S A Remindsr Chapter T+ I
Vecdor spaes.
Def}niv‘/'m. A vedor spre \/ma ‘Ll?,/o/ F ic a set with two Waﬁﬁﬂas) addition and scadot mu/v‘fpli(a)ﬁ'm}
(o fr my X4 inl/ and aefF, x4 and _ax arve (n V) such (haf the M"M@
condi tions  held.
(vs1)  x+ =ytx for oM ;4 in V  ( commutativi )
(V) (xtg)+2 = x+(g+2) fov oM x)y2 in V' (associativi
(VSS) Theve oxists an eloment o inlf such Wat x +0 = x por all xeV (/'c/en"fﬂz)
(Vsy) For each x in V' there is an chowent g in |/ such thaf  xeq =0 o & an inverse o X)
(Vs$5) 1-x =X for all x in V (WWC [ s The mu/*ip/imﬂ(ive IM‘H@ o F)
(vs¢) a(gx):(qf)x tor oM xinV and af in F
(Vs?) a(xty) = ax+aq por oM ain F and x4 in V. } Aistribwtive laws
(VSg) (a+8) x = ﬂX—fZ\r pr oM “8 i F aud x inV,
kE/W.S or V are colled vechors.
E lenentz st F ave catled scahays,

Theovem [/ ( Camcellastion Jaw)
Lt~ V/ te a vs. and et X, 4,2 e V.
Te x+2 =y+2  +ten x=4.

Covollory.
D In avy veotor spue | thoye s ¢ wnigue oweat 0 wﬂ‘fgfg{ng (1539 — fhe 2ero vector oo V.
2) For s vs. V/ aund xinV, fhere i a ww/j/m Mdz i sqﬁ'isf(jﬂ‘ﬁj (Vsy).

It is cofMed The iuVWge_e:L 2 ond  deneted éX —Xx.

Theovem (2. Let V & avs over F.
For al x inV  and ain F we have:
) 0-x =0 [/Vo»k.'ﬂmISJ0/Lca.Sca/d/ran}ﬂwZ’dwixmz’/"ﬂvw v V)
2 (a)-x=z-(ax) =a(-x)
3) a0 =9 ( Note: +hic &mzwa\/w‘vrq(, Vmwﬁfﬁ(lﬂ)

Subspars.
Deguitin. LA V e a rs A subset WEV isa subspwe og V je W itsedg is a vs.
L with respect Yo Yhe additivn oud scaler muftiplication depined on V.

Theswem 12 Lt V fe a ks, and [t WEV le a subseX ot V

Then W s a %SPML o V i and an/g if il o Yhe fa//mi@ coudi Hiom ho/d
(a) 0 W

(¢) X +4 eW fer all xy eW (W is closed widor add ition)

() cx eW for aMl ceF and xeW (Wis closed wnder scahar mu[iplicativy)

Theowem 14 Lt V 4 a vs. over F.
I(- W,)...)Wn are 5u65paws of V/ theu The et W :W, N W, N . .NW, is alse a

Linear combinartime
Deginition. Legt V fe a vs, and lA SEV te a ne-emply subsed o V.
DA vedor v in V ic a linear cowmbinatin o S ¢ ene cam wrik

V=aqu+au+. .*a,u,
o some vectors . u, inS  and some scalaws @,y @n in F.



2) The span o S) Adenoded Spam (S) , is the subsed oV wnsz’é}iw frec'twfy % M Jineor combinationt
% <. W/'sl

Sfolvl (5) :fa,u,-f vt QuM, héW/ ;€ F/ M;eS_(_
For cuvenience, we degine Span (g) =508,

ﬂWMM 1S LA S & ay suleod o a Vs, V ﬂw
) Span(S) is a subspae o V.
2) /4145 subspace @V thaX containg S must afso com¥ain  Span (S),

inidien. Lt V b avs and S o sabset op V.
LW@ S0y thet S g;wwm‘f& (or sixwvs) V i Span {$): V.

De/(.m,-ﬂ;m, A subset S o a Vs /i /inwg o(vme I Vhere exisU 9 finide number o
distincA  veckors u,,..,u, in S and scalews a,,.., a, ¢ F/ With at |esst ene a; #0, Such bt
av + ... *d,d, =0.

We catf S //'rwlou, /nﬁ(zf&m@mﬂ‘ AR /ima/r? Aepondend.

Thesremn 6. Lt V be a vs and S, €S, sV L x/'%%uéu‘sq_v.
0 Te S, ic lin depemcent, Yhen S, is elso //mwg Aopon dpnkf .
2) Ip S, is lin. inolep., theu S, is atso [in. indep.

