) are both
given by intersections of clopens, by compactness of the space S(x̄i)i<ω

(M) (with x̄i a
copy of x̄), we can find infinitely many elements in ∂nφ ∩ S(ν). By Lemma 3.52, any
realization of one of these types (over (Ii)i≤n) will n-insert into some tuple of p.D. cuts.
We can clearly assume these cuts do not share any endpoints. By choosing a subsequence
of an arbitrary enumeration, we can ensure that the endpoints of these cuts are mono-
tone in each coordinate. We can then choose realizations alternating with respect to φ,
since each type is in the border of φ. By inductively applying n-distality to insert these
(n + 1)-tuples (removing the original endpoints of the cut so that the sequences remain
dense), this contradicts NIP. □

Now we consider the converse implication.

Definition 3.54. Suppose T is NIP and (Ii)i≤n is not n-distal. We will say that
((ci)i≤n, ā, φ(x̄)) witnesses that (Ii)i≤n is not n-distal if ā n-inserts into (ci)i≤n, |= φ(ā),
and φ(x̄) ∈ L(I≤n) \ limI≤n

(c≤n).

Remark 3.55. By indiscernibility, it is clear that limI≤n
(c≤n) is well-defined even for

non-polarized Dedekind cuts, and that ā inserts into I≤n just in case it realizes this type.

Proposition 3.56. If T is NIP and (µi)i≤n is n-determined, then (Ii)i≤n is n-distal.

Proof. Suppose that (Ii)i≤n is not n-distal. Then we can fix any tuple of cuts (ci)i≤n,
remove the realization of each cut so they become Dedekind (note this has no effect on
the average measure) and a tuple ā that n-inserts into these Dedekind cuts but does not
insert into them.

By NIP and base change in the form [87, Lemma 3.11] (based on [75, Lemma 2.8,
Corollary 2.9]), we can ensure that ā (in a bigger monster model) realizes pn := limM((c−i :
i ≤ n))|Ln

(n+1)
(M) (where c− denotes the lower portion of a cut c). Let φ((xi)i≤n) with

parameters from (Ii)i≤n witness the failure of n-distality, with respect to (ā, c≤n).

Hence, pn ∈ ∂nφ. Since the ci are Dedekind, there are open intervals Ui around each ci
which avoid the parameters of φ. Hence, by indiscernibility and automorphisms, we can
do the same process for any other tuple of Dedekind cuts (di)i≤n whose endpoints come
from the Ui. In this case, limM(d−≤n)|Ln

n+1(M) ∈ ∂nφ also. Note that λn+1(
∏
i≤n

Ui) > 0,

and we aim to show that ν(∂nφ) ≥ λn+1(
∏
i≤n

Ui) > 0.
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Now, ∂nφ is a closed set (Lemma 2.3), so by regularity, ν(∂nφ) = inf{ν(D) : D ⊇
∂nφ clopen}. We will show that for any clopen D ⊇ ∂nφ, i.e. D := [ψ] for some ψ ∈
Ln
n+1(M), ¬ψ relatively defines a measure zero (in Lebesgue measure) subset of

∏
i≤n

Ui.

Suppose otherwise, then by NIP and Fact 3.42, ¬ψ(
∏
i≤n

Ui) contains an (n+1)-dimensional

box of positive measure. Choose a tuple of Dedekind cuts (di)i≤n with endpoints End(di)
in the interior of this box. Then ¬ψ ∈ limM(d−≤n), which by the above contradicts
D ⊇ ∂nφ. Hence, the border has positive measure ν(∂nφ) > 0, so (µi)i≤n is not n-
determined by Proposition 2.5. □

Corollary 3.57. Suppose T has NIP. If all (n+ 1)-tuples of generically stable measures
are n-determined, then T is n-distal.

4. Higher distality and triviality of forking

We consider the following refinement of higher distality (where for each k ∈ ω, k =
{0, 1, . . . , k − 1}):

Definition 4.1. For k ∈ N≥1 and 0 ≤ ℓ ≤ k, we say that T is (k, ℓ)-distal if the following
holds. Given any ∅-indiscernible sequence I = I0 + I1 + . . . + I(k+1)−ℓ of tuples in Mx

with each Ii indexed by Q, (bi : i < k+1− ℓ) tuples Mx and a0, . . . , aℓ−1 tuples in My, if

• for any u ⊆ k + 1 − ℓ and v ⊆ ℓ with |u| + |v| = k, we have that I[bi : i ∈ u] is
indiscernible over (ai : i ∈ v) (where I[bi : i ∈ u] denotes the sequence obtained
from I by inserting bi in the cut between Ii and Ii+1 for all i ∈ u simultaneously),

then

• I[bi : i ∈ k + 1− ℓ] is indiscernible over (ai : i ∈ ℓ).

Remark 4.2. For any 1 ≤ k < ω, we refer to (k, 0)-distality as k-distality and to (k, k)-
distality as strong k-distality. This agrees with the corresponding notions considered by
Walker [87].

For simplicity of presentation we will sometimes restrict to the case k = 2 (and point
out when things generalize to arbitrary k). In this case Definition 4.1 specializes to:

Definition 4.3. (1) T is 2-distal (i.e. (2, 0)-distal) if for any ∅-indiscernible sequence
I0+I1+I2+I3, if each of I0+b0+I1+b1+I2+I3, I0+I1+b1+I2+b2+I3 and
I0 + b0 + I1 + I2 + b2 + I3 is ∅-indiscernible, then I0 + b0 + I1 + b1 + I2 + b2 + I3
is indiscernible.

(2) T is 2+-distal (i.e. (2, 1)-distal) if for any ∅-indiscernible sequence I0 + b0 + I1 +
b1 + I2 and tuple a, if each of I0 + b0 + I1 + I2, I0 + I1 + b1 + I2 is indiscernible
over a, then I0 + b0 + I1 + b1 + I2 is also indiscernible over a.

(3) T is strongly 2-distal (i.e. (2, 2)-distal) if for any sequence I0 + b0 + I1 and tuples
a0, a1, if I0+I1 is indiscernible over a0a1, I0+ b0+I1 is indiscernible over a0 and
I0 + b0 + I1 is indiscernible over a1, then I0 + b0 + I1 is indiscernible over a0a1.

Proposition 4.4. T is strongly 2-distal =⇒ T is 2+-distal =⇒ T is 2-distal.

