Alyhraic dessription e qpepations i K (V, W)
Last time we saw : - rety liv.Sransformastion_can fe represeatted &y Ma{r/'x/
lineot Vrans formg s prem VW (arm o vectr spae A (V) h/) 5 wnder  pointwise addition and
These orf?ﬂ\ﬂ'lm on A‘(V) W) wrrespon/ to matriv additivn omd scalar wult. on the re,:resem‘aflm_ M
TAWW 28
LA V)W in. dim v.s. with ondeyed 452 b wd ¥, l"espcch'v(/%j.
LML T,M-' V——»W e lineqr. ﬂum

a) [T*MZ; = [T]; + [M]:A oioc/ra#/'m; on mwadrics !
0 LTI = W
Prwiu
QLet p iV, Vil amd Fiwi,., W],

There g/yr;tl W/M soa/‘wg a; and {,.J-"(/s/fm) 1525;4) sd:

T(v,—):éag W, and L/(vj):%'.l,-)wi pr 1%jsn,

Honce m )
(T+u)(v)) = %(“:¢'+f’g)"’z
m, o {he matrix [T+M]; we here

([T+ul}) ;= ayeby = (T35 « LUT))

\é) Sintilay (Ewni;e )

Example. Lot T M- K > R e degined 4
T (a,,4) =(4,+2a,, 0,24,~44,),
U (a,a,) = ﬂ'/‘”z, 24, ,34, t2d,) .

Led p,o de the standard srdored €oses por R* and K’f resp. Vhem

/3 _ . /A
3

L - WXMM'O/C s

Afp/gitzj o/e/(./'ni%im, we heve

(T+M/ (a,, 2,)= /ﬂ, + 34, )ﬂ)ld,—lmz)“(ffﬂz)Zﬂ,,Sﬂ,fZJZ) =[za, +20,, 24, 5”('271). Se

2 2
[TW]::/,% Z) = [7]; *[M]; —os Theorom 2.6 predicds .

Gmposition op lin Sramsp)s and matrix a1 plicatl vy,
D%:'W'HWL Lef TVoIW and U @ W—=2 4 Fwo liu V”NWK'L_’_( of vsTs.
Their composition , devoted UT | is ¢« pwmction prom Vo £ degined «%
UT (x) = M(T(x}) pr oM xe /.

NT _\ :LVV:: u(T(v))

u

Thoven 2.9 Lt VW, 2 4o vs ovr F.
LO\” T: V“’]/\/ and M'W—‘JZ‘& (inear.
Thew UT :V—~2 ic lneor.
P roog.
Left X,y € V ond ac F. Wm _ Ji o)
UT (ax+g) = U(T(arty) )2 Y T T(p)) =" al(T60) = UCT ()= o (47) ) ~UT ).

See  Froblom Seﬂf' 4 for” mere basic 'th&f\"ﬁg 7_ e Com/f”/,s}‘f}pn.



‘A”‘""’M fad V) W/% we  ys ower F and 1S
&L = §V,,~-, Vhf 7 F: éw/)w, me)d/ :fz,,...)z',%ﬁe Wv(WCD( @B&ES fo” V/|4/ auo( Z, I”Cs'oed"nl/e/g.
Lt T VoW and U:W—>Z 4 linear

LA A=TLUIL and B=[TIE 4o Aheir wafric representstos.
We howe UT : V—2  — their towpositiov

o Lets cdonlate its warix represeudadiou [1T]]
Fer 1¢jen, we hove

" L] “ e Ffm P
U)o () = A8 ) - Z800) = 228y (Fhu2)- 2 (T Ab ) 202
whate L

Cy = = AubByy
/—/Ww [MTJ:/ : C - (Ci))lﬁ'gsr -
This vovipuartion oVjvates  Vhe ,,4;;{’”77?;% F radfrix mulFiplicat o
Cefmﬁ,‘m LA A be an mxn matric, mwd & an  nxp watri  We degine the produt o A omd B,

0

devpted /T’B/ v‘; b Vhe mxp mafrix  such hat
(AB,J)‘*%AJK By, frr l%i=m, izjzp

Exomple .
1) (r 1[)(2) . (l-%zzﬂ-s): (,5)
0 4=l |y 04‘1411-2-*(_{).5 3 )
2) Matrix multiplicafion (s ot copmutative.
<11)<01 :(ll Lot 0/)(”}_:((70 <o [t s passi% MAE*’LBA
90\ 1o 0o ’ 1o ) oo 1)

%) Recall Ve deginitron of The Frauspese e a maric froma Problows St 2

Ie Ae M, ., (F), thea s ¢romspose ACe M, . (E) Fiven % (/‘k),)' = Aji peraMl 5iem 124 4.
We %W M

(AB)*=p°A°
Todeed, we hove n " o
(AE‘)-:' - (AB)J':' = kL/_:‘ AJ“ B, - gl&k;ﬁﬂ:% (&é)ik (A )k) = (6 Aé)u A

Qu(-wmiw(ﬂ o ot previons ca/{wtwfim, we Cam how e T in o wmpw( form M}mﬂ wodrix  wiy Ifipliceofvou,
Tharrem 2.0

Lt v, W and 2. & pov. dism. Vs with orolved  Lpres d) R and ¥, reAPcc*Hve/%.
LA T-VoW and U:W>Z be  lin tansprraakions.  Theu
LuT]® = Culg CT)

Cotallany. LtV b a pin div 5. it am_ordred fosis 2.
L LeA Ty ¢ RV). Thom [UTJg = [U1, [T], .

Exm/;/<, Let U: P, (R) = P, (R) a/m/{ TP (R) P, (If) % The lin Nrousg. dogiined @5,
U(ed) = ¢/ (x)  amd T (ge)= f((f)alf,

[_nﬂl J\‘—fl,z,)(’,x;j WJ }zgl,x,,\if (: fae SA‘aMMﬂ/ 01‘0(04”?/ W 0(\ Pa (’R} and PL(IPJ/ r%/’*"d"”f]-
WC /‘44/{1.'

U()=0= 0] +0x +0.x" Hence - 0 /oo
U(X)=1 = I/ +0x+0-x> ZM],& 2o 020
U (xP)=2x =01 +2.x+g9.x 0 ¢

U (X'*):gx":o-lﬁ‘ﬂ.)({.g.xl.
Sivai lowly , for T we bose.



7_(/) 2 X2 01+ [xtgxeox® & {0 ; g
T (x) =L x*=01r0x+Lix*+0x* Henee [TJJ3 “les 0]
T(x) = £x*=0140x+0x2+ 5% 013
T N x)
[uT], = Cul, (7] = (9 "/7 = [Ij/s , where T: R(R) = P(R) = the Mw*ﬁ rsperadion
00

72»/'; Coug iFms fhe WW Theoreym o whondis ju a ﬁfuar/n/ w«sc,/

|t A=
D%M'{Hw The pan ’m/wwlf? maxrix I,,, is p(ﬂ?/}uo( % (]‘7)// . {0 /’: ;1/4‘
L e o0 jk:(”//ﬂ )1 = ({;’og) ) A
dgo)

We swmmmarize basic prsﬂﬁ‘f% 2 wedrix pu /vlip/r'mfm(

Themomt 2.2, LA A e M,,,,M(F}/ B,C¢ My (F)) ond D, E¢ M?m (F). Theu

A A(B+C) = ABAC aud (DHE)A = DA +EA.

t) a (AR) = (@A)& = A(ad) for oy scalor acF.

) T, A =A=AL,. —

NI dim(V)=n and TV=V st iorbily dowssparmotion, haa [1[= 1, for eniy ovcbnd

basis, P V
Pros;.
N See  Fextlook.
Comppure o fhe Lanic propertics o the conposifion o lin Avamsprrmotuns  (Theorewn 2,00).

Ca/a/llia)('inﬁ vadue of a lin Aramsy. u,s[mj its  mofrix represeutsiioy

Thettrenn 2 14,
led T V=W 4 livesy, W gin.dim 15 Wity ovoloved fases Poand &, respecfively.