Thesrema 1.4. Lest S be a lin. mdep . subset o 4 vehr space V.
LtV fe vetsr in V' net condained m S
Then SuUsvi is lin. dep. i¢ and o’ng i v e Span ().

Bases and dimension.

Deginition A bosis  por a vs. V  is a sukeet o V which is lin indep. and J,Wwfes V.

Thearom 18, A subset U, unE o a vs. V ic a fasic j¢ and smg i veny veotsr veV
tom b written am}?uogf m the form

= 4, U, + .. Adp U,
Where a;¢F.

(so r’un}m/g'/ heare  mpans Voad thep i« gwta one possi e choice o e scadurs a,,..a, ¢ F $q¥/‘5fJ/}U

Theovem 1&. 1p a vs. V ic }merwéu( b a finike WS,MM semme W%S s aﬁs&/wl{
{\ Tt rollows Sthat w@g ‘Liw\l&? Wa;(e,/ v.s. hot a  fasis.

Theorear 1. 10, (Replacemenst Theoveon)

LA V4 avs. fw.e/raxfed % a self <V with /é/=i7} and fet- L fe a Iin.}wofcf-f«um%y}/i/’”l
Thon m2n , ond there oxisds H< b with [HI= n-m Such Yhat L yH awtwa,v‘es V.

Corollary I Lt V be a tini wenated v.s. Thon every fasic for V  has fhe same munber o
L 4 e o tinikly g K

Depinidion, A vs V i (inike-of imonsionad W it pas  a ginive asis.
ﬂ«a (waigue ) muber op Veotors in d fasis for | s Glled the dinension o V) denated diwt (V).
lp flove s no fnite fasic, Yan Vs rhf/'wi/(—o//mﬂﬂsfmn?/

(Corollowg2. Lt V & avs oo dmension n.  Then:



a) Ay ot 17 MMIVWWV%’M aft leasXt 1 ypcHors.
é) An;/%/m. /%f(:,fr S»ﬁsw‘ A V with n duwenwrs is a bsic. St
C} EVWJ live. rltw(vfx. sudoctt o V cam b osclended to a fesic for V.

Themew LIl Lot W & a pqéspm o a4 vs V' wity o//'m(V)Am.
ﬂ% dl'm(W) ét/IW(V).
MJW/WW, i( /!W(W}IJIW(W/ Viem V=W

Lineat ramspormationd

bb{- LeA V and W fe vs. over the samw ‘u‘e/a/ o scalas  F.

A /}W.WWWMM prom V o W s a /,owzc;ﬁrm T VoW s«ﬁ‘/'spgfyﬂ
) T(x+g) = T(X)+T(c7) fr oM ngeV.

2) T(ex) = ¢T(x) for ot xeV amd ceF_

Preperties op lin. Yramegormakions

NieA T: VoW € a lin Yoy Theu -

1) T(”)fa n

4 T(%’«;X;) :%“;T(Y;‘) e all xl-eV, a: €l

C)A tumkven T2V =W s a fin tramsg. 55 T(exty)= ) +Tly) o M 5 V) cel.

Thm 2.6 LA VW b vs  vs. over a greld F, and 1<% 5v, v,7 te o bosis for V.
Thow  (or vy Veckws W, ., Wa e W Thare oxishs oxoAly ene  lin. tramsg. T2V »W sd,
- T(v;)=w;, (or <0 =u

Deg LA T:Vow % a lin dramsy.

) T s mﬂ}wﬁn i¢ T(v)=T(a) imliea V=d , tor aM u,ve 4

2) T s ;Md'ca!/ve It por gﬂé welW VYhwe s some vell st T(v)=w.
3) T s €}JM[V—€ e Ttis 4L injetive acwd wrd'e,f/\‘fvz.

W ull spare and rav

Dﬁ/f— Let V)W fe v.e. and T:V=>2W @ /lh,vhfw%_

N The pull spae g T is depimed ab
N(T) =2(xe\/.' T(x):ﬂf.

2) The ravys %Tiﬁﬂc,'mw}@q_ VMMMT/W,'s e sed
R(T) = {ol{el/\/.' 4=T(x) for Seme xeV§.

Thm 2.1
D ON(T) is a subspace o V.
1) R(T) is a wﬁsfau, of W.

) T s in'e/(;Hve /=> N(T) = $0%. Asswme B =5V, Vad s a fo51S for V.