Proof. Assume T is strongly 2-distal, but not 2+-distal. Then there exist an ∅-indiscernible
I0 + b0 + I1 + b1 + I2 and a tuple a, so that each of I0 + b0 + I1 + I2, I0 + I1 + b1 + I2 is
indiscernible over a, but I0+b0+I1+b1+I2 is not indiscernible over a. Then there exist
a formula φ ∈ L(∅) and increasing finite tuples īt ∈ I<ω

t so that |= φ
(
bī0 , b0, bī1 , b1, bī2 , a

)
,

but |= ¬φ
(
bī0 , bi0 , bī1 , bi1 , bī2 , a

)
for any i0, i1 ∈ I0 + I1 + I2 with ī0 < i0 < ī1 < i1 < ī2.
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Fix some i∗ ∈ I1 with i∗ < ī1. Let a′0 be the tuple consisting of all elements appearing in
(bi : i ∈ I1, i

∗ < i)+b1+I2, a′1 := a, I ′
0 := I0, I ′

1 := (bi : i ∈ I1, i < i∗). It follows from the
assumptions that I ′

0+I ′
1 is indiscernible over a′0a′1, I ′

0+b0+I ′
1 is indiscernible over a′0 and

I ′
0+b0+I ′

1 is indiscernible over a′1. Hence I ′
0+b0+I ′

1 is indiscernible over a′0a′1 by strong 2-
distality. In particular, as |= φ

(
bī0 , b0, bī1 , b1, bī2 , a

)
, this implies |= φ

(
bī0 , bi′ , bī1 , b1, bī2 , a

)
for some/any i′′ < i∗ in I1, which by indiscernibility of I0 + I1 + b1 + I2 over a implies
|= φ

(
bī0 , bi′ , bī1 , bi′′ , bī2 , a

)
for some/any i′′ < ī2 in I2 — contradicting the choice of φ.

Similarly, assume T is 2+-distal, and assume that each of I0 + b0 + I1 + b1 + I2 + I3,
I0+I1+b1+I2+b2+I3 and I0+b0+I1+I2+b2+I3 is ∅-indiscernible. Let a := b2+I3.
It follows by 2+-distality that I0+ b0+I1+ b1+I2 is indiscernible over b2+I3, and since
also I0+I1+I2+ b2+I3 is indiscernible, this implies that I0+ b0+I1+ b1+I2+ b2+I3
is indiscernible — so T is 2-distal. □

Remark 4.5. The proof easily generalizes to show that (k, ℓ)-distality implies (k′, ℓ′)-
distality for any k′ ≥ k and ℓ′ < ℓ (in any theory).

Definition 4.6. For k ≥ 1, a theory T is indiscernibly k-trivial if for any infinite sequence
I and tuples (at : t < k+1), if I is indiscernible over (at : t ∈ s) for every s ⊆ {0, 1, . . . , k}
with |s| = k, then I is indiscernible over (at : t < k + 1). We say that T is endlessly
indiscernibly k-trivial if the same holds restricting to I indexed by an infinite linear order
without the first or last element.

Remark 4.7. (1) The case k = 1 corresponds to (endless) indiscernible triviality
considered in [15].

(2) Note that if T is stable, then indiscernible k-triviality is equivalent to endless in-
discernible k-triviality, using that every infinite A-indiscernible sequence is totally
indiscernible over A.

(3) Outside of stability, this is not the case already for dp-minimal theories. Indeed,
let T be the theory of infinitely branching dense trees, in the language with only
the meet function ∧ viewed as a semilattice (see e.g. [26, Section 3.5]). So the tree
order is x ≤ y ⇐⇒ x ∧ y = x. Let (ai : i ∈ ω) be a sequence with ai > aj in the
tree order for i < j and b1 ̸= b2 so that b1∧b2 = a0. By quantifier elimination (ai)
is indiscernible over each of b1 and b2 separately, but not over both. However, by
[66], T is monadically NIP, hence dp-minimal and endlessly indiscernibly 1-trivial
by [15, 16].

Remark 4.8. (1) If T is indiscernibly k-trivial, then TA (obtained by naming an
arbitrary small set of parameters A) is also indiscernibly k-trivial.

Indeed, if I is indiscernible over (at : t ∈ s)A, let I ′ := (bib
′ : i ∈ I) for b′

a tuple enumerating A. Then I ′ is indiscernible over (at : t ∈ s), hence over
(at : t < k+1) by indiscernible k-triviality, but this implies that I is indiscernible
over A(at : t < k + 1).

(2) If T is indiscernibly k-trivial, m ≥ k + 1, (bt : t < m) are tuples and I is
indiscernible over (bt : t ∈ s) for each s ⊆ {0, . . . ,m − 1} with |s| = k, then I is
indiscernible over all (bt : t < m) simultaneously (by a simple induction).

We recall some variants of the triviality of forking in stable theories considered by
Poizat [47].

Definition 4.9. Let T be a stable (or just simple) theory and k ≥ 1. Then T (or, rather,
forking in T ) is:

(1) k-trivial if for any tuples (ai : i < k + 2) and a small set A, if every k + 1 of the
ai’s form an independent set over A (in the sense of forking), then {ai : i < k+2}
is also an independent set over A.
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(2) totally k-trivial if for any tuples a, (bi : i < k + 1) and a set A, if a is independent
from any k of the bi’s over A, then it is also independent from all k+1 of the bi’s
over A (note that we are not requiring the bi’s to be themselves independent over
A).

Fact 4.10. [Walker [87]] For T stable, k-distality coincides with (k − 1)-triviality of
forking, for all k ≥ 2.

We consider a generalization to arbitrary theories:

Definition 4.11. We say that a theory T has totally k-trivial forking if given any A
and tuples a0, . . . , ak+1, b so that (ai : i ∈ u) |⌣A

b for all u ⊆ k + 1, |u| = k, then
a0 . . . ak+1 |⌣A

b. We say “totally trivial forking” to refer to “totally 1-trivial forking”.

Remark 4.12. The direction in which we require independence here is important for our
later considerations to work when forking is not symmetric. Also, in DLO, if a0 < b < a1,
then b |⌣ a0, b |⌣ a1, a0 |⌣ a1, but b ̸ |⌣ a0a1.

Problem 4.13. Do we get an equivalent definition if we restrict A to models in the base?
At least in extensible (NIP) theories?

