Pasis and o imenision .

Recall ot s \/ is a fuscs P Vi it _quu(}):\/ and pisa /.',,,.fquo. sef

We bave shawn (Theoem I8) trat i L, Unf T a basis for |/, Pren e/mrﬁ veckor ve |/ can fo expressed s
V=4, 4 4 ti,d,
Cr g wniw thoice o Ve scalars 41, )% e F.

¢ But  hew dots ene ,c/no/q Losis por Ve
Thesrem 1.9. I(_ V s a vealsr spae ﬁ,w—ara/{‘e/ g(y ¢ finik sof- S/ Fhou  some subsed o S e

[ a basis por V. T fan-f/};«/lwr/ V has a ginite fasis.

Proor.

lwf S=¢ or S‘"?{Of/ o V:Srw"(s):fgfm/ﬁ Is a subset o S tht (s a tasis (or V

Wl\wwi;e) S contains a4 veckor u, # 0.

Bd‘ tle previevk wmwf&) e s 73 is /irw? fnzv(ﬂfwM.

T Vterve isu, In Sst. Fu,md i shill /IW‘H }wﬁp./ add it v ju,§ ?,M‘ U U,

Te Plove s UyeS S, Uz Usg is livv. adep., add it Vo oltain the sef {”’/”Z/”sf) edc . ..

Sinee S s pote  this P rocess nus st ou semag ste0 4, and we tainn a set

Priu, L u,p =S sH P is //'Wéy M./ bt pusx3 is //L,_M o ang xe_S\},

Claim. P Is a fesis for V

P s lin. indep, — % corvstructvon

Remains ¢ show : 5f4w(ﬁ):l/

gg Theorean ZE)MJb to stww Vhat S £ Spam (R)— as Span(p) isa%;mv;l/w}fqm}o(j S, it mucd atsy
conhain  Span (S)=V.

Lo¥ vel & Wg//VMg

I,c VER , then \/éjpam(ﬁ)_

Ofkarvise, ik Vi, thn by conghuctinn v 33 s lindep. — 50 ve Spam(p) % Vieorews |7

Thus S = Spam (p).

\

v Eyilence F a brsie i ) cou e /skave/W/I/waX. wsswaing (haf S i paife as W&/// ﬁlfﬂé/’ﬁ? is wave. mlved,
. ’/—Ws) ﬂ/waf f/'m'/c WMV@S&?‘ for V  cou e pedued do o bsi for V, ereMWMUM rectors .
Example. Tle st S =$(2,3,5) (10,-2), (720), (010)f <R  gmorgtes IR ( cheok it /J

We reduce it ¢ a &5(5?/2;} < fn The prosg o Tbesrena 1.9,

S, =5 5908 — lin indep.  (as it wmsisk o as/hg/& wen -2 om0 vetor)

5,=f(2;"3,5), (/,ﬂ/-z)jé—s*l’// //hmo(lp (CM it Selvivig e Qar‘yfgfﬂHJI"Aj 50(,07‘6144 oF Jrngor ’”7%&19‘/07&)
Ca =5 (2,55), (b02),02,0,0)5¥

but (0,//0) 5.5W($,_} D- % (1, ‘3,5')‘—637? (’1”/"7—)* ,j., (7,L,a) :(ﬂ//,a),

Hae p=S, s a fesis for (R®

Now, the keg technicad ressll oz fhis seitiom. the size q G

Tleovem Lio (l?ef/amwf). let |/ 4 a vs. WW% 7 sa‘&szar&/&/-m/ nd W LeV & 4 //h/'m@
subsed F V with L= .
Then  men, ond Vrere exists H< C uitn /H/= a-m  sucs toas L uH Jw.btrw(% V.
Prw(., We prove it ty mductive on m,
For m=0 , L=¢ , aud so we cam duke H=6 (then JH=h 2ty and H=1L uH ézww»»(« l/)_
Now supprse Vhe resoft is Trae for m 20, and we prove ¥ for m.
Lef L23v, cvmul eV b loindep. , |L]=m+l.
Theovem 16, 30, ..;Vu§ Ts also lin. indap. Af/’lﬁf':j The indnction ?/th%) m<n and Vheve (s asubsest

fu, i nml & 6 st 3V Ve VS, Uy Jovsvafes V.



50, Hove exiX Gy os@my #1 oy b w-m suctr Yot

At ot A Vg + ity + it by Wy = 7 (*)

NeAc. Since $i,yVon,Veneid & lin. indep., we must have n>m (e s ,n 2mtl) and come 5;;(0/ sasf 4 #o.
(cfhensise Varrs /5 a lis cubinativ g v, .., V).