Thm 2.9 Lef T V=W 4 a lin. +rw§,c. Thm 2.2 Led T: V2w b a liv framsg.
/
(:) T s Wd‘ec}fli/e &S RT) = W. L Then R(T) = Span ({T(v,), M,T(vh)i)

LA V}‘d/@& vs., T V=W a lia. V”VWS/FA/ and o/ivw(l/) 200 Thew

Thwr 22 (Dimension Theoron)
L dim (VY = dim(N(T)) + dim (R(T)).



Thm 2.5 LA TV oW fe a lin, #W&f) and asswme  dim (V) = dim(W)
Thew fre petfowing  are @VM/VM

I) T is 1delV£

) T is Swg'@m(i\/e

3) T is 4ijefive,

q) dine (R(T)) = djun (V).

The veckor space o linear $ruasprmadvea s Lv,w)
Deg. LA V)W e vs over £, and A T Y :V=>W e [inesr Vauspormad ions.
That  we degme Yhe pamctuns T+l and T pot enenry a(-/:) 4(7

(T+U) (9 = T(I+Utx) prr M x e

G@T)(x) = aT(x) for ot xeV.

ﬂwn 2.7
Tg T aud U ere /IMW &W, T+U arzo/ u ave a/@o /fwwh

%WQWWMD;W/M*/’WM/%’SW V +o W zC(VWJ

Thew (4 & a ve eover F with Ve of,wvflws o+t addition end Scafor mb{/&/p//mw
described  dhsve.

Whea W=V , we weike L(v) inskad o L(v,V)

M adviv rezpr%wm(qv”bm o a lin. Hramsy.
D% LtV b @ vs with dim(V) 2w Ad adved bosis for Vois o basis for Vowith
a specigied arder on THs veckors,

Deg Lot P = SV, Vuf e am ordeved  buris for V.
Then oy vecksr xeV cam de writtem as
X > d, v, +..xa,v, for  Sow& unigne  scafors @, ., a,€F
We oegine Jte wwordinafe veksy o X relufive do p @Z

Oy = <QI) ¢ F

log LA V W be vs. with ordered Gaser p=5v, ] sad ¥=fw,, . waf re/spu)(iwu{ﬁ.
LA T v_-,w b a lin. ramspermation.

Tlen waArix ra,em‘diw T v He orotwed Haoes B wnd F s oL@'u‘we/ 2L
e iy [T]’ ¢ mem (F) 3—1vw @Z

[l = (ET(V.\] [ty [va ﬂ,))
l

whete L ‘(V.)Ib e 'J/Vu?-« Ceﬂro(tma)é% ot {he vekst T(l/) \/\/ with r%r»u)(’ o (e &425 X
Li€ VW and p=3, we siwply weite [’]}

Thwt 2.8
(Y, V,W‘@c Fin. dimvss with o/yo(swe:f( ‘@wg% P umo[d/ resp-
LA T, U - V=W fe lin, dromspormatina
(') U =T (MUWU ok Ue = ‘(x a/“XGV) = > ["‘]p = Tj;
) [T+ull = LTI+ Cul%
T v F.
5 [Tl = a [T1% fer ol ae



-
Composition o 101 Hrausg's  and  waAvix wu ($iplication,
Pag Lt \/)W)Z_ e ve's over T LeA TV oW oand U W2 4 (Iw,\Lra/Wls_
Thaiv wwpesitios is the punchion UT prowm V o 2, degined 8y
UTIe) = d(Te)  por oM xev.
Thm 2.3 1p Taud U are lineor, tlen UT s atee lineanr.

D@(, Giv@w M!‘C& A & mew (F’) 07/1/10/ 8 éMﬂxF ((;) ) we (/ﬁ&ffne Yhe FVOOM
AB e M, (F) T % vie potric with vhe enAries

(Aﬁ)()' >%Aik'&kb ) for I P It

Thwm 2 LA VW, 2 te in dim vss witu srdered later &, p ¥ re/,fev\zit/z/(ﬁ,
LA TV oW amd U W2 & lin. #wszf.eﬂrmm*[wt& Tlen
Cutlf = CugsCmiy.

C,O'Y‘OMMJ LAV 4« (. dim, Vs with o cvdlayed Gosis j2
LA T U ¢ RV).
Than ]:M'T_Iﬁ, = E“:SF E_l—lp.
Thie 20 Lok V)W e pin dim vss with orded fooes p owd ¥, resp
LA TV =W b a (v $romeg. “Than for 2uth vedkor welV we hwe:
[Tl , = TTI] e
(So/wQ cadolake Jug coorolinaAes e flhe Vu,‘-yy\ T(M) frem e er(imal% o e vedw H).

