



































































































































Dualspaces continued

Dey The 1in transformation Ttdefined in Thin2.25 iscalledthe transpose ofT
It istheunique 1in transformation U s.t.EUfII LTJp t

Ex5 Define T P IR IRby 1 pan p o plz Thisis a 1intransformation
Let13 and 8 bethestandardorderedbases for P IR andK respectively Wehave Dpt E
Wecompute Tt from itsdefinition

i i
c
c

Usingsimilar computations Exercise we obtain c o 6 1 andd 2 Hence we get
Ttp o a ETpt t as predictedbyThin2.25

Next we considerthedoubledualspace of V
Def For a vector xeV wedefine I F by R f f x forevery fEV
hen I is a tinfunctionalon V I at g af g x a f x 1gx a I f Ig so I c V

Lemma Let Vbe a findim vs and XeV If I f o for all fc V then X o
Proof Let to Weshowthat thereexists CEV s t I f to
Choose an orderedbasis13 Xi in for V s t t X
Let f tu bethedualbasisof p Then fcar to Let f fi

Them2.26 Let Vbe a findim vs and definethemap Yi V by y I Then x is an isomorphism
Proof a y is linear
Let xy c Vand cc F For te V we have YCarty f f city CfG fly CI f if f city H

Herqgoney.czoye czynppgygyyyyp aezer any m some.eu then mean w
Bytheprevious Iemma X o So N Y40
c y is an isomorphism Thisfollowsfrom b and thefactthat dim V dim

Corollary Let Vbe a findim vs withdualspace V Thenevery orderedbasisfor isthedualbasis forsome
basis for V
Proof Let E for beanorderedbasis for V Combining Them2.24 and Thin2.26 thereexists a dualbasis

Ii iii initiitaisas Ii l man imai

115A Reminder Eigenvectors

Def A matrix A c Mmm F is diagonal if A j o for all i j
Def A tin operator T cLCV dimly so is diagonalizable if there exists an ordered
Lbasis p for such that TIP is a diagonal matrix
Beg i Given A BcMmm F we say that Aand B are similar if there exists an
invertible matrix QE Mmm f such that B Q AQ
2 A matrix At Mn F is diagonalizable if A is similar to a diagonal matrix














































































































Then Let T cLCV dim V s and 13,8 ordered bases for V
Then det Etp det ET rThus det IT3,37 does not depend on p and iscalled the determinant of T or det T

Proposition
1 T isbijective det T 10
4 T is bijective Det TY det T
If Uc LCV then det TU detCT Det U

Then Let T cLCV dim V ex and p an ord basis for V Then
T is diagonalizable ETIp is diagonalizable

Corollary A cMmm Fl is diagonalizable La is diagonalizable

Def 1 Let T c V dim V ee
A non zero vector ve is an eigenvector of T if Tlv A v for some X c F
Then X is an eigenvalueoft corresponding to the eigenvector v

2 Let A cMmm F
AthenaEE I eigenraisufffisemwfteorp.gov itAv tv or some tee

Thru A tin operator TCLCV is diagonalizable it and only if there exists
an ordered basis13 for consisting of eigenvectors tort
Furthermore then

IT p where di is the eigenvalue corresponding to the ith vector

Thru 5.2 def is an eigenvalue of T Det T A Iv 0

Corollary for AcMmm f def is aneigenvalue ofA detCA XIN o

Dey 1 For AcMnxn f the polynomial fCt detFA t I n iscalled
theefhfftaef.isjcdimYTvTminMotandA p is an cordbasis for V Let TELCH

We define the characteristic polynomial of T to be fCt detTtp CIn
Properties of char polynomials
Let A cMan F be given let fCt be its char polynomial
c f t is of degreeh and moreover f t C1 t tCn t t Co for someco cuff

Lyta'Easisaffniggranked.EE f gentfaiEescasYettFiasisatamosrotn'roots's
4 If I c F is an eigenvalueof A then

c F is an eigenvectorof A corresp to A xto and x c N LA 1 Ipn
Theorem 5.5
Let Ted V be a 1inoperator on V and let d 1k be distincteigenvalues of
guff Yg Ver are erect's of T s t Vi correspondsto 4 then the set

is 1in indeep



Corollary Let TeLCV and dim V n

f T has a distinct e Val's then T is diagonalizable

Def A polynomial fit c P F splits over f if there are scalars c a an c F
not necessarily distinct such that
fit c t a Ctaz t an