Lemma 4.14. If T is an extensible resilient theory with totally k-trivial forking, then T
is endlessly indiscernibly k-trivial.

Proof. Assume we are given an endless sequence I0 and tuples (at : t < k + 1) so that
I0 = (bi : i ∈ I0) is indiscernible over (at : t ∈ s) for every s ⊆ {0, 1, . . . , k} with |s| = k.
By compactness, we can find sequences I−1, I1 indexed by Q so that I−1+I0+I1 is also
indiscernible over ās := (at : t ∈ s) for every s ⊆ {0, 1, . . . , k} with |s| = k.

Fix such s. Given any finite J0 ⊆ I0, choose an arbitrary sequence (Jℓ : ℓ ∈ ω) with Jℓ ⊆
I0, |Jℓ| = J0 and J0 < J1 < . . ., and let b̄ℓ := (bi : i ∈ Jℓ). Then

(
b̄ℓ : ℓ ∈ ω

)
is indiscernible

over I−1, I1, and for every ℓ ∈ ω by indiscernibility (and using that I−1, I1 have no
endpoints) we have

(
b̄ℓ′ : ℓ

′ ∈ ω, ℓ′ ̸= ℓ
)

|⌣
u
I−1,I1

b̄ℓ. Let p
(
x, b̄0

)
:= tp(ās/b̄0I−1I1). As(

b̄ℓ : ℓ ∈ ω
)

is indiscernible over āsI−1I1, we have in particular that
{
p
(
x, b̄ℓ

)
: ℓ ∈ ω

}
is

consistent. As T is resilient, by Fact 2.19 this implies that p
(
x, b̄0

)
does not divide over

I−1I1. As T is extensible, we get ās |⌣I−1I1
b̄0 by Fact 2.22. And as b̄0 lists an arbitrary

finite subset of I0, we get ās |⌣I−1I1
I0. As this holds for every s ⊆ {0, 1, . . . , k}, |s| = k,

it follows by total k-triviality that a0 . . . ak |⌣I−1I1
I0. As I0 is indiscernible over I−1I1,

by Fact 2.24(3) we conclude that I0 is indiscernible over a0 . . . ak. □

Remark 4.15. Does the converse of Lemma 4.14 hold, at least in NIP theories?

Proposition 4.16. If T is stable, then the following are equivalent for all k ≥ 1:

(1) T is strongly (k + 1)-distal,
(2) T is (endlessly) indiscernibly k-trivial,
(3) T has totally k-trivial forking.

Proof. (2) ⇒ (1). Endless indiscernible k-triviality implies strong (k+1)-distality in any
theory (straightforward from the definitions).

(1) ⇒ (2). We give a proof for k = 1 (which adapts to the general k in a straightforward
manner). Assume T is strongly 2-distal, but not endlessly indiscernibly 1-trivial, and let
I0 be an endless sequence which is indiscernible over a0 and over a1, but not over a0, a1.
Let J0, J1 ⊆ I0 with ℓ := |J0| = |J1| < ω and φ ∈ L(∅) be such that |= φ(bJ0 , a0, a1) ∧
¬φ(bJ1 , a0, a1).
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We can find a sequence I1 indexed by Q so that I0+I1 is indiscernible over a0, I0+I1
is indiscernible over a1, and I1 is indiscernible over a0a1 (for each finite J ⊆ I0, finite
sets of formulas ∆0 ∈ L(a0),∆1 ∈ L(a1), ∆ ∈ L(a0a1) and n ∈ ω, by Ramsey can find
i0 < . . . < in−1 ∈ I0 with J < i0 so that (bij : j < n) is ∆-indiscernible, and by the
assumption on I0, (bi : i ∈ J)+(bij : j < n) is both ∆0-indiscernible and ∆1-indiscernible
— we can then conclude by compactness).

We either have φ(bJ , a0, a1) for every J ⊆ I1, |J | = ℓ, in which case we let J∗ := J1, or
¬φ(bJ , a0, a1) for every J ⊆ I1, |J | = ℓ, in which case we let J∗ := J0.

Let I ′0 = I ′1 := Q, I ′ := I ′0 + I ′1 and choose arbitrary (J ′
i : i ∈ I ′) with J ′

i ⊆ I1, |J ′
i | =

ℓ and J ′
i < J ′

j for all i < j ∈ I ′. By stability of T the sequence I0 + I1 is totally

indiscernible over each of a0 and a1, hence taking I ′
t :=

(
bJ ′

i
: i ∈ I ′t

)
, the sequence of ℓ-

tuples I ′
0+bJ∗+I ′

1 is indiscernible over each of a0 and a1, and I ′
0+I ′

1 is a0a1-indiscernible.
Hence I ′

0+ bJ∗ +I ′
1 is a0a1-indiscernible by strong 2-distality. But this is a contradiction,

as by the choice of J∗ we have |= φ(bJ∗ , a0, a1) ̸↔ φ(bJi , a0, a1) for some/any i ∈ I ′.

(3) ⇒ (2). By Lemma 4.14 (and Remark 4.7). We also give a quicker proof using sym-
metry of forking for T stable. Assume that an infinite endless sequence I0 is indiscernible
over each of a0, a1. By compactness, as in the proof of (1)⇒(2), we can find an endless
sequence I1 so that I0 + I1 is indiscernible over each of a1 and a2. Hence I0 |⌣

u
I1
at, and

so I0 |⌣I1
at, for t ∈ {0, 1}. But then by total triviality I0 |⌣I1

a0a1, hence a0a1 |⌣I1
I0

by symmetry. By Fact 2.24(1),(2), as I0 is indiscernible over I1, it follows that I0 is
indiscernible over a0a1.