D"} T, ey waAkrix A éMW,,w(F> , we associade a  linear %WWMMKW LF : F"—v(—_m
Mfwé/ /ég,
Lyt = Ax for @ver (LOI‘UM“) vekw xe T
We — catl L‘A Yhe PQI(.?(‘~VM\A[~H‘>|(M)(’W %WWW

TV\VW+]€}/i42

Deg LA VoW 4o wsds omd TV 2W  dinewn

VA Tiv tramsp U W=V ds $he mverse op T I
UT= Ty omd TU =Ty

2) Tis vvertidl 1t it s am VSR,

Basic
D Te Tis tavert e Yoam its wverse is wag and s deneded % T
2) T is vertible = T i a 4’9«%/41'444.
;) I{- T}M e qn VM"}'IFM{,) Yhen
A(TU™ = U T
(T = T

Lervmma Letd T V=W b lin. oamd /p,wah‘é{g} and. X,m[ V/ < g0,

Thown—dime () = olim ()
beg A matrix A e Mun(F) s uratitle | flave exict B e My, (F) s4. AB=BA=T
L I,C swth a B @/xis*‘fs/ﬂw it Is WWM ) Ca/ﬂﬂ/d m I—Vn'\'yrg,z oF /l awm( Wﬁdg/l_’_



Thw 2.8 LA VW e fin.dim V525 with wdwed fagee B aund &) resp.
Lest T: V> W 4e lin. r
Then T ic inertifle &> He weefrix [TJF s tren+iéle.
FWMW{) I:T"j;f = (L'T];)HI,

Dog Two vs's V and b/ ore iseworfhic  i¢ thae  oxisds am luverTifle (v, Fromsqp.
L T: Vs W, So{c/{/l a T is caMed  am \Wﬂliw frovm V Ao W

Thwn 218 Two fin. dim. vs’s Vaud W are isewerphic &> diwa (V) = diw (W).
C«v—e’(/fa/ra LA Vode o vs over T Then Vg [sovwrr‘o‘/ht Yo ?M it and VW% i 0([;/14“/)’:“.

Th 220 Lt VW 4 vs)s over T ) diw (V)20 , dim (W)= m,
Lek p, v Ae  grdored fnser v \//\/‘/) resp.
Then Y weop ¢ LV, W) — Mpon (F) p/iz/(_fw&o/ '@/g

P(T) = [TIE tr oM TeL(vw)

is am igomorphism.

waiwﬂ ¢ JW(V)=M/ J{W(W/:m n% dim [ﬁ(l/;“/)):”(/'m (My,,,,y. (F:)) = mn

D waf Spms
Def-fm-‘/lw Lt Ve a Veaf'wsrm over o ffe/o/o,z sclars F (W[qfch is Tfse,/f o vefor space of dim | sver /Lj
A lnear trams for mation (rom V to F i called a fincar cumcHionad on V.

Exl Led V e e k:\t/w/DrE’ﬁnﬁwW& read ~volneo Eumcfiong o fre jafor yaA [oy2m]. Fix a pumction ge V. Then the
punction b V>R degined by
h() = ;= [ <) gt dt gor  xeV
Eoa lin. pamctionad e V.

= Aq.‘mr‘\[e ;M\@f@( Is me o Yhe nek ;MPM‘T(W'I( /fu,,LaMoY‘!M’

Ex2 Lot V=M, (F), aud dgine f:V—>F t% £(A) = tr(A) , e trae o tre malfriy Ael.
[{recd/-’ 4c(A) = A’,, + AZ.‘+...+A,,,,). Theou A s a lin. {-m(ﬂ‘lma/

degine fi(¥)=a; , whewe [X]g > % 'S Yhe wordinade vetor op x redafive Yo p. Thon ecach (i 6s
a lin. [.wmd‘[mw{ on V catfed ?Z the i corrdine gwwf:?m w.r . the Grsic P

aAn
Deg Fer a vs. V oover F, we dgine tue dusd sppe op V4o e fe vs. b (VF), doocted
éy V* We  degive the dowble dual V’mq, V 4o be the duaf "f-l/"‘r

LEXS LeA V b a flaite dim. v, and [f [ =25, .., x,F be an ordawed fosis por V. For toch izi2,-n we

Thas V¥ ie fle us, umal'sv‘?«g % M . pomcdirnaks on V.