M wakr

Thow  por cach uel/ we hove K—'\(/wwwwx
/ [Tl = 17,045,
vechvr m\/./'\
its wordinte vetor,

Pqu_, viewed s o x| VV'DL*)"IX
$M‘prgg< )3"§V”""V“§} F=§ oy Wil — ovdoyed Asgen for V and R Yo‘(ruzv(’ivdﬂ.
Les )(e(/ Sey XAV A,

W{s) D(—l} <ﬂ|>
qu

Lot B =L[TIF. The s n L,
T(X—a,T(VH +a,,/(l/h)_q,(zf$ Wi P_+a,,(23 w =‘ %l‘b ij)wi

Hence Z,- 4 BId a4 -
[7-()()\7 ) = B ( ) — 2y waned.
2 “J Ly 4,

e o

T)/W/l o | 0 4 (A//OM/#M M a FVEVIM M(D/Wf/&
[T]jb: (,, ’ Z_Z - BT~ shvadeyd  ovoleved foses.

LA Pl ¢ P, (R) te  wrtitn MWW{E /:(x) 2- 44k vax®
Then  T(pea) = fﬁ()—~v+:?+5x‘

Hemce

E)rwmﬂ& LeA T P(/k)%lo 6@) (‘ij/wﬂ % 7-(,4/’()) ,ﬁﬂ()



y
[T(FM)J;, = [f’fx)], = L).
)

0
¥
71, [Pty =

w o

9
[
0
0
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o)) - s e

A$$ociaﬁv3 a  linesg %w%«arm)ﬂm h o wefrix

Depinidion Lt Ae Mypn (F).  We donote 4 Lt wagping
L, FQ”—»F’" dogiived by Ly ()= A
regowded ol column veckvrs.
Q/C M LA a /q.-v‘—mu/v‘ip//cﬁim WWWM.

Example L
Le)f' /4: (0’ { L)eszg(/R)j lwwcc LA" Rg—ﬁ /RZ

I

Lox-(3) e Loo-pr- (00) (5= (9

Thesverm 215 <“Pre'p€/r+l'€& o La) -
LA Ae men (F) Thew L,q . F'"= F is  linear . "
I¢ B eM,,, (F) and P e the s dovd  srdened Hases fer F oand F , resp., heu

2 [LA];:A-
0 La=L, 2=> A=8

) Lae=Latbe, L= aby pr ol ae B )
H Tp T F = f" s lin, Ten e is 0 wiigue  CeMpn(F) st T= Lo Topd, C=[T],
Q Tp EeMpo(F), Yoam Lag =L,L,.

3| T wm=n, thean LT_":_T

|

Phq,, Livnwd—z ot LA is cleer 6‘6 Theorewr 2.12.
) The )Lh orlupan ot [LA]:Z s Lale) =Ae; ) whichis aleo n“Jﬁ ohrn o1 A
Se [LA_(;:A
g)"é": Aear v ¥
st Te La=lp , then 4y (), A= [LA]P*—[LB]F:B.
D LA T F 5" & liw, leA ¢ = [T15.
By Thaovem 2.1y, .
[T(x}_]a = [7}; Ddp , o T(9)=Cx = LG por oM xe F |
So  T=Le. T wipremess o C petlows  prom (8).
e) (AE)Q)» = $e (JW' column o AE ”—A(Ee;\ — koAl MVM/{:{-,% o (yn\ljd'n see @g wr(‘ng
o fle rrM(//W('s,
That  Lap ()= (AE)e; = A(Ee)) = Ly (Ee) = L, (Lg (o))"
Hoe L, =L,lg (4;7#1 ma//a/rd o Thaovem 2.6, (¢ to lincor $omspls opvee on a fosis flun

Yoy are W).

Thewvem 2.16. (MaAris wuMiplicastion (s associative)
LA he M, (F), BeM, (F),CeM,, (F). Then
A(se) = (AR) C.
Preeq.

\(c), (¢) — Exercise.

Fxr



We hove (usivg Vhwear 2.1S(€) and associativity o e composidion g pumekious)
Lyog=babec=la(lele)=(Lat,)lce=logle=L

(Ag)c -
By Tasrem 2.15 (6), A (8C) = (A8)c.

I nvewrtibi [ivy

Depinibirs, LA V and W/ b v and T VoW fneer
A [_wm U:-W—=V s an myerse of T
Te T hoe an inverse, Fhon T /s inverditle.
I{_ T i iwv.&r"ﬁ%/ Theur Yhe myerse o T s HMI}WL& and s oAewpted 4(7 7_4’

7[£ 7M=Iu/ and MT:IV'

Basic 'wa‘s abonst inverdifle pncfvons .

ok Tand Y e invertite. Thau fre potlowing hetds:
a) (T)'=u'T" ,

8) (T7)'= 7'/ P FM'/’AW/“””) T s /'p/wy!‘VLI"Ml.

