
 Review115A Innerproducts andnorms From now on F is eitherIR or IC
Def let Vbe a vs over F An innerproducton is a function xy tr x y fromV to F s t
a ex 2 y Lxy Lz y Kay2c V
6 Loxy c Lxy Vxy cV ce F
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Ex Thestandardinnerproducton F isgivenby for Ca ant y Cf bn in F
xy 7 alibi

Leg For AcMm F its conjugatetranspose or adjoint is the nun matrixA s t Aij AT trij

Def A vs Vover F endowed with a specificinnerproduct iscalled an innerproductspace
Note there can be many different innerproducts on the same Vs
If F e complexinnerprod space
If F IR real innerprod spare

Them6 I Let Vbean IRS InnerProdSpare Forallmyz c V and ca F
a a xyiz Lays ex

4d x x o iff x o
e If Lxy x for att XEV then y z

Def let Vbe an I PS For xeV the norm or length of X is 1111 JETS

Ex let D withthestandard innerprod If X Ca an then
1111 11Ca an11 TElait t is theusual Euclidean length of avector It n1 Hall lat

Them6.2 let Vbe an IP.Sover F Then Fxy c Vandcc F
a 11CHI lol1111
f 1111 0 Iff X o always111130

titizies.in iiIiimitiiTiiixIIihi
Def let Vbe an I PS
Vectors xyeV are orthogonal if xy o
A set SEV is orthogonal ifanytwodistinctvectorsin 5 are orthogonal
setters Y aorthoitornhaitorit its Ithogemal andconsistsof unit vectors

Note for any c V X is a unit rector

115A Gram Schmidtorthogonalization and orthogonal complements
Dep Lef Vbe an I PS A subset of Vis an orthonormalbasis if it isan ordered basis that isorthonormal
Ex The standard basis for F is orthonormal
Thin6.3 Let Vbe an I PS and s Ev Vk anorthogonal subsetof V with Vito
If yespan s then y 2 4gj ri

Cor1 It inaddition 5 isorthonormal andyespan S then
y IIay vis ri



Corz let Vbe an I PS and SEV orthogonal v o for all VesL Then S is 1inindep
Them6.4 Gram Schmidt orthogonalization Let Vbean I PS and S w Wn EV tinindep
Let S v rn where v w and Vk are defined recursively as follows
Vk wer awkvj

j TF Vj for
2Ek eh

an orgygynaygey g non zen war andgpa.gg an g

Using it one obtains
Thom6.5 Let V o be an I PS with dim V ca
Then V has an orthonormal basis D v rn's
And for any cV X 7 ex vi vi
Cor let Vbean I PS with dimCV x andan orthonormalbasis p V Vn Let TcL V A ftp
Then for any i j we have Aij L Taj Vi

Def Let 91S EV and V am I PS Let
St xcV Lxy o for all yes theorthogonalcomplement of S

Note St is a subspaceofV forany SEV of V and Vt 0

Them6.6 LetWwith dim Wca be a subspaceof an I PS V let yell
Then there exist un Vectors new and 2cWtsit y u iz
oru7eefigt.uiYj iivk3 is an

orthonormalbasisporw then

Def Thevector n inthetheorem is called theorthogonalprojectionof y on W
Con u is the unique vectorinw that is closest toy for any cW Hy HI211g all andthisis an

equality if x u

Them 6.7 SuppS Ev rn is an orthonormal set in an n dim innerproduct spare V Then
a S can be extendedto an orthonormal basis v VkVk Vn for V
b If W Span s then S Vera ing is an orthonormal basis for wt
c If W is any subspace of V then dim V dim W dim wt and V WOtwt
115A The adjointof a tin operator
Let Vbe an I PS and y c V
Then the function g i V F definedbygas Lxy is linear Conversely
Them6.8 let Vbe an I P.S over F dim V ca
wt g i v F k a tin transformation
hen there exists a unique vector ycV s.t gk Lx y for all XEV

Thru6.9 kt Vbe a fin dim I PS and let TE h V
Then thereexists a uniquefunction 1 V V sit

n'I Hineman t

By Theunique tinop T on V satisfying TCHy ex y for all xy cV is calledtheadjoint of T



Remark Every TeLCH has an adjoint if dim V o This is not true if dim V u
see Textbook Exercise 6.3.24

Them 6 to Let Vbe an I P S with dim V ax let 13be an orthonormalbasisporV
It T E Hr then IT Ip IT p
Cor If AcMn F thenLA LA
Them6.11 let V be an I PS and T U e LLV Then
a Ttu T't tU
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Normal and self adjointoperators
Given T c L V we know
V has a basis consisting of eigenvectors for T T is diag2
Now want to understand
has an orthonormal basis of eigenvectorspor T T is

Lemma Lett Te LCV Van I PS with dim V ca
If T has an erect then sodoes T
Proof SuppValois aneventofT with eval d

YEI.EEaIEIIIahrz.xzi unit a ten

In particular v RCT II as Vto so the 1inop T't II is not ontoAs dim v ax this implies it is also not one to one so NCT II o
Take anyOtwc NCT't II then 1 w Iw hence w is an erect of T with eVal I

Them6.14 Schur Let Teh v por Van I P S with dim V ca
Supp that thecharpolyop Tsplits
Thenthereexists an orthonormal basis p for V s.t thematrix IT p is upper triangular
Proof
By induction on n dim V
Clear for n l as any 1 1matrix is uppertriangular
Suppose holds for n l
let T c hcv with dim V n begiven and its charpoly Ct splits
I Eie i h tmhi I i m tis

b

Let W Span z
Claim Wt is T invariant

asycWtsoorthogonalI f Y E Wt and XEW then X ez for some CEF hence toz

Tcg x LTg ez Ly T cz Ly c 1 z Ly adz TXLy z III 0 0
So TCg c Wt Hence wt is T inv