(2) ⇒ (3). Again, we give a proof for k = 1, it generalizes to arbitrary k in a straight-
forward manner. Assume T is indiscernibly trivial. Assume b0 |⌣A

a0, b0 |⌣A
a1, then

also b0 |⌣acleq(A)
a0, b0 |⌣acleq(A)

a1 (by Fact 2.14). Let p(x) be a global type extending
tp(b0/ acl

eq(A)) and non-forking over acleq(A), hence invariant over acleq(A) by Fact 2.24.
For 1 ≤ i < ω, let bi |= p|acleq(A)b<ia0a1 . Then I := (bi : 0 ≤ i < ω) |= p⊗ω|acleq(A) is
indiscernible over A. And for each t ∈ {0, 1} we have I |⌣A

at. Indeed, by induction
on i ∈ ω, we show b≤i |⌣A

at. For i = 0, b0 |⌣A
at by assumption. For i ∈ ω, we

have bi+1 |⌣A
b≤iat by the choice of bi+1, hence bi+1 |⌣Ab≤i

at by base monotonicity, and
b≤i |⌣A

at by the inductive assumption, hence by left transitivity b≤i+1 |⌣A
at. Now by

symmetry we have at |⌣A
I and I is A-indiscernible, hence, by Fact 2.24(2) and (3), I

is atA-indiscernible, for both t ∈ {0, 1}. By indiscernible triviality (and Remark 4.8(1)),
I is a0a1A-indiscernible. By Kim’s lemma (as in the proof of Lemma 4.14) this implies
a0a1 |⌣A

I, in particular a0a1 |⌣A
b0. □

Remark 4.17. The proof in particular shows that if T is strongly 2-distal, p ∈ Sx(M)
is generically stable over A, b |= p|A and a1, a2 are arbitrary with b |⌣A

ai (which is
equivalent to ai |⌣A

b in this case), then b |⌣A
a1a2 — so we get total triviality of forking

for realizations of generically stable types.

Problem 4.18. Does the implications (2)⇒(3) in Proposition 4.16 generalize to (exten-
sible) NIP theories (with respect to Definition 4.11)?

Next we show that the implication (1)⇒(2) can fail badly for unstable NIP theories.
The following is [15, Proposition 4.3] for k = 1, and we show that it generalizes to
arbitrary k:

Proposition 4.19. Assume T has finite dp-rank and satisfies endless indiscernible k-
triviality for some 1 ≤ k < ω. Then T does not define an infinite group.
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Proof. Recall that if dp(b/A) ≤ m and I0, . . . , In−1 for m < n ∈ ω are infinite mutually
indiscernible over A sequences of tuples, then there exists some u ⊆ n with |n\u| ≥ n−m
so that (Ii : i ∈ u) are mutually indiscernible over Ab [56, Proposition 4.4]. In particular
this implies that dp-rank is subadditive: for any a, b and A, dp(a, b/A) ≤ dp(a/A) +
dp(b/Aa).

Assume now G = G(x) is an infinite A-definable group, and let m := dp(G(x)).
We show that T is not endlessly indiscernibly 2-trivial (the general k is similar). Let
n := m+ (mk+1). We can choose endless mutually indiscernible sequences I0, . . . , In−1

of elements of G (by Ramsey and compactness, e.g. choose a single endless indiscernible
sequence using that G is infinite, and cut it into pieces). Let ai be an arbitrary element of
Ii and b := a0 · . . . · an−1 ∈ G. As dp(b/A) ≤ m, by the above and permuting the order of
the sequences if necessary, we may assume that (Ii : i < mk+1) are mutually indiscernible
over bA. By subadditivity of dp-rank we have dp(amk+1, . . . , amk+m/A) ≤ mk, hence
also dp(amk+1, . . . , amk+m/bA) ≤ mk. Applying the previous paragraph again, we thus
have (without loss of generality) that I0 is indiscernible over A, b, amk+1, . . . , amk+m.
Combining, we have that I0 is indiscernible over:

• b; amk+1, . . . , amk+m;A,
• b; a1, . . . , amk;A (as (Ii : i < mk + 1) are mutually indiscernible over bA),
• a1, . . . , amk; amk+1, . . . , amk+m;A (as I0, . . . , In−1 are mutually indiscernible over
A).

But I0 is not indiscernible over b; a1, . . . , amk; amk+1, . . . , amk+m;A as a0 is definable over
this tuple. □

Remark 4.20. For example, let T = RCF. Then T is a dp-minimal, extensible theory
which is strongly 1-distal (so in particular strongly 2-distal). However, it fails endless
indiscernible k-triviality for all k ∈ ω by Proposition 4.19.

We summarize the results in the literature about the distality hierarchy:

Fact 4.21. (1) T is 1-distal if and only if it is strongly 1-distal (right to left is clear;
left to right: by Proposition 2.33, if T is 1-distal then it is NIP, hence it is also
strongly 1-distal by the equivalence of the “internal” and “external” characteriza-
tions of distality from [75]).

(2) No stable theory is 1-distal [75]. There exist superstable rank 1 strongly 2-distal
theories that are not 1-distal (e.g. the theory of equality); or not k-distal for any
k (e.g. T = ACF, see [87, Section 5]).

(3) If T is superstable and k-distal for some k ≥ 2, then it is already 2-distal ([87,
Proposition 8.11], combining Fact 4.10 and Fact 4.22).

(4) For every k ∈ ω, there exist (not NIP) theories T which are strongly k-distal, but
not k-distal [87, Section 5].

We recall some results of Poizat concerning k-triviality and total k-triviality of forking
in stable theories:

Fact 4.22. The following hold for stable T and any k ∈ ω.

(1) [47, Proposition 3] A superstable k-trivial theory is trivial.
(2) [47, Proposition 5] A trivial superstable theory with finite U -rank is totally trivial.

More generally, a trivial superstable theory with U -rank strictly bounded by ωn+1

is 2n-totally trivial.
(3) [47, Example after Proposition 5] For each n < ω there exists a superstable trivial

theory Tn (of U -rank ωn) which is exactly 2n-totally trivial (i.e 2n-totally trivial,
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but not (2n − 1)-totally trivial). There exists a superstable theory Tω (of rank ωω)
which is trivial, but not n-totally trivial for any n.

(4) (see [47, Proposition 8] and the “Added in proof” section) For a 1-based theory,
all notions of triviality are equivalent (trivial, k-trivial, totally trivial, k-totally
trivial).

Combining Fact 4.22 with Proposition 4.16 (and Fact 4.10), we can thus answer a
question of Walker [87, Section 9]:

Corollary 4.23. For every n ≥ 1, there exists a superstable 2-distal T which is strongly
2n-distal but not (2n−1)-strongly distal. There exists a 2-distal superstable theory which is
not strongly n-distal for any n < ω. For a 1-based stable theory and any k ≥ 2, k-distality
implies strong 2-distality.

Proposition 4.24. If T is stable, then for any k ≥ 2, T is (k, 0)-distal if and only if T
is (k, 1)-distal.