Solvieq (%) for t gives:

u, = [~{,’7’)V/ MEERN S _%'IL)VW, ""(?(‘-)VMH + —%\7/47_—/»...4»(_ f’;‘L)M,,_M, (*%)

LA H = fuy tnmd ), so JHl=n-(mr). ’

Thenr U, € Span (L uH) % (#al)} and 50 fv,,.,.,l/m)u,,...,u,,-m_fs.S/Jan (Lt//'l)~

As 301yl Uy ey e pontrades V) Span (LuH) =) (g Theorem Ls)

Thos) fhe Mooreun iz tree for il — and gy iy dudion e por M m!

This (lworews  hos szﬁ / nt” s Lt .
Cara//a? [ LA Vile avs /tw'wy a  finie agis. Thew oy tsis for V towkaing the spme nwnker ot veohors.
Pmp. Supprse p £V witt [B/=n is o 4sic for V) ind fet FeV e Myoﬂw busis por V.
5&4{77036 s /d’/>14/ and &’/{— SEY heve n+r elueenss
Sime & s lin. indep. and B purofes V) % e (of/admmf therrom N+l sn — a  weradicton.
Ths (¥ =m < 0.
Rversing The yolos 6 B and & ) by (e same avgumend we geA Nzm. flewce n=m.

N

This ot moker possifle the ,za%/m/}uﬂ [wportoest bt initun.

Depinition. A vs Vs tinite ~dimeusional  ig it has a ginite fasic,

The (wrique) nwibey o veckors in 4 fosis por V ic cabled Vhe dimensing op V | dewoted i (V).
Tt twve i no pinite fasis, then |/ i inginik~ dinensionad

Exawple.  In view o tre previpn, disoussion, we hove :
0 dim (fo{) =o0. (¢ ls Yhe {asis).

2) dim ( F") =, (j(/,a,__,a)) (91,0,.0), - ,(0,-..,0,)§ 7s 4 hsis g size ). B 0 [\ o
3) dim (/”I,,,W):mnv (2‘5’5 tligmy 12 jeul s a fesis e Size mn vecall flat EY ~ '6%’5) )
4) din (p,,(F)) = N+, (;/j X,XI},.A}X“j is a asis o size /4+/)_

Excovple. On Yoo ofhuy hoand | some o T famifiog exonmples ove /hgiw/'le—o/fmws/ma/
by the veplacument Trerrewn , i V' is tinite-dimensiood | ttan po lin. indep, set- canr coutuin wave tan diwe (V)
Aeoments  Tlous ; ‘

P(F) i inginile - dimensiovaf (ﬂS Frxx, X% .3 s am tnginite fin. tndep. s&‘)

Corollawy 2. Lt Ve a s, o dimeunsion 1.

”)4“3 lin. indep. subseX op V with n denents s a basis.

K)Ewe/& lin. indep. Waf. V cawr le esdouded do a /MBMK

Presg. (leX p e a tosis por ¥ P70

) kX LV k ﬁm"’"”‘f— with LI=n. B, T Replacewenst thwsrem JH S R with IH/=0-p=0 eclemenk
such thaX Lol seerates | Thus 1L/=¢, and S0 L gorerates V — 5o L is a fosis,

6) T¢ LV is linindep. wity [LI=m) &y Yhe Replacepondt Vieorem TH<p witt, Hzn-m such ttat
LuH Wi‘a.)(cr, Vv Mow vt = m+(n-m)=n.
1%, Thurew 1.5 LUH Coutains sme subsed & which 5 a fokis for V, and /H/=n % [grg//qg /
Budt then g =LUH.

Theorem L.

Lt~ W fe a w&fm % a Vs \/ with /lM(V)éVC,
Then  dim (W) = dim(V).

Mrreover, it dim (W)=/'W[V),V‘Zl€h V=w.



I’Mf_,

Let dim(V)=n.

Te W=§of then dim(W)=0 <u (4y The previevs example ).

Otherwice  J x, e h/; x,70. Se X3 s a /r"m?htﬂqa. Sest.

Continne OMS/I/& X, kg €W st Sx,.,x4f is /in.}nphf.

Since o lin ndep. >ufseX of V cam wukain pure than n vectors (Corl+ Carz)/ this procecs must
stop I a salag,z Wheve

é v, §x,.,X48 s /in,/'m(vf;,) % 50,8 VEVS s lin. dop. (o ovy v € W.