Y T s mvertitle 2=> T s a f,’aiw‘iLW‘V/.

FVO’&F, 7_) " fr MZ Jel/t/, TT"(C.f) "Iw(ﬁ —_&_ Hence y= T( 7'”(1,) yso Tis swrjecdive.
Asvme T(x) =T(x), Thon T (700) ~T(T(x)) , “hance %,=x — so T i injective.

Therrewa 207 Lot W levs | Jet T V=W 4 Jio and invertifle.
Thewn T-,-' W - l/ s g/ko [/ near.
Preog.

LeA Sy € W oand ceF Sive T is 4t s jective and ;y'wﬁw, Hhove €xist  wsgut  vectors
x, eV s Ta)z=y, and T(x1)=J2_, gt

The %= T7(y) ond 2, =T"Go). " And 50 y
T eyiig) = T (e T+ Ti) = T (T (enin)) = Iy(exiom) = exny = c T G+ T (3

Example. LA T : £ (R)~ R™ 4 the i, rancy oélf/-h&/? T (at4x) = (q,a+4).
Thew T R =P MK i ole'um/@ T (e,d) = c+ (d-c)x" — atso linest, as Theovesn 2. 17 predicts.

+ Recal The am/% between finear ramsgormadtions amd  matrices.
Deginition. Lot Ae My (F). Thon A is invertitle g Vhere exisds BeM,,(F) ot AB=BA=T.

Node . 7y A /Lryvrv‘/‘&(z/ Hoen The wotrix & such Yhat AB=RA=T is wur

scatled he inverse o A and
(I; C were amothoy such maXric, than C=CI = C(AB) = (CA)B = TR =& ).

denoted 47

- Tewre q (o) o (18] Dndel, (LO)(00)=(1 )= (42)(i1)

Lowma. LA T V=W b lin. and imwertitle, and dim (V) <0 Then dim (V) = diem (W),
Pr&e(_, Led R= $x, e XS be a Lssis fer V.

[5(.1 Thestrem 2.2, .Spom(T(]z,)) = R(T) =W.

Neat, T is a 4ijectin, so:

dim (/1/(7’)) =0 (as M(T)=353 as T is iz/y'u)ﬁfe).

dine (R(T)) = diws (W) (s R(T)=W.).
Henee, by dre  duimension fheoren,  olim (V) = diwe (N(T)) + diia €(T)) = dim(w).

-



Theorews 218 Lot VW 4 f/w i, v.s. withs syeved €osec 2 and &, resp.
Lt TV >W be lin
T hew T is mVM‘q‘IW &> ):l_-(} e invertifle.

Furttar more [7 ] ([T]P)"

P roog
‘SSuppose T is imvertitle.
Ea' fhe Lemma) c//m(f/) = o im (W) =. So [7];6 th,,(f:)_
By d whm) T WV safiepies TT'=1, and 7T =1,  Tha
I = [13p > [T' 7] = LTI CTI5.
5/vwl/w/
[TI15 [( 1r-1..
So [TI{ i in vertible oo ([T]P) ‘[T J

§“H>m A= [7'_7/3 i invertile. Thon fhere exicds B¢ Mpso (F)  st. AB=BA=T,.
8(7 Theorem 2.6, \ﬂ\we exists Meﬂ(WV) s.+.
M(WJJ by T fEL

Where Y= {w,,,, ,,j B =Ygy Vind .
T+ petows Aot [MJF B
To stew thad  (f= T’ ) netice thad

[T, = [WI[TIZ < BA =T, = LT3 =4 Therew 2.1

$o MT"‘IV ” am/ S;WI'/W%/ TU=T,.

“@"

Ekmp/l(- Lt poand & & e sandord ordoved  fpirn o P/(/ﬁ) and /fz/ resp.
For T givew T(M{)() (a,4+8) from tha previous esomple, we here
F /a) ndl ~_]_( ) We have v checked oot Lok o These
L F ( [ Y -l maAvices is Z:lﬂihvwsao; e oAy

C&’P&Md Lt A e M”,”[FJ. Thm A i inverditle 2= Lﬁ is inrertibly . /‘101'601’&&"/ (LA)_/:LA