Proof. We show the case k = 2 (general k is similar). Assume that T is stable and 2-
distal (hence 1-trivial by Fact 4.10), and we are given an indiscernible sequence I0+ b0+
I1 + b1 + I2 so that each of I0 + b0 + I1 + I2, I0 + I1 + b1 + I2 is indiscernible over a
(where It = (bi : i ∈ It) are endless). It follows by indiscernibility that I0b0 |⌣

u
I2
a and

I1b1 |⌣
u
I2
a, and I1b1 |⌣

u
I2

I0b0. Hence, by 1-triviality and symmetry, a |⌣I2
I0b0I1b1. By

assumption I0+ b0+I1+ b1 is indiscernible over I2, hence, by Fact 2.24, I0+ b0+I1+ b1
is indiscernible over aI2, which implies that I0 + b0 + I1 + b1 + I2 is indiscernible over a.
Indeed, for any īt tuple from It and formula φ ∈ L(a), we have |= φ(bī0 , b0, bī1 , b1, bī2) ⇔
|= φ(bī0 , bi0 , bī′1 , bi1 , bī2) for some/any ī0 < i0 < ī′1 < i1 in I0 (as I0 + b0 + I1 + b1 is
indiscernible over aI2), ⇔ |= φ(bī0 , bi0 , bī′1 , bi1 , bī′2) for some/any i1 < ī′2 in I0 (as I0 + I2
is indiscernible over a). The other direction is by Proposition 4.4 (and Remark 4.5). □

Problem 4.25. Does Proposition 4.24 hold only assuming that T is NIP? Even assuming
stability, for k ≥ 3, does (k, ℓ)-distality form a strict hierarchy when varying 1 ≤ ℓ < k?

5. Invariant generically stable measures in n-distal groups

Fact 5.1. [75] If T is 1-distal then every generically stable measure µ ∈ Mx(M) is smooth.

This fails badly in stable 2-distal theories:

Example 5.2. The theory of an infinite set with no additional structure is 2-ary by quan-
tifier elimination, hence strongly 2-distal. The unique non-algebraic type is generically
stable, but not smooth (viewed as a measure).

Recall that if T is NIP and G is an ∅-type-definable group, then taking G00 ≤ G to
be the intersection of all type-definable (over an arbitrary small subset of M) subgroups
H ≤ G of bounded index, we have that G00 is type-definable over ∅ [71]. Moreover,
equipped with the logic topology, G/G00 is a compact Hausdorff topological group, hence
it is equipped with (left-invariant Borel probability) Haar measure [68]. We let π0 : G→
G/G00 be the canonical projection homomorphism. The following is an unpublished result
of Hrushovski, Macpherson and Pillay (see [76, Theorem 8.37]):

Fact 5.3. (T is NIP) A definable group G admits a smooth (left-)G-invariant measure
µ ∈ MG(M) if and only if G satisfies compact domination, i.e. for every M-definable set
D, the set {a ∈ G/G00 : π−1

0 (a) ∩D ̸= ∅ and π−1
0 (a) ∩ ¬D ̸= ∅} has h-measure 0.

Corollary 5.4. If T is distal and G is an fsg group, then G is compactly dominated.
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This has a combinatorial consequence, an arithmetic version of the distal regularity lemma
[39, Section 6]. We conjecture that these results hold already in k-distal theories for an
arbitrary k:

Conjecture 5.5. Assume 2 ≤ k ∈ ω, T is k-distal NIP and G a definable group. If
µ ∈ MG(M) is generically stable and G-invariant, then µ is smooth. In particular, if G
is fsg, then it is compactly dominated. More generally, we can ask the same question for
fim groups in (not necessarily NIP) k-distal theories (see [21]).

Using determinacy for types (Fact 3.20), we can show that Conjecture 5.5 holds in the
case of types:

Proposition 5.6. (1) If in T there is a type-definable group G with a non-algebraic
(left-) G-invariant type p ∈ SG(M) so that p⊗k is generically stable for all 1 ≤
k ∈ ω (so e.g. p is generically stable and T is NTP2, see [38, Section 4]), then T
is not k-distal for any 1 ≤ k ∈ ω.

(2) In particular, if T is stable and G is an infinite type-definable group, then T is
not k-distal for any 1 ≤ k ∈ ω.

Proof. (1) Assume M ≺ M is a small model so that G is type-definable over M and
p⊗k is generically stable over M for all k. Let 1 ≤ k ∈ ω be arbitrary. Consider the
M -definable partial function f : (x1, . . . , xk) 7→ (x1, . . . , xk, x1 · . . . · xk), and the push-
forward type q(x1, . . . , xk, y) := f∗

(
p⊗k
x1,...,xk

)
. Then q is also generically stable over M

(see e.g. [21, Section 3.5]). Of course q ↾x1,...,xk
= p⊗k

x1,...,xk
, and we claim that for any

i ∈ [k], q ↾x ̸=i,y= p⊗k(x ̸=i, y). Indeed, fix i ∈ [k], let M ⪯ N ≺ M be arbitrary, and let
(a1, . . . , ak) |= p⊗k|N . By generic stability p commutes with itself, hence also (a̸=i, ai) |=
p⊗k|N , so ai |= p|N,a̸=i

. In particular ai |= p|N,a̸=i,a1·...·ai−1 . By left G-invariance of p we
then have (a1·. . .·ai−1)·ai |= p|N,a̸=i

, in particular a1·. . .·ai−1·ai |= p|N,a̸=i,ai+1·...·ak . As p is
also right-G-invariant (see [69, Lemma 1]), we get (a1 ·. . .·ai−1 ·ai)·(ai+1 ·. . .·ak) |= p|N,a̸=i

.
Hence (a̸=i, a1 · . . . · ak) |= p⊗k|N , as wanted.

However, if p is not realized in M, we have q ̸= p⊗(k+1) — contradicting k-determinacy
of p⊗(k+1) in T . Indeed, x1 · . . . · xk = y ∈ q by definition of q. But if x1 · . . . · xk =
y ∈ p⊗(k+1), for (a1, . . . , ak) |= p⊗(k+1)|M we must have a1 · . . . · ak = y ∈ py and
a1 · . . . · ak ∈ G(M), hence p must be realized in M.

(2) Let T be stable and G an infinite type-definable group. Let G0 = G00 be the
intersection of all definable subgroups of finite index, it is a type-definable subgroup of
G and is still infinite (by compactness), and there is principal generic type p ∈ SG0(M)
of G which is G0-invariant. As G is infinite, p has to be non-algebraic (every φ(x) ∈ p is
generic, that is finitely many G-translates of φ(M) cover G, hence φ(M) is infinite). As
p is generically stable (and p⊗k is generically stable for all k < ω, by stability of T , this
contradicts (1). □

Remark 5.7. We note that if µ ∈ MG(M) is a G-invariant generically stable measure, a
similar argument with pushforwards of measures (see [21, Proposition 3.37, Lemma 3.44])
shows that for ν(x1, . . . , xk, xk+1) := f∗

(
µ⊗k
x1,...,xk

)
, we have ν|(xi:i∈u) = µ⊗k(xi : i ∈ u) for

all u ⊆ k+1, |u| = k. And ν(x1 ·. . .·xk = xk+1) = 1, while µ⊗(k+1)(x1 ·. . .·xk = xk+1) = 1.
However, to contradict k-determinacy for measures, we would need to know more: that
ν|Lk

x1,...,xk+1
= µ⊗(k+1)|Lk

x1,...,xk+1
.

We now prove Conjecture 5.5 for measures in strongly n-distal NIP theories.

Theorem 5.8. Assume 1 ≤ n ∈ ω and T is NIP and strongly n-distal. Assume G is a
definable group and µ ∈ MG(M) is generically stable and G-invariant. Then µ is smooth.
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Proof. Let M be a small model so that G is definable over M and µ is generically stable
over M. As T is NIP and G is fsg, we know that µ is the unique left G-invariant measure
in MG(M), and it is also the unique right G-invariant one (see [55, Theorem 4.3]).

As T is NIP, using Lemma 3.14, let µ′ ∈ M(M) be a global measure extending µ|M
and smooth (i.e. 1-smooth) over a small model N ⪰ M; in particular µ′ ∈ MG(M). We
have µ′ ̸= µ (as otherwise we would be done), so let φ(x) ∈ L(M) be so that µ(φ(x)) ̸=
µ′(φ(x)).

Without loss of generality n ≥ 2, as otherwise we are done by Fact 5.1. Consider the M-
definable map g : (x0, . . . , xn−1) 7→ (x0, . . . , xn−2, x0 ·. . .·xn−1) and let ω(x0, . . . , xn−1) :=

g∗

(
µx0 ⊗ . . .⊗ µxn−2 ⊗ µ′xn−1

)
∈ Mx0,...,xn−1(M) be the pushforward measure (note that

all of these measures are invariant and generically stable over N , so the ⊗-product is well-
defined and does not depend on the order by Fact 2.12; we refer to [21, Section 3.5] for a
general discussion of definable pushforwards). That is, for every ψ(x0, . . . , xn−1) ∈ L(M)
we have ω(ψ(x0, . . . , xn−1)) = µy0 ⊗ . . .⊗ µyn−2 ⊗ µ′yn−1

(ψ(y0, . . . , yn−2, y0 · . . . · yn−1)).

Claim 1. For every j < n we have that ω|(xi:i ̸=j) =
⊗

i ̸=j µi(xi).

Proof of Claim 1. This is obvious for j = n − 1, so assume 0 ≤ j ≤ n − 2 and let
ψ(x0, . . . , xj−1, xj+1, . . . , xn−1) ∈ L(M) be arbitrary. Take a small model M′ containing
N and the parameters of ψ. Then

ω(ψ(x0, . . . , xj−1, xj+1, . . . , xn−1))

= µy0 ⊗ . . .⊗ µyn−2 ⊗ µ′yn−1
(ψ(y0, . . . , yj−1, yj+1, . . . , yn−2, y0 · . . . · yn−1)) =∫

q∈Syn−1 (M′)
µy0 ⊗ . . .⊗ µyn−2(ψ(y0, . . . , yj−1, yj+1, . . . , yn−2, y0 · . . . · yn−2 · an−1))dµ

′(q)

for an−1 |= q in M. For a fixed an−1, taking M′′ ⊇ M′an−1, I := {0, . . . , n− 2} \ {j} and
using that the measures commute we then have

µy0 ⊗ . . .⊗ µyn−2(ψ(y0, . . . , yj−1, yj+1, . . . , yn−2, y0 · . . . · yn−2 · an−1)) =

µyj ⊗

(⊗
i∈I

µyi

)
(ψ(y0, . . . , yj−1, yj+1, . . . , yn−2, y0 · . . . · yn−2 · an−1)) =∫

r∈S(yi:i∈I)(M′′)
µyj (ψ(a0, . . . , aj−1, aj+1, . . . , an−2,

a0 · . . . · aj−1 · yj · aj+1 · . . . · an−2 · an−1))d

(⊗
i∈I

µyi

)
(r)

for (ai : i ∈ I) |= r in M. As µ is both left and right G-invariant, this is equal to

=

∫
r∈S(yi:i∈I)(M′′)

µyj (ψ(a0, . . . , aj−1, aj+1, . . . , an−2, yj))d

(⊗
i∈I

µyi

)
(r) =((⊗

i∈I
µyi

)
⊗ µyj

)
(ψ(y0, . . . , yj−1, yj+1, . . . , yn−2, yj)).
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Plugging this into the first integral and renaming the variables we get

ω(ψ(x0, . . . , xj−1, xj+1, . . . , xn−1)) =((⊗
i∈I

µyi

)
⊗ µyj

)
(ψ(y0, . . . , yj−1, yj+1, . . . , yn−2, yj)

= µx0 ⊗ . . .⊗ µxj−1 ⊗ µxj+1 ⊗ . . .⊗ µxn−1(ψ(x0, . . . , xj−1, xj+1, . . . , xn−1)).

■Claim 1

Claim 2. ω|M =
(⊗n−1

i=1 µi(xi)
)
|M.

