
 115A Reminder Chapter I II
Vectorspares
Definition A vectorspateVovera field F is a setwithtwooperations additionandscalar multiplication

so forany xy inV and a c F X1g and ax are in V such that the following
conditions hold

Vst x y y x por au x y in V commutativity

i i s i
VSG d b x ab X for all in Vand ab in F
VS7 aCity axtag for an a in Fandng in V distributive laws
vs8 atb X ax Gx for all 96in F and inV

Elements of V are called vectors
Elements of F are called scalars

Theorem1.1 cancellationlaw
let Vbe a vs and let x y z EV
If X 2 Y Z then X y

WEnmfmy vector spaceVthere is a uniqueelement 0 satisfyi 43 the zerorectorof V
2 Forany vs V andang t in V there is a uniqueelementy in satisfying Cvs4
It is called the inverseof X and clenched by x

Theorem 1.2 Let Vbe a vs over F
For all inV and a in F we have
1 O X 0 Note the 1st O is a scalarin F the2ndone is the zerovector in V

ta o AYNL IT isthezerovectorog v onbothsides
Subspaces
Definition Let V be a vs A subset W EV is a subspace of V ie W itself is a vs
with respect to the additionandscalar multiplication defined on V

Theorem1.3 Let Vbe a vs and let WEV be a subset of V
Then W is a subspaceof it andonly if all of thefollowing conditions hold
a O EW

W is closedunder additionI Ww terror
a
u IIIand w Wis closedunderscalar multiplication

Theorem 1.4 Let be a vs over F

IHufgwplaqigwnv.ae subspaces of V then the set W W n w h Awn is also a

Linear combinations
Definition Let V be a vs and let S EV be a nonempty subsetof V

In
a



2µgsspanquaggunosedspan s is the sussesg consistingprecisely g an linearcombinations

span s a n t 1 anun i ne N aiC F UiES
For convenience we defineSparr O o

Theorem 1.5 Let s be anysubsetof a v s V Then
1 Span s is a subspaceof V
2 Any subspace g V thatcontains 5 mustalsocontain Span s

Definition Let V bea vs and S a subsetof V
Wesaythat S generates or spans if Span s V

Definition A subset S og a vs V is linearlydependent if thereexists a finitenumberof
distinct vectors U un ins andscalars a anc F with at leastone ai to such that
a U t anUn 0

We call s linearly independent if it is not linearlydependent

Theorem 1.6 Let Vbe a vs and S cSzc V betwosubsetsof V
1 If S is 1independent then Sz is also linearlydependent
2 If Sz is 1inindep then S is also 1in indeep

Theorem 1.7 Let S be a 1in indep subset of a vectorspace V
Let V be any rector in V not contained in Shen Su v is 1indeep if and only if vespan s

Bases and dimension
Definition A basis for a v s V is a subsetof V which is 1inindep andgenerates V

Theorem1.8 A subset U Un of a r s V is a basis if andonly if every vector veV
can le written uniquelyin theform

a U t 1anUn

ggqq.g.F.me means mymere my onepossgee meman a satisfying
the equality

Theoremt.es If a vs V isgeneratedby a finite subsets then some subsetof S is abasisforV
It follows thatevery finitelygenerated v s has a basis

Theorem1.10 Replacementtheorem
Let Vee a vs generatedby a set 6 EV with 161 n and let L be a tin.indep subsetof VKtm
hen men andthere existsHEG with IHI n m such that LVHgeneratesV

Corollary1 Let Vbe a finitelygenerated vs Theneverybasis for V has the same numberof
elements

Definition A vs V is finitedimensional if it has a finite basis
The unique numberof vectors in a basis for is calledthedimension of V devoted dim V
there is no finitebasis then V is infinite dimensional

Coq
Hong2 let Vbe a vs ofdimension n Then



g of

µAAnymfin.MY atisnYiseoetgMvVwimmmnteammetainhatisakaetasis rectors

Every tin indep subsetof V can beextended to abasisfor V

Theorem 1.11 Let W be a subspace of a vs V with dim V ca
Then dim W Edim V
Moreover if dim W dim V then V W

Linear transformations
Def Let VandWbe vs over thesame fieldofscalars F
A 1in transformation from V to W is a function T V W satisfying
1 T x y T x 1Tly for all y c V
T cx CT x for all EV and cc F