By Theorem /-7) +his /Wp/l.t’/s S.oam (fx,,..,)x1g2)-—— W) herice fx,,”.,xéj s & basis for w.
5o dim (W) = £ zu,

(amo( % Cow//ag 20, it £z Vhen 3x,.x43is a fesis for V/ hene W=l/.)

lesis tor V.

Prosg. Tz Scif is aasis pr W) it s a //b.:hp(erls,wfsdof. V/ so cam Lo esdended Fo a4 taris for Vo
Exomaple.

) Letrs describe ol subspoee o V= K
We Epow dr'm(/ezj:Z_ [wg f(/,a)} (0,08 is a fw&fs)\
By Theoraw 111, for evevy subspme  WER® we nust pove dim(W) = 0,1 or 2.
It‘ div (W) =0 Hten szq} and it dw (W)=2 e W=R*
And ¢ dim(W)=1, tten W =5au : aeF € (o son nem-2ero yechor ue 1P*
2) Tp V=R, thean din (V)23 and for W= 5 (a,8,0): 4,8 €RE we have dinr (W)=2 .
(as §C10,0), (0,0,0)§ &s a Hnsic fr W) and dim (U) =1 for l/'—f(a,ﬂ,a/-' aelRS
©

z
‘3 W ok the /\a —f/w
U is Yhe x~ axe

LCovr‘o//m/é, If W &« a%fa«f7 a vs. I/ wity J[m(l/} 4127/ (% w?/&sis fr W oeau fe estended vo a

u=(8c)

We  cau /"Sﬂ‘w/(%éfwo[,/e3=

o/rm[W)=ﬂ ~ W e ”’;’L’ /"’;“V(/

dim (W)=l = Wis a line Throgh 2 origin,
p{im{h/):a - W (s a plane v‘hm% Yoe ory/w/
din (W)= —  W=[R®

=y
X

L ineap Vransformations

DC'L/"MIW&M LotV and W e s, (sver F)

A wnction T 2 /=W is a linear dronspormatsn from V% W e, pr oM k,iel/ and ¢ eF-
(2) T(x+3) = T(¥)+ 7‘(5)

(4{) T(CX) = cT[X)

daMi‘flkzw and  scalbr paold. addition and Scadasr
m V mult. in l/l/

Busic properties o linear fromse or wiakisus

Lt TV W e ¢ lin trausformation . Tlaw :

N T(o)=0

2) Tcx J): CT/X)+ 7‘[&) for M’f,r,ﬂél//ce/—_. (7_;';5 holdc /f””/ ’th it T is /?VLW)‘
) T (x-g4) = Te)-Tly)

4) T(ia;x;): ;aiT(n) por oM x;eVya;€ F

U oot . L xewgise.




Exoww?‘%- Some cmwftv, op lr}z.ﬁunswmmft'ms 'T'T‘Rl A>|Rl.
) Td(a,0) = (e, 24,).
z) For oay 676/@/ y{quhe.‘
Tg 1 IR* —R*
Ty (a,a;) = ( o2 @ — 4, ciu 8, qg,,,ﬂ+a26039) — cheok $ad T i lnew )
—The rodution ((cowevter- c/wykbwge)% flg a/mz/k 6.
/] To(ay,4,)

/29 f (a,, 4)

>

3) T(a,, a2) = (a,,~a,) — Vhe reglectiou ot (lg - aps.

6%70\1)

T(aya.)

YT (a,a) =4, 0 — The projection ony the x-axis.

Erwaapla. Yo sogive T : My, (F)=> My (F) % T(A) = A | whore A ic the transpose 2 A
Thew T is a fin. Wausgotmartron .

—

Exwmpffz Depine T P, (K) = F,, (R) % T ( £6) = ('), whye ('(x) devodes oo dewrivaftive o {6,

To show (hat™ T (s livgay lw‘ &), hd & P,(R) and aeR 4 aw b tras Thew :

K:I'( aa(x} +h(x)) (ﬂd()()f-/,(;()) = ag (x} +h(,y) 7 - T(gﬁ()) + 7 (/,{,\4(%

Exoample. Lt V= COR), the vechor space s.c condinmons, reid ~votued pumitone o R
Leg méé/R) a4€g€fura/ We dogive T :V = [R (”Lvs/ﬁ)%
T(p = 5 £CE) bt
for M pomctions £ e V. 4 { =
Teon T is liar (becanse 5(45@4) chie) g =a Sgedt + Sh)dt = a T+ T(h).
Null spae  and range. ’
Deginition. LAV and Wihe vs , and T: VoW % (inear.
Dl N(T) =§xeV: T)=0f — Yhe null space  (or ferned ) sg 7.
2) LA R(T) =§T6): xeV§ —  the bonge (o image) o T.