Remar k I{L Vo (»hm‘k dimensioued , then gg Thesrem 2.20 we hove:
dioa (V7)) = diom (L(VyF)) = dim ( Mty edinte) (F)) = dim(V)- dim(F) = dina (V)1 = dim(V).
Heuce % Thon 2,18, V owod V¥ are isomorphic. ( this com be galse when V' s npiaiie a(fm%ima//./)



[Tﬂm 224 Supp. that V' is a frio dim. v.s over F wity Yie srdund fssis Bz %, Xaf Lot (), i<igh
le e it cowdinate WUf;M wirt. B (as in Expmple 3 wévﬂ/e) Let }3*':? 'L’),}."/(""j'

Thow p7 is am orcored bosis por %, and for auy g V¥ we heve o DL f(x) i

Pr Lt eV 4 wgifrurg Stace dim(V*) = @ vhe remork above, u/e,,—;«m/g reed Vo sthew Vo X
£= Z(—((,)(— (as this nmeame Vhait /’5 WQX‘%]/ a«a(}sofsizcn)hmm isafv‘é':sfﬂ‘l/#@g
The A(,f/nw Tl»uvm)

LWJ-ZHX)é Then lejan we hove: g(x)= (Z.,c/x,)f)() Zéfx),f(xJ)

Since by dpinitim, i04))= 2“ : ’é , we gt g0g) = £ ).

lee, t wa((] we Fwo lin . Srams pormod (o3 W agrec o4 ww(j veor [y a é»u,}si hemee 1‘1\1& s er/.a/ on
e whele S (% Ma”wd o Thm 2.6).

C)e,f_ MWJ e pofattion o Thn 224, we el Ve oroewed fosis p¥= S¢ o fud ¢ V* thet safispies  (;6xj)= ;’g,lf;

1",\2 M‘JM/SJFF

EXH LA p=520), (305 b an wdured fosis por VZR' Suppose thakt e duod bsis o g s 574/% &
)3 =5 £ (a3, To defermme a formuda por fo, we kno Vhaf 62{ deg . it mugd SM(/S/WWW

12 (o (2,0) =€, (2e,+€) =2f,(e) + ¢, (es),

0= Fi(s,0) = (3€t€) =34(e) + {(€).

5°/v;»\J The epnafions | ve obfain (,(e,)~-| and f,(e)=3. Home f(,(xg)=-K+3y

Simi!mlﬁ ) we J,o)a‘ f‘-“”i) :,\r-ZJ_

Asswne pow  Thot l/)l/l/a/re (;M dim. v.s. ower F with WM@:/W P amd &/ rosfu)!‘/l/eyg, o/lm[l/} MJm[h/}'n
Recall (Section 2.4): there exists a me/“o ~one Gerrespondence fetweon lin. “"mmmlw TV and mxn
maAries over F J/vzw % T e [/J;;

Question: Given « matric A= LTIs | when ic if possible to find a linSraustorwodioy Y “f’”’m”’(% fe_watrix
A insome bosis ¢

O Wgz/if mtn thea H is impossif/e por U o fe a I;n.frm;f»f'mﬂ‘im rov Vo Wo Dual spoeg hul,o./

Thm 226 LA V amd W fe tn. dim. vs. over F with wodoved ooes P amd &, resp.

(For wng lin. v‘rwsfarmaﬁllm T: VoW , the map Tt-' W¥“’>V* Je(_}meol 4”
T (4) = T por oM ew”

5 a hi Wiwmaﬁ(lm Sui‘l ﬂlJ [’T'tJ = ([TJ:)t
Proq_.

1) For Je W we d{bflweo( Tf/j) 57} ).e. tle oompos:*rm ¥ [(weapr Maps SV vwl/de W-F.
Hence /f/J) s a /mw map  from [/J)F so Tt is ov elemayt o V*. Thus mJeea/ T wops w*
va’~e V7. G!Vwmg g he W wnd acF , we hove st fL” »el/

(ig_:\h/)(x) = (ﬂg+l~)7_)(x) = @g)(19) -a((wx)) Yo (T o T(g))(x) (/ ‘W),

hewe TF (4544)- aTG)+Th) 5 T W' V" e o i, wmswmdw
L) Le}(’ PN o et el e 5(7'" lgmj te as J:Vw) with ouad toses }5 =56, /(‘"5 and &% = 55!) /fmf resp.
Le)f ’4 Ll] (’4 J) *
To giad the /"" thumin o the madrix [} _J,» ) e #dm 43 (/)«/ﬂ’ess/hg/ fle vechor T (J))(— 4; 7
/mw cont brnat fout 5. foe yedbors o p7. 5(7 Thwm 2.24 Wwe heve - \
(ﬂq,) §iT = Z(J,T)(xs),cs »*
So Ha vewi, w/wwm :/ e/wl-r(y ot T matrix [T ]J’f is

L(&T)(x) 34(7(’()) Jd(Z\AAJIi) EAAD: Ai.

Hene fT"J A S :‘I ok

=0 ip j#