Properties of 1in transformations
1 Let T V W be a 1in transf Then
a T o O
b T 7 Aix II di Thi for all EV ai Ef

2 A function T V W is a 1intransf T.cc y cTx1 Tly for allmyc V EEF
Them 2.6 Let V W be vs VS over a field F and let v vn be abasis for V
LThenttoyfwy rectors WI Ewan EW there existsexactly one 1in transf T V Wst

Def Let T V w be a 1in transf
1 T is injective if 1 v Tcu imlies V U for all u ve V

I iisssffjdeaf.IE if t.fr fTuiwngewyirethereandissu7jeeefire
t TM w

Null space and range
Def Let V W be v s and T V W a 1in transf
1 The null space of T isdefined as
NCT x c V 1 x o

the MEftw y eYggejYomemderIg.that
is the set

Thru2.1
I N T is a subspace of V
2 R T is a subspaceof W

Them2.4 Let T V W be a 1in transf Then 2.2 Let T V Wbe a 1in transf
1 T is injective N T o AssumeB v vn is a basis for V
T is surjective R t W Then RCT Span Cri T un

Then 2.3 Dimension Theorem
Let VWbe vs T V W a 1in transf and dim V ax Then
dim V dim NCT dim RCT



Thru 2.5 Let T V Wbe a 1intransf and assume dim V dimW

ftp.sina.rhnggigEe.tmmiY
are equivalent

3 T is bijective
4 dim RCTI dim v

The vectorspate of linear transformations LCVW
Def Let V Wbe vs over F and let T U V W be linear transformations
Then we define the functions TtU and aT forevery ac F by
C U x T x Ucr for all c V
Cat x a TCH for all c V

Them 2.7
If T and H are linear then Ttu and all are also linear

ef We denote the set of all 1in transf s from V to W by L V w
Then it is a v s over F with the operations of addition andscalar multiplication

µffkdwFYewe write Lcv instead of LCVV
Matrix representation of a 1in transf
Def Let V be a r s with dim V a 0 An ordered basis for V is a basis for Vwith
a specified order on its vectors

Def Let B v vn be an ordered basis for V
Then any vectorxeVcan be written as

t
g.at4q

i7aseTutormimosEYeTassirea pane

Dey Let U W be vs with ordered bases p v vn and F w Wm respectively
Let T V W be a 1intransformation

LEE
IT.EEiE.g

iI ng mdm.mdriiaeaiea

where Twi g are the coordinates of the vector T Vi cW withrespect to the basis 8
If VW and p 8 we simply write IT p
Then2.8
Let VWbe tindim V.s s with orderedbases pand8 resp

ftp.IIY.in.fmz.waEuy.i tIiior'E iT IEu's rise
3 Eat a IT 5 for all a c F



mp a man myq yay au y w gangDey Let U W Z be r S s over F
Their composition is the function
CUTIE UH for an v

UTitrom V to Z definedby
Them2.9 If Tand H are linear then UT is also linear

Def Given matrices A c Mmm F and BCMap f we define the product
A BE Mmp f to be the matrix with the entries

AB ij 7 Air Brig for i em i ajeep
Thin 2 u Let VWZ be tindim vsis with orderedbases L p 8 respectively

Let T V W and H W 2 be 1in transformations Then
TUTTI EUI TIE

Corollary Let V be a findim v s with an ordered basispLet T U c LCV
Then Utp TU3pIT3p

Thin2.14 Let VWbe tindim v s s withordered bases p and 8 resp
Let T V W be a 1in transf Then foreach vector u c V we have
TCH IT 8p Iip

so we calculatethe coordinates of thevectorT u from the coordinatesof the rectoru

Def To every matrix A CMmm f weassociate a linear transformation La f Fm
defined by
4an E Ani Test779 fimmmhiTforEwIi

Invertibility
Def Let V w be vs s and T V W linear
A tin transf U W V is the inverse og T if

UT Iv and TU Iw
4 Tis invertible it it has an inverse

Basic facts

I.IEEEIEae
it
mEEunismim.anaiaemaea ear

Lemma Let T V W be 1in and invertible and dim V ca
Then dim V dim W

Def A matrix A c Man F is invertible if there exist Be Mnxn F s t AB BA I
If such a B exists the it isunique called the inverseof A and denotedbyA



Then2.18 Let Vw be fin dim v s s with ordered bases13and 8 resp
Let T V Wbe tin

Thfunnertmoirse Etting f
matrix Itp is invertible

Isomorphisms
Def Two vs s V andW are isomorphic if there exists an invertible 1in transp

T V W Such a T is called an isomorphism from V onto W

Thru 2.19 Two fin dim v s s VandW are isomorphic dim V dim W

Corollary Let V be a vs over F Then V is isomorphic to f it andonly if dim V h

Thom 2.20 Let VW be v s s over F din V n din W m
Let p r be ordered bases for V W resp
Then the map 01 LCV w Mmm F defined by

is an isomorphism
TIE for all Tech w

coronary It dim V n din W m then dim L VW dim Mmn F Mn

Dual spaces
Definition Let Vbe a vectorspaceover a fieldofscalars F whichis itself a vectorspareofdim1 over F
A lineartransformationfrom V to F iscalled a linearfunctionalon V

TEREx1 Let Vbethe vs ofcontinuous realvaluedfunctions ontheinterval o zit Fix afunctionageV Thenthe
function h V IR definedby
hCanin yzfIffontIaegctohdf.torxc V

Definite integral isoneofthemostimportant 1in functionals

Ex2 Let V Mmm F anddefine f V Fby f A tr A the traceof thematrixAEV
recall tr A A Azzt Ann Then f is a 1in functional

Let V be a finitedim vs and let13 Ex xn be an orderedbasisfor V For each i i z n we

think II aiwonweviaihehaaa.in istaemiEdimateaasetoi.m's
ru nie.tEePaisitsY emhti is

Def For a vs V over F we define the dualspaceof tobe the v s L V F denoted
L.by V We definethedouble dual of to be the dualof
Thus V is the vs consistingof all 1in functionals on V
Remark If V is finite dimensional then by Theorem 2.20 We have
dim dim L V F dim Mdmcrdim F dim V din F dim V l dim V
Hence byThem2.19 Vand V are isomorphic this can befalsewhenV is infinite dimensional

d



Thin2.24 Supp that V is afindim vs over F with the orderedbasis D Ex Xu Let fi is ish
bethe ith coordinate function w r t B Cas in Example3above Let B fi fn
Then p is an orderedbasis for

LS intimas.ms4 imIEEi tEE EneeIinI i m

Let g 7 fHi fi Then for 1 E j e n we have gCx TEfari fi Xj II fKilfiKj
Since by definition tiKj I j

wegetgap fix
Hence t andg are two1intransformations thatagree on every rectorin a basis hencetheyare equal on
thewholespare bycorollaryto Thm2.6

Def UsingthenotationofThem2.24 we call theorderedbasisp f fn of V thatsatisfies fiKj olit IIfhe dualbasis of p
Ex4 Let 13 2,17 3,1 be an orderedbasis for KIR supposethat thedualbasis of p isgivenby
B fi fa To determine aformulafor f we know thatbydef it mustsatisfytheequations
I f Cz i f Cze ez 2file t f es

Ii'yn'Iepthation's.iewefIaeitIfieie.Iianae.ce.i s Hence any xtsy
Similarly wegetfactg X 2g
Assume now that V Ware findim v s over F withorderedbases13and 8 respectivelydim v mdimcwt.in

Recall Section2.4 there exists a one to one correspondencebetween1intransformations T V Wand min
matricesover F givenby T IT
Question Given a matrix A IT whenis it possible tofind a 1intransformation U representedbythematrix
At insomebasis

Ofcourse if mt n then it is impossible for U tobe a 1intransformation from V to W Dualspaceshelp
Thom2.25 Let Vand Wbefindim vs over F withorderedbases13and8 resp
For any 1intransformation T V W the map Tt i w defined by
1 t g GT for an gewis
paraffin

trmstormation suchthat Itt f Etp
t Y EYwT

1 Forany geW we defined Tt g g T i e the compositionoflinearmaps T V W andgW F

i i i i i
hence TtCagh aTtcg Tt h so Tt i W is a 1in transformation
2 Let p xi Xa and r y ym beasgiven withdualbases p f fu and8 g gm resp
Let A IT A ij
To find the jthcolumnofthematrix Tt we begin byexpressing thevectorTt gj c V as a
linearcombinationof thevectorsof p ByThem2.24 wehave 1
Tt gj gjT IICg T xs fs
Sothe row i column j entryof thematrix Tt j is
8 ftp.ICI i gjfEAkiyk EAkigyLkTjg Aji

r if j k
o if jtk