Proof of Claim 2. Let ψ(x0, . . . , xn−1) ∈ L(M) be arbitrary. As µ′|M = µ|M, we also
have the equality µ̃′|M = µ̃|M of their extensions to regular Borel measures on Sx(M)
by uniqueness. Hence, using that µ is generically stable over M and left G-invariant,

ω(ψ(x0, . . . , xn−1)) = µy0 ⊗ . . .⊗ µyn−2 ⊗ µ′yn−1
(ψ(y0, . . . , yn−2, y0 · . . . · yn−1)) =∫

q∈Syn−1 (M)
(µy0 ⊗ . . .⊗ µyn−2)(ψ(y0, . . . , yn−2, y0 · . . . · yn−2 · an−1))dµ̃′|M(q) =∫

q∈Syn−1 (M)
(µy0 ⊗ . . .⊗ µyn−2)(ψ(y0, . . . , yn−2, y0 · . . . · yn−2 · an−1))dµ̃|M(q) =

µy0 ⊗ . . .⊗ µyn−2 ⊗ µyn−1(ψ(y0, . . . , yn−2, y0 · . . . · yn−2 · yn−1)) =∫
r∈Sx0,...,xn−2 (M)

µyn−1(ψ(a0, . . . , an−2, a0 · . . . · an−2 · yn−1))dµy0 ⊗ . . .⊗ µyn−2(r) =∫
r∈Sx0,...,xn−2 (M)

µyn−1(ψ(a0, . . . , an−2, yn−1))dµy0 ⊗ . . .⊗ µyn−2(r) =

µy0 ⊗ . . .⊗ µyn−1(ψ(x0, . . . , xn−1)),

where an−1 |= q and (a0, . . . , an−2) |= r in M. ■Claim 2

Now consider the formula θ(x0, . . . , xn−1) := φ(x−1
n−2 · . . . · x

−1
1 · x−1

0 · xn−1) ∈ L(M).
On the one hand we have

ω(θ(x0, . . . , xn−1))) = ω(φ(x−1
n−2 · . . . · x

−1
1 · x−1

0 · xn−1)) =

µy0 ⊗ . . .⊗ µyn−2 ⊗ µ′yn−1
(φ(y−1

n−2 · . . . · y
−1
1 · y−1

0 · (y0 · y1 · . . . · yn−1))) =

µy0 ⊗ . . .⊗ µyn−2 ⊗ µ′yn−1
(φ(yn−1)) = µ′yn−1

(φ(yn−1)).

On the other hand, letting M′ be a small model containing M and the parameters of θ,

µx0 ⊗ . . .⊗ µxn−1(θ(x0, . . . , xn−1))) = µx0 ⊗ . . .⊗ µxn−1(φ(x
−1
n−2 · . . . · x

−1
1 · x−1

0 · xn−1))

=

∫
q∈Sx0,...,xn−2 (M′)

µxn−1

(
φ(a−1

n−2 · . . . · a
−1
1 · a−1

0 · xn−1)
)
d(µx0 ⊗ . . .⊗ µxn−2)(q)

for (a0, . . . , an−2) |= q in M, which by left G-invariance of µ is equal to

=

∫
q∈Sx0,...,xn−2 (M′)

µxn−1 (φ(xn−1)) d(µx0 ⊗ . . .⊗ µxn−2)(q) = µxn−1 (φ(xn−1)) .

By the choice of φ(x) we thus conclude that ω ̸= µx0⊗ . . .⊗µxn−1 . Combined with Claims
1 and 2, this shows that µx0 ⊗ . . .⊗ µxn−1 is not n-smooth over M, contradicting strong
n-distality by Proposition 3.17. □
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Corollary 5.9. Hence compact domination holds for definable fsg groups in strongly n-
distal NIP theories by Fact 5.3, and so the arithmetic version of the distal regularity
lemma holds for definable groups exactly as in [39, Section 6]

It is conjectured in [23, Conjecture 1.1] (and also [22, Problem 4.10]) that every n-
dependent field (in the ring language) is already 1-dependent. This and related questions
are studied further in [24]. Here we conjecture an analog for n-distality (one can also
consider variants for strong n-distality, or for valued fields, possibly assuming NIP first):

Conjecture 5.10. Every n-distal field (in the ring language) is already 1-distal. In fact,
we can even ask: are there (strongly, NIP) (n+1)-distal, not n-distal groups for all n (in
the pure group language)?

Distal (valued) fields are studied in [5], in particular distal Henselian valued fields are
classified modulo Shelah’s conjecture. First examples of strictly n-dependent pure groups
are given in [22] using Mekler’s construction (but note that the groups produced using it
always interpret a (stably embedded) infinite stable group, hence cannot be n-distal for
any n by Proposition 5.6). It is observed in [51] that dense pairs of o-minimal structures
need not be 1-distal. Are they 2-distal?

6. Infinite strongly k-distal field have characteristic 0

In this section we generalize [30, Corollary 6.3], which shows that no theory satisfying
strong Erdős-Hajnal (= 1-strong Erdős-Hajnal) can define an infinite field of positive
characteristic, to k-strong Erdős-Hajnal for arbitrary k (see Corollary 3.37 and Definition
3.39).

6.1. Strong discrepancy and dense fibers on cylinder intersections. For a func-
tion f : Z → B on a finite set Z and a subset S ⊆ Z, Babai–Hayes–Kimmel [6] and
subsequent work in multiparty communication complexity consider the following “strong
discrepancy” measure:

Definition 6.1. [6, Definition 2.1] Let f : Z → B be a function between finite sets and
let S ⊆ Z. The strong discrepancy of f on S is

(3) Γ(f, S) := max
y∈B

1

|Z|

∣∣∣ |f−1(y) ∩ S| − |S|
|B|

∣∣∣ = max
y∈B

|S|
|Z|

∣∣∣ Pr
z∼S

[
f(z) = y

]
− 1

|B|

∣∣∣.
where z ∼ S denotes a uniformly random element of S.

Low strong discrepancy forces f to take all possible values on dense sets (see the
discussion in [9, Section 4.3]):

Lemma 6.2. Let f : Z → B and S ⊆ Z. Then for every y ∈ B,

(4) |f−1(y) ∩ S| ≥ |S|
|B|

− Γ(f, S) |Z|.

In particular, if α > 0 is such that |S| ≥ α|Z| and Γ(f, S) < α/|B|, then f−1(y)∩ S ̸= ∅
for every y ∈ B.

Proof. Fix y ∈ B. By Definition 6.1 we have
∣∣∣ |f−1(y) ∩ S| − |S|

|B|

∣∣∣ ≤ Γ(f, S) |Z|. Rear-
ranging gives (4). If moreover |S| ≥ α|Z| and Γ(f, S) < α/|B|, then the right-hand side
of (4) is strictly positive, so |f−1(y) ∩ S| > 0 for every y ∈ B. □
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6.2. Discrepancy of generalized inner products over finite fields.