I
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forV And if t z Zni we have

Tsp zits teni3 EffzDp Itfb Yonth ftpro itfzBp
andsince Twig is upper triangular thismatrixEtp isalso upper triangular
Now we return to determining what above shouldbe
Assume that V admits an orthonormalbasis13ofe vents for T
Then in particular IT p is adiagonal matrix
But then IT p ITp is also diagonalAs diagonal matrices commute we conclude that Tand T't commute This motivates
Def Let V be an I PS and Te L V Wesay T isnormal if TT T T
Au n xn real or complexmatrix A is normal if AA't A A
So V admits an orthonormal basis of erect'spor T T is normal
What about

Ex1 Let T IR R berotation by 0 o O IT Let p te the standardbasis for IR
hen TIP cos0 sina Calculating weget AA't I A A so

But T has III Yeats asan emfqmmgdig.hrgetsrotated socan'tbejust
This shows that can fail for F IR Weshow that at least holdsfor F E
Them 6.15 Let Vbe an I PS let T c L V be normal Then
a 11TH11 HT x11 theV
b T CI is normal to c F
c If r is an erect g T then x is also an e rect of T't
In fact if TGI Xx then 1 x Ix

d If I t t are eVats of T with corresp eVert's x Xz then x and xz are orthogonal

Proof a For any EV

I Ei c
T c 1 T't EI

Then CT et T CI CT et T EI TT't TEI CIT Ii I
T T c IT T c I II c Ir rast isnormal asTis1in Is 1 is tin

And T CI T et T EI T CI T T T c I c IT III
Hence CT ct T CI T CIF T CI so T CI is normal
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Since I t Iz this implies ex xp o

Then6.16 let TE NV V a C I PS complex I PS with dim V ca
Then T is normal thereexists an orthonormalbasisfor consistingof erect's fort
Proof Supp T is normal
By the fundamental theoremofalgebra every polynomial over F splits
In particular thecharpoly g Tsplits triangular

By Shun'sthem 6.14 there is an orthonormal basis p Ev rn por V s t.IT p A isuppert
Then v is an erectof T asIT isuppertriang ETCvDp

o
forsomeAEF so Twi Xvi

Assume that v Vern are evet'sof T Weclaim that thenVeeisalsoan evert of T
as themby induction startingwithv all ri are erect'sofT and we are done

i

ftphn µtg as Aik o for all i k since A is uppertriangular

That is 1 Vk Ap v t 1AppVer
And by corollary to Them 6.5 we have as13isorthogonal and jink
Ajk LT Vk Vj Uk 1 vj Vk Ij Vj AjSvpVj E o
As this holds for erwy j k we conclude
1 Vk AkkVk hence Vp is an e rect of T

Already proved just before the definition of normal

What about R I PS Real I PS
Example 1 shows that T normal is notenough toguarantee existence of an ortho
normal basis of erect's So we need a stronger condition
Dg Let Te L V for Van I PS
T is self adjoint Hermitian if T T
matrix AeMun F is selfadjoint if A A

Remark Ofcourse T self adjoint T is normal and
T is selfadjoint IT p isself adjoint for an orthonormalbasis p



Lemma let T cLCV beself adjointand dim V ca Then
a Every eval q T is real
holds by definition if F IR but is meaningful for F E
b Supp V is a R I PS Then thechar poly of T splits
Proof
a Supp TCx Xx for to in V
Asa self adjointoperatoris alsonormal by Them6.15Cc we have
Xx T x T x X As to thisimplies I L hence X is realA

selfadjoint

i

ByCa the eVal's g TA are real
By the fundamental theorem ofalgebra the charpoly of TAsplits into factorsofthe form
t d for X an eValofTA
Sinceeach e rat toyTa is real i.e telR it followsthat the charpoly ofTAalready splits
over IR
But Ta has thesame charpoly as A which hasthesame charpoly as T
Therefore thecharpely q Tsplits

Weare ready toprove an analog of Them6.16 for R I PS insteadof C I P S
Them 6.17 Let TcLCV por V a R I PS withdim V ca
Then T is selfadjoint there existsan orthonormal basis p for Vconsistingof ereeksof T
Proof
Supp T is selfadjoint
Bythe Iemma Ceo thecharpoly of T splits over F IR
Applying Sharis Them6.14 we find an orthonormalbasis p for V sit thematrix A IT p is

i i
TIP µtf µ

for some tie f IR

But ITJp ITJp by Them 6.10 andsince 1 cIR we have Ii X so
T Ip IT p hence 1 T so T is normal



Unitaryandorthogonaloperators and theirmatrices
In this section westudy 1inoperators thatpreserve length ofvectors
By let TekN por Van I PS over F withdim V ca
T is an isometry if 11TA11 1111 for all r e V
If F Q wecallsuch Tunitary
f F IR we callsuch Torthogonal

Ex Rotation andreflectionoperators on K2are orthogonal
Them6.18 let TcLIV Van I PS with dim V ca Thefollowing are equivalent
a TT T T I henceeveryisometry is a normaloperator butnot viceversa

IEEE.EE aaE i ni ti.i immmnmain i r
e 11TH111111forall cV that is T is an isometry

Toprove it we will needthe following
Lemma let Ubeaselfadjointop on a tindim I PS V
If LX UCH 0 for all tV then U To the zero transformation on V
Proof ByThem6.16 if F E or Them6.17 if F R

I YumaY fogfoggy Thus
there is an orthonormalbasispoorVansistingopened for u

As tep is 10 Lx x o Hence I o
So UCH o for all te p thus as it is linear UCH O for all teV so U To

Proofof Them6,18
a b let y G V
Then Lxy LEETCH y p ETCH IT y p LTG TyIbyCal adjