Pasis and o imenision .

Recall flatt s \//S a fusis fpor v it _Sfom(})=v aud pisa /l'wl.vlv‘l?o. sef

We bave shawn (Theoem I8) trat i L, Unf T a basis for |/, Pren e/mrﬁ veckor ve |/ can fo expressed s
V=AU ey,
g wn/w thoice o Ve scalars 41, )% eF.

¢ But  hew dots ene ,c/no/q Losis por Ve
Thesrem 1.9. I(_ V s a vealsr spae ﬁ,w—ara/{‘e/ g(y ¢ finik sof- S/ Fhou  some subsed o S e

[ a basis por V. T fan-f/};«/lwr/ V has a ginite fasis.

Proor.

lwf S=¢ or S‘"?{Of/ o V:Srw"(s):fgfm/ﬁ Is a subset o S tht (s a tasis (or V

Wl\wwi;e) S contains a4 veckor u, # 0.

Bd‘ tle previevk wmwf&) e s 73 is /irw? fnzv(ﬂfwM.

T Vterve isu, In Sst. Fu,md i shill /IW‘H }wﬁp./ add it v ju,§ ?,M‘ U U,

Te Plove s UyeS S, Uz Usg is livv. adep., add it Vo oltain the sef {”’/”Z/”sf) edc . ..

Sinee S s pote  this P rocess nus st ou semag ste0 4, and we tainn a set

Priu, L u,p =S sH P is //'Wéy M./ bt pusx3 is //L,_M o ang xe_S\},

Claim. P Is a fesis for V

P s lin. indep, — % corvstructvon

Remains ¢ show : 5f4w(ﬁ):l/

gg Theorenn 1S, need ¢o stww that S € Spam (g)— as Span(p) isa%;mv;l/w}fqm}o(j S, it mucd atsy
conhain  Span (S)=V.

Lo¥ vel & Wg//VMg

I,c VER , then \/éjpam(ﬁ)_

Ofkarvise, ik Vi, thn by conghuctinn v 33 s lindep. — 50 ve Spam(p) % Vieorews |7

Thus S = Spam (p).

\

@ Lrilewe % a i in /) conbe proved withod pssumiing el S i pinbe o5 well) tut the prog is mave intlved,
. ’/—Ws) ﬂ/waf f/'m'/c WMV@S&?‘ for V  cou e pedued do o bsi fer V eremwiaUM rectors .

Exavaple. Tle set S=5(2,3,5),(10,-2), (720), (0),0)f < gonowgtes R>  ( cheok it!)
We reduce it ¢ a rﬂ*s/,'s?/f;}a tn The ProtE Theorene 1.9

S, :g(;,—z,s)_f = i indup.

S, =5, -3,5), {/,ﬂ/—z)jé—S*/// //hmo(lp (cM /‘f,//

_(1 = ; (2,-3 g)/ //’ﬂ/‘z))ﬁ/la”)j%

Bt  (0,0) ¢Speu(Ss): —55(2,-3,5)-22 (ho2) + 2 (7,2,0) =@,1,0).

Hate p=S, is o fasis for (R®

the size o G

Now, the & technicad VM#]— s seifiom.
Tleovem Lio (l?ef/amwf). let |/ 4 a vs. WW% 7 sa‘&szar&/&/-m/ nd W LeV & 4 //h/'m@
subsed F V with L= .
Then  men, ond Vrere exists H< C uitn /H/= a-m  sucs toas L uH Jw.btrw(% V.
Prw(., We prove it ty mductive on m,

For m=o0 , L'—V/ and so We tom Jtuke H=6.

Now supprse Vhe resoft is Trae for m 20, and we prove ¥ for m.

Lef L23v, cvmul eV b loindep. , |L]=m+l.

Theovem 16, 30, ..;Vu§ Ts also lin. indap. Af/’lﬁf':j The indnction ?/th%) m<n and Vheve (s asubsest

fu, i nml & 6 st 3V Ve VS, Uy Jovsvafes V.



50, Hove exiX Gy os@my #1 oy b w-m suctr Yot

At oo Ay Vg + b, + ,,A+£h_m Hem = Vonns (;k)

NeAc. Since $i,yVon,Veneid & lin. indep., we must have n>m (e s ,n 2mtl) and come 5;;(0/ sasf 4 #o.
(cfhensise Varrs /5 a lis cubinativ g v, .., V).

Sol ing (8 per b gives:

u, = [~{,’7’)V/ MEERN S _%'IL)VW, ""(?(‘-)VMH + —%\7/47_—/»...4»(_ f’;‘L)M,,_M, (*%)

LA H = fuy tnmd ), so JHl=n-(mr). ’

Thenr U, € Span (L uH) % (#al)} and 50 fv,,.,.,l/m)u,,...,u,,-m_fs.S/Jan (Lt//'l)~

As 201y cVon) U)oy e WM{(.& V/ SPM (LUH) =y [1; Theorem /,S)

Thus, (he flaovew, s Vroe [of mtl.

This (lworews  hos szﬁ / nt” s Lt .
Cara//a?/. LA V e a vs /tw'wy a  finie agis. Thew oy tsis for V' owtaing the same puher of Veotors.
Pmp. Supprse p £V witt [B/=n is o 4sic for V) ind fet FeV e Myoﬂw busis por V.

Suppeose Wt [d]>0, and leof- SV hove n+r elewendss,

Sinte S s . ndep and p grutrbes ) by replotwendt A+l sn = 4 wlradiction.

Ths (¥ =m < 0.

Rversing The yolos 6 B and & ) by (e same avgumend we geA Nzm. flewce n=m.

N

This ot moker possifle the ,za%/m/}uﬂ [wportoest bt initun.

Depinition. A vs Vs tinite ~dimeusional  ig it has a ginite fasic,

The (wrique) nwibey o veckors in 4 fosis por V ic cabled Vhe dimensing op V | dewoted i (V).
Tt twve i no pinite fasis, then |/ i inginik~ dinensionad

Exawple.  In view o tre previpn, disoussion, we hove :
0 dim (fo{) =o0. (¢ ls Yhe {asis).

2) dim ( F") =, (j(/,a,__,a)) (91,0,.0), - ,(0,-..,0,)§ 7s 4 hsis g size ). B 0 [\ o
3) dim (Mmm):mnv (2‘5’5 lgigm, 12 jeul Ts o fesis & Size mn vecall flat EY ~ '6%’5} )
y) diw (P, (F)) = nw (fz, XXX s a dakis s size net).

Excovple. On Yoo ofhuy hoand | some o T famifiog exonmples ove /hgiw/'le—o/fmws/ma/
by the veplacument Trerrewn , i V' is tinite-dimensiood | ttan po lin. indep, set- canr coutuin wave tan diwe (V)
Aeoments  Tlous ; ‘

P(F) i inginile - dimensiovaf (ﬂS Frxx, X% .3 s am tnginite fin. tndep. s&‘)

Coro//w 2. Lt V fe a vs. o dimension 1.

4)4»‘3 lin. indep. W«z’; V with n denents s a basis.

) €y In. indsp, sabset op V cow le exdouded Yo o fsis por V.

Prog. Lt p te a fosis por ¥ [p/=n.

) LAt LV b Inmdp wil /L7 B, N Replacewsst thworom, IH S R with [H[=n-p =0 elemonks
such thaX Lol seerates | Thus 1L/=¢, and S0 | gomer V — so L is a fasic

6) T¢ LV is linindep. wity [ LI=m) & Yhe Replacepondt View TH<p witt, Hzn-m such ttat
Lot gweratee V. Now JLyH] < m+(n-m)=n.
% Theorewn 1.3 LuH  coutains some subsed & which 15 a ks v V7 and /J’/‘M % [ara//qg /
Budt then g =LUH.

Theorem LI,

LA~ W fe a w&,om % a Vs V' with dwm(V)<zoo.
Then  dim (W) = dim(V).

Mrreover, i¢  dian (W) = dime (V) Vhen V=W



I’Mf_,

Let dim(V)=n.

Te W=§of then dim(W)=0 <u (4y The previevs example ).

Otherwice  J x, e h/; x,70. Se X3 s a /r"m?htﬂqa. Sest.

Continne OMS/I/& X, kg €W st Sx,.,x4f is /in.}nphf.

Since o lin ndep. >ufseX of V cam wukain pure than n vectors (Corl+ Carz)/ this procecs must
stop I a salag,z Wheve

é v, §x,.,X48 s /in,/'m(vf;,) % 50,8 VEVS s lin. dop. (o ovy v € W.

By Theorem /-7) +his /Wp/l.t’/s S.oam (fx,,..,)x1g2)-—— W) herice fx,,”.,xéj s & basis for w.
5o dim (W) = £ zu,

(amo( % Cow//ag 20, it £z Vhen 3x,.x43is a fesis for V/ hene W=l/.)

lesis tor V.

Prosg. Tz Scif is aasis pr W) it s a //b.:hp(erls,wfsdof. V/ so cam Lo esdended Fo a4 taris for Vo
Exomaple.

) Letrs describe ol subspoee o V= K
We Epow d/m(/e7=a (= Eho), (0,08 is a fw&fs)\
By Theoraw 111, for evevy subspme  WER® we nust pove dim(W) = 0,1 or 2.
It‘ div (W) =0 Hten szq} and it dw (W)=2 e W=R*
And ¢ dim(W)=1, tten W =5au : aeF € (o son nem-2ero yechor ue 1P*
2) Tp V=R, thean din (V)23 and for W= 5 (a,8,0): 4,8 €RE we have dinr (W)=2 .
(as §C10,0), (0,0,0)§ &s a Hnsic fr W) and dim (U) =1 for l/'—f(a,ﬂ,a/-' aelRS
©

z
‘3 W ok the /\a —f/w
U is Yhe x~ axe

LCovr‘o//m/é, If W &« a%fa«f7 a vs. I/ wity J[m(l/} 4127/ (% w?/&sis fr W oeau fe estended vo a

u=(8c)

We  cau /"Sﬂ‘w/(%éfwo[,/e3=

o/rm[W)=ﬂ ~ W e ”’;’L’ /"’;“V(/

dim (W)=l = Wis a line Throgh 2 origin,
p{im{h/):a - W (s a plane v‘hm% Yoe ory/w/
din (W)= —  W=[R®

=y
X

L ineap Vransformations

DC'L/"MIW&M LotV and W e s, (sver F)

A wnction T 2 /=W is a linear dronspormatsn from V% W e, pr oM k,iel/ and ¢ eF-
(2) T(x+3) = T(¥)+ 7‘(5)

(4{) T(CX) = cT[X)

daMi‘flkzw and  scalbr paold. addition and Scadasr
m V mult. in l/l/

Busic properties o linear fromse or wiakisus

Lt TV W e ¢ lin trausformation . Tlaw :

N T(o)=0

2) Tcx J): CT/X)+ 7‘[&) for M’f,r,ﬂél//ce/—_. (7_;';5 holdc /f””/ ’th it T is /?VLW)‘
) T (x-g4) = Te)-Tly)

4) T(ia;x;): ;aiT(n) por oM x;eVya;€ F

U oot . L xewgise.




Exoww?‘%- Some cmwftv, op lr}z.ﬁunswmmft'ms 'T'T‘Rl A>|Rl.
) Td(a,0) = (e, 24,).
z) For oay 676/@/ y{quhe.‘
Tg 1 IR* —R*
Ty (a,a;) = ( o2 @ — 4, ciu 8, qg,,,ﬂ+a26039) — cheok $ad T i lnew )
—The rodution ((cowevter- c/wykbwge)% flg a/mz/k 6.
/] To(ay,4,)

/29 f (a,, 4)

>

3) T(a,, a2) = (a,,~a,) — Vhe reglectiou ot (lg - aps.

6%70\1)

T(aya.)

YT (a,a) =4, 0 — The projection ony the x-axis.

Erwaapla. Yo sogive T : My, (F)=> My (F) % T(A) = A | whore A ic the transpose 2 A
Thew T is a fin. Wausgotmartron .

—

Exwmpffz Depine T P, (K) = F,, (R) % T ( £6) = ('), whye ('(x) devodes oo dewrivaftive o {6,

To show (hat™ T (s livgay lw‘ &), hd & P,(R) and aeR 4 aw b tras Thew :

K:I'( aa(x} +h(x)) (ﬂd()()f-/,(;()) = ag (x} +h(,y) 7 - T(gﬁ()) + 7 (/,{,\4(%

Exoample. Lt V= COR), the vechor space s.c condinmons, reid ~votued pumitone o R
Leg méé/R) a4€g€fura/ We dogive T :V = [R (”Lvs/ﬁ)%
T(p = 5 £CE) bt
for M pomctions £ e V. 4 { =
Teon T is liar (becanse 5(45@4) chie) g =a Sgedt + Sh)dt = a T+ T(h).
Null spae  and range. ’
Deginition. LAV and Wihe vs , and T: VoW % (inear.
Dl N(T) =§xeV: T)=0f — Yhe null space  (or ferned ) sg 7.
2) LA R(T) =§T6): xeV§ —  the bonge (o image) o T.

Example. Lot Vad W 4o vs.

) We oegine T :V—=V 17 1092 x for oM xeV — Tl io/%"t{"”g Hrausformoion.
Thon T is lineay, N(I)=F0f and R(I)=V.

D We dpine T, : ¥ = W T, (x) =0 (or oMl xell — the 2ev0 Yramsgormad (ou.
77% To ic /?ku&ad"/ (7;,) :V and R(To) = fﬂf



Theovem 2.4 Lt V, by be vs and T:V—>W lineas.
Thowi N(T) and R(T) are subspmes o Y and W, respectively.
Prwf.
{ DN(T) is a subspae o V.
(@) 0 en(T) — ac T(0) =0
)9 Lx xg € N(T) and c ¢ F.
Tler, T(,(+g) T(A’)+T(]= 0+0=9p and T(cx)=c- /(x)a c-0=0.
Heue X+fe N(T) ana( cxe MT)
Soe N(T) is @ SMA/W&} V.
L) R(T) /s « S«W{S/’ME— 4 W,
k Ama/égmﬁé (olo ).

Thewveniza ot YW 4e vs and TV W liveor.
It B=5v,..,Vu8 15 a feais fr V) then
R(T) = Span (T(2) = Span (§T(w), -, TOWR),
Prog.  Clearby T(vi) ¢ R(T) for each i-
Aj R(T) is a Swéspm&;_ '14// Sfan (fT(v,, /T(/")j) S[:w(l(}a)) < R(T) ({7 Theoveun (f)
Suppose we R(T), thew w= T(V) for soma vel
As p is a 4esis por V, we hove
v = Z AiVi  per sone a; &
Auo( smoa T ic linear,
w= l(V)-Z\ol T(v)) 6 gPan(T(F))
k Hamee R(T) < Span((T(p).

bepinition. LA V,W b vs and T: VW lineor
Te N(T), R(T) e ginite -olimumsisnad, hen we degrae
nu//)/z7(/—) = dim (M),
rank (T) = om (R(T})

- In wlwf/ye/fg it W(T) i /ﬂl’}z (ot s, T sends wary vecdors pom V o 0) Vhen R(T) shof
{{ MSpqfl” (:m‘ So vecksvs v W cam be oldained Tfmmﬂ% vecdors v V) And vice versq.
TAMVMZ&(AV'WS/W Tloovers). Lot V,W be vs and T: VoW finear _L'L o(/m(V) 200 thew
Vm//[ﬁ(T) + rank(T) = diwr (V)
Presg.
5"747‘056 ttatf i (V) =0, 9/145»1[/‘/(7'))=£, and §v,. v48 i 2 fosis for V().
by the (oveblory o Vjsrems 11/
Can oxtyd  §Vi,- V43 do a fasis /3'—5\/.,...,\/4)vg,,,.._/vh] pr V.
Claim. S =% Ttvy), ., Tv)f is a bsic far R(T).
MRS g,wwwk& R(T).
As T(v)=o or i<k, Vheorom 2.2
R(T) = Span (£T(w), ;T (v.)8) = Spom ($T(vaudy -, T6:)) = Span (S).

« S s lin inoap. :
< 2 4, T(v)=0 b b €F. ,
4T B, T (000 25 (1 o s s pr M)

Se mee)\/(/)
Hoe 3 €.,...,cpe F such Vot %€V~ZCV,) or 2(6)11 +24V—0

=K+t
Sine P s a {M/s for |/ we hove ;=0 for oM /.
HWLQ S s Iin. maéf

S, Jim(V}:Ml Aom {/V(ﬁ)_-é and JIW(R(T)/ = p - 4.