Them 5.6 TheChan polynomialof any diagonalizable 1in operatorsplits
Dey Let 1 be an eVal of a 1in operator or matrixwith char polynomialHH
The algebraic multiplicity of4 is the largest positive integer k for which CtHkis
gcfgeto.ir of C t That is tht canbe written as fett Ct d get for some polynomial

Dey let T cLCV I am eigenvalue g T Wedefine Ed the eigenspace oft
corresp to 1 as

jwfcm.it suef3paagNv T tIrl Cmdsimilary fora matrix
consisting of o and theerects of T correspto d

Them 5.7 Let TcLCV dim V ca t an e Val of T with multiplicity m
Then I e dim Ex Em

Invariantand cyclic subspaces
Def Let T V Vbe a 1inoperator on V Asubspace Wof V iscalled a Tinvariant subspaceof if
W E W that is if The W for all rew

Exl Let T beany 1in operatoron V Thenthefollowing subspares of Vare Tinvariant
1 o as Tco o
2 V

qgqy then w we have so we µ
5 Ey for any eigenvalued of T if visan eigenrect bydef Tlv tv forsome def so Tlv cSpan v Hence

1 Ex c Span Ex Ed as Ed is a subspaceof V
Ex2 Let T be a 1inop on V IRSdefinedby
1 abc a16 btc o

Hiit.ae i iai iie.i ie i tIiii i o ws
2 The x axis WEGoo teIR is a T invsubspace
vcWz v caoo forsomeacIR Tlv a o o10 o a o o c W

Def Let Tbea tinop on V And let xeV be a non zerovector The subspace
W Span xTCH Tix is calledthe Tcyclicsubspace of Vgeneratedby x

Rem It is thesmallest T invariantsubspaceof Vcontaining x That is anyT invariant subspaceof V
containing x mustalsocontain W Indeed if ZEVis a T invsubspaceof Vand te Z thenbyT inv alsoTCHEZ
2 x T TCH cZ So xTCHTYx EZ and as Z is a subspacewegetWSpan xTCHTCH cZ



Ex3 Let Tbe a 1in op onIR definedby Tcaeec Cetc a c 3C
Wedeterminethe Tcyclicsubspacegeneratedby e Ci oo
Tle TCi o o o l o ez

he IT II centered ti et ice e
Hence 1 e C ez e e e for all n henceSpan e TleT4e Span e ez S t o s tEIR

Hey If T is a 1in op on V and W is a T invariantsubspace of V we consider themap TwiW W
the restrictionof T to W definedby Tw x TG for all x cW notethatTHEW as Wis T inv
hen Tw is a 1in op on W txyew acF we haveTw arty T ax g

T at Ty EtaTw Twig

As a lin op Tw inheritscertainpropertiesfrom itsparent operatorT
Thm5.21 Let Tbe a 1inop on a findim vs V andletWbe a T inv subspaceof V
Thenthecharacteristicpolynomialof TwdividesthecharacteristicpolynomialofT
Proof Choon anorderedbasis 8 v v Ver porW andextendit toan orderedbasisp v1v2 Verve v forV
Let A IT p and B Twg Then we have

A ftp.ttq.BpiITIYBpttyktilp Hynde

p t.si si i iea a i ii
Let thtbethecharpolynomial ofT andget the charpolynomialof Tw Then wehave

1CHEtdet A t I n def Bi TIk Ba
o B teng Jct Det Bs t In k Thusgetdivides fct

Ex5 let T bethe1inopon V K definedby
Tcabc d a162c d fid u d c d and let W t s o o t.seR
W is T inv foranyCabo o cW we haveTcabo o a16 G o o EW
Let 8 e e it is an orderedbasisfor W Extend it tothestandardbasis 13 e e esee por IR Then

i i t i't at iii iii i

i i



Proof
a Since Vto theset v is1inindep
Let j be the largestpositiveinteger for which 13 vTcu T v is 1inindep
such a j mustexist because dim V ca
Let Z span p Then p is a basisfor Z Furthermore Ttche Z
Claim Z is a T inv subspaceofV

Let we 2 Since w isa 1in combinationof thevectors ofp Ffo b bj E F s t
w for b 1 v t bj TJ v hence using linearity of T

fNowview13 from a as anorderedbasis for W Let ao ah c F be st
a v ta TH t ape Tktr tTkr o We calculate T p Foreachvector inthebasis13 we have
task µ Littenp IT'wBpµ Thai Ith'm p o INTMELTcy3p f

Hence ITwIp µ Byinduction on K onecan shot that the char poly is equal to
f t CDk a a.tt ah th t t k Homework

Thus fCt is thecharpolyofTw proving b