Definition 6.3. [6, Definition 2.1] For a prime power q, positive integers s, k, the
generalized inner product GIPq,s,k :

(
Fs
q

)k → Fq is defined for x1, . . . , xk ∈ Fs
q via

GIPq,s,k(x1, . . . , xk) =
∑s

i=1 x1,i · x2,i · . . . · xk,i.

Fact 6.4. [6] Given a prime power q and positive integers s, k, let X1 = . . . = Xk := Fs
q.

Then for any cylinder intersection set C ⊆ X := X1 × . . . Xk,

Γ(GIPq,s,k, C) ≤ (1− 1/q)
(
1− (1− 1/q)k−1

)s21−k

.

Proof. This is contained in the proof of [6, Corollary 4.12] (and pointed out in the case
q = 2m in [9, Fact 4.11]).

Namely, let X̃ := X2 × . . . × Xk. The two claims in the proof of [6, Corollary 4.12]
combined give

Pr
u∈X̃

[∀x ∈ X1, GIPq,s,k(x, u) = 0] =
(
1− (1− 1/q)k−1

)s
.

Then [6, Theorem 4.6] implies that for any cylinder intersection set C ⊆ X,

Γweak(GIPq,s,k, C) ≤
(

Pr
u∈X̃

[∀x ∈ X1, GIPq,s,k(x, u) = 0]

)21−k

=

(
1− (1− 1

q
)k−1

)s21−k

,

where Γweak is defined in [6, Definition 2.5]; hence by [6, Lemma 2.9],

Γ(GIPq,s,k, C) ≤ (1− 1/q)Γweak(GIPq,s,k, C) ≤ (1− 1/q)
(
1− (1− 1/q)k−1

)s21−k

.

□

Corollary 6.5. Fix k ≥ 3 and let s := 2k. Then, for any α ∈ (0, 1], if q > (k−1)2

α is a
prime power and C ⊆ (F s

q )
k is a cylinder intersection set with |C| ≥ α qks, then GIPq,s,k

assumes every value of Fq on C. In particular, GIPq,s,k has a zero on C and also a
nonzero on C.

Proof. Let Z := (F s
q )

k, so |Z| = qks and |C| ≥ α |Z|. By Fact 6.4 and the choice s = 2k,

Γ(GIPq,s,k, C) ≤
(
1− 1

q

)(
1−

(
1− 1

q

)k−1
)2

.

Using Bernoulli’s inequality (1 − x)k−1 ≥ 1 − (k − 1)x for x ∈ [0, 1] with x = 1/q gives

1−
(
1− 1

q

)k−1
≤ k−1

q , hence

Γ(GIPq,s,k, C) ≤
(
1− 1

q

)(
k − 1

q

)2

≤ (k − 1)2

q2
.

If q > (k − 1)2/α, then Γ(GIPq,s,k, C) < α/q. Lemma 6.2 then implies that for every
y ∈ Fq, GIP−1

q,s,k(y) ∩ C ̸= ∅. In particular, C contains a point x where GIPq,s,k(x) = 0

and a point x′ where GIPq,s,k(x
′) = 1. □
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6.3. No theory satisfying the k-strong Erdős-Hajnal property can define an
infinite field of positive characteristic.

Theorem 6.6. No theory satisfying the k-strong Erdős-Hajnal property (for uniform
finitely supported measures) can define an infinite field of positive characteristic. In par-
ticular (by Corollary 3.37), any infinite field definable in a strongly k-distal NIP theory
has characteristic 0.

Proof. Assume T is a theory and (K,+, ·) is an infinite definable field of characteristic
p > 0, M |= T .

Assume first that T is not k-dependent, witnessed by a formula φ(x1, . . . , xk+1) ∈ L.
Then the (k+1)-ary relation defined by φ on Mx1 × . . .×Mxk+1 does not satisfy k-sEH.
Indeed, fix any α > 0. For any finite X1, . . . , Xk+1 and E ⊆ X := X1 × . . .×Xk+1 there
exist some Yi ⊆ Myi and bijections fi : Xi → Yi so that (a1, . . . , ak+1) ∈ E ⇔ M |=
φ(f(a1), . . . , f(ak+1)) for all a = (a1, . . . , ak+1) ∈ X. In particular, taking any q > k2/α

and Xi := F2k+1

q , by Corollary 6.5 and translating via the bijections fi, for any cylinder
intersection set C ⊆ Y := Y1 × . . . × Yk+1 with |C| ≥ α|Y |, we have M |= φ(b) and
M |= ¬φ(b′) for some b, b′ ∈ C.

So we may assume T is k-dependent. Generalizing [57, Corollary 4.5] for k = 1, we
then have:

Claim 1. Falg
p is a subfield of K.

Proof. Let F := K ∩ Falg
p , the relative algebraic closure of Fp in K. By [50, Theorem

6.3] (generalizing [57] for k = 1), the field K is Artin-Schreier closed, hence so is F .
Hence F is infinite, perfect and PAC (pseudo-algebraically closed). But by [50, Theorem
7.3] (generalizing [41] for k = 1), any fields with a relatively algebraically closed PAC
subfield which is not separably closed is not k-dependent. Hence F is algebraically closed,
i.e. F = Falg

p . □

We let s := 2k+1 and let the partitioned L-formula φ(x1, . . . , xk+1), where xi =
(xi,1, . . . , xi,s) and xi,j a tuple of variables corresponding to elements of K, be

φ(x1, . . . , xk+1) :=

(
s∑

i=1

x1,i · . . . · xk+1,i = 0

)
.

We show that φ does not satisfy k-sEH. Let α > 0 be arbitrary. Let m be suf-
ficiently large so that for q := pm, q > k2/α. By the claim, K contains Fq as a
subfield. We let X1 = . . . = Xk+1 := F2k+1

q (more precisely, the set of tuples of ele-
ments of K corresponding to it). Then, by Corollary 6.5, for any cylinder intersection
set C ⊆ X := X1 × . . . × Xk+1 with |C| ≥ α|X|, there exist some a, a′ ∈ C so that
M |= φ(a) ∧ ¬φ(a′). □

Corollary 6.7. The theory ACFp of algebraically closed fields of characteristic p > 0 is
stable, but does not admit a strongly n-distal NIP expansion for any n.
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