Example. Lot Vad W 4o vs.

) We oegine T :V—=V 17 1092 x for oM xeV — Tl io/%"t{"”g Hrausformoion.
Thon T is lineay, N(I)=F0f and R(I)=V.

D We dpine T, : ¥ = W T, (x) =0 (or oMl xell — the 2ev0 Yramsgormad (ou.
77% To ic /?ku&ad"/ (7;,) :V and R(To) = fﬂf



Theovem 2.4 Lt V, by be vs and T:V—>W lineas.
Thowi N(T) and R(T) are subspmes o Y and W, respectively.
Proof.
{ DN(T) is a subspae o V.
(@) 0 en(T) — ac T(0) =0
)9 Lx xg € N(T) and c ¢ F.
Tler, T(,(+g) T(A’)+T(]= 0+0=9p and T(cx)=c- /(x)a c-0=0.
Heue X+fe N(T) ana( cxe MT)
Soe N(T) is @ SMA/W&} V.
2) R(T) 15 & sobspoe e W/
k Ama/w (040 ).

Thewveniza ot YW 4e vs and TV W liveor.
Ie B=5v,..,vu8 is a frais for V ) then | dengA T(/B)f 37-(1/,),.HJ T(V.,,)f, we have
R(T) = Span (T(R)) = Span (§T(v), ..., T(w)3 ),
Phq_, Clearby T(vi) ¢ R(T) foreach I
As R(T) is o swbspacap W, Span (37000, T(a)}) = Spem(T(p) S R(T) (b Thewey L)
Suppose we R(T)/ thev w = T(V) fFr seme vel
As )5”('5 a Aosis MV,WC horve
v = Z AiVi  per sone a; &
Auo( smoa T ic linear,
k W= l(v)-Za T(vi) ¢ Span (T(P) .

Home  R(T) < Span(T(R)).

bepinition. LA V,W b vs and T: VW lineor
Te N(T), R(T) e ginite -olimumsisnad, hen we degrae
m,//z./zj(/‘) = dim (M(T)),
rank (T) = om (R(T})

- In wlwf/ye/fg it W(T) i /ﬂl;az (thot s, T sends wary vecdors pom V o 0) V%en )Q(7')5/m4
/gc “small? (ot so veckors 1n W cam be obdained T trom tte yecdors i V). More precis
/Auvmz.ﬁ(ﬂfmwszow Tloovers). Lot VW be vs and T:V=>W livear Ip diw(V) <o ﬂum
Vm//[ﬁ(T) + rank(T) = diwr (V)
Prosg.
5"747‘055 ttatf i (V) =0, 9/145»1[/‘/(7'))=£, and §v,. v48 i 2 fosis for V().
by the (oveblory o Vjsrems 11/
Can oxtyd  §Vi,- V43 do a fasis /3'—5\/.,...,\/4)vg,,,.._/vh] pr V.
Claim. S =% Tlvy), ., Tv)f is a bsic for R(T).
© S geerofes R(T).
As T(v)=o or i<k, Vheorom 2.2
R(T) = Span (£T(w), -, T (v.)8) = Spom ($T(vauly -, T6)) = Span (S).

S i Jin. [le(ﬂf..'
< 2y 6, T(v)=0 4 g, € F. .
AT i o, T (G380, (1 o s s pr M)

Se Z?,V,e)\/(/)
Hoe 3 €.,...,cpe F such Vot %€V~ZCV,) or 2(6)11 +24V—0

=K+t
Sine P s a {M/s for I/ we hove ;=0 for oM /.
HWL( S s Iin. maéf

Lo Jim(y):kl} Aim {/V(ﬁ):é and JIW(R(T)/ = /S/ = n“é.



Example .
NItk T F —?ka bogriad 4;1 T((a,,...)q.,)):(a,,.i.,a,,_,)_ —se 1 “torgts” dle n-th MW

Thow T is linear, N(T)=5(0,.,0, 0) :0,6F§ and R(T)= F""
had  dim (F")zn1, dim (W(T)=)"" and dim(R(T)) = divs (F") = n-.

2) LA T: B(R) —> R(R) 4e the dipperonfiotios trauspormation, thet is T(pe0) = p') ot sy pelynowiaf ph
Them  T(ptx))=0 &> p) =0 & P constand. So /1/(7'): f o hon s pa/é];wmzh/ﬁ in P[K)_(-
Recal dhat 51,52, ,x"§ is a tasis por P (R). Sine /= T(¥), x :éT(X‘),.HJ X" = LT(x"), T follows
AV = Span (0, T (*)35) < £(7).

kﬂ% dit (P (R) =11, dim (B(D)) =1 and dim (W(T)) =/

D&(.im'h'ou. L TV =W 4 a ). v(‘lfwg‘c.

T s injeckive g T(V)=T(w) implies v=u , por oM el

T e surjective [T —VA we W theve g sone ve I/ such Tt 7_(1/)341[
L_\ T & éyw(v’ve e 1ois bty jnjeckie oud  Surjective.
Theorewn 2.4 LA T: Vo be iscor Than T is injective i amd wly ig N(T)= 7of.
Proq,.
=" S"WTB ivijexoﬁve) and X xen(T)

Then T(x) =g = T(s) => Xx=0. Heuce  N(T) = 378,

" Assume N(T)= 500 and swppose Tlx) =T(y).
L Then  0=T()=T(y) =T (x"y) , as T is lin

S x-y & N(T) = §o3. Aence X-f =0, o X=Y.

Tharrem 2.5, let T V=W 4 lin, and i (V) :o/im(W) <o Then fle (»v//‘m//wda e %/’Va/m‘fﬁ
a T i I]AJM/I/C,
6) T s swrjective.
o T is bjective.
a{) diw ( R(T)) = a((m(‘/).

Prog.
By the dimousin Tloorear, dim (N(T))4 di (R(T)) = diwa (V).

WL 1’14/1/(’. : (WW'Z."I) :
T s \"leuA’ive = N(7) "?0} (=> of[wy(N(T)) =0 &> dim (R(T)): "!“’"'(V) D)

2> din (R(T)) = dim (W] =>  R(T)=w &> T is surjecdhie.

(Thwa 1.11)
E)ra/Wl/l/{
1) Deg ine T F P T (a,a,) = (044, a,),
Thon  N(T)= §03 , 50T is injeckive. By Thoovew 25 T s adso swryesdive.
2) Degiva T2, (R)>R™ T(aoraxe. +x") 2 (a,a,..,9,).

TLVA/I 7- {5 /fw axi/[p{ /’M(/’b(/('l;\/c} W 7 ;5 GIJM;/K (q; J(M(P”(K}):pll;y(/K / /)

Neat we  stuw That W&f} lin, VLI/'M/IS‘L © WW'f/W% &Mmf%ﬂ/ % (B o on a besis !

Theavrent 2.6.
LA VW G vs over a predd F, amd feA §v, ..,V e« (esie for V.

FW‘ W""'/ w, & '4/ ﬂ\bfe gaAs Wo«)"ﬁ L2274 lin. #MMM[W T V- W S.'fi
T(l/;) =Ww; e i':/).,./M.



Led xe V. Thaw x= Zavi (o sowe wgue scelors 4, anc F. (frcamse 50,.uf i o osis!)
We a(ﬂ-flhena wep T: ]’;AW {27

T(x) = ‘Z aGw .
a) T s livear .

Suppose Wy e V o osid dcF~ We cam write

U= 2 8, v, and V:% Gvi P osewe Seadorg ), 4

Than “
dusv = ; ("‘gl‘*(i)v;-

Co - “ “
T-(O(M'l"/): %J(,,(g,~+(,-)w,» = o( 2 g;w; -rzC;W/' '—‘*0{ T(M) + T(V)

w, Cipoey € €F.

b)) TOi)=wi for iz, ,u  — oheor prom  The Asginjturn o V.

é) T is MM/W.
Suppose ad U VW is lingar | and tok [t ahso satispies U(v)=Wi (o iz1, 0.
TLW, for ;(e\/ with  x= ; av, we hovg (ae U fs lineor )
M(x) = Z "’;M("i):é 4w = T(A-

i=

Howe =T

Cﬂa//wg,, Lt V/h/ & vs; V hes a (,,_wfk tesic {V,}...)V;,f‘
LIG UT 2 V—=W we fnwar and (//('/('):7(v,-)/-«r i:(),‘,) b Vhen U=r.

éxwf/e, Lag- T: /Rz”‘//e2 & Ve fin. Wmsp)rwwftim v(lffmw( %
T(quai) "_‘(Zﬂl’ql) 3{2,)
-Sufpo’x dret U R? > P e lin, "Llra/vls'ﬁ -
I( we kuow Tt UCL2)= (3,3) and U(00) =(13) /ﬂ“"‘” u=T.
This pollows From  the Wo//axg ) Gecawse  5C1,2),(1)1)f js a besis for R*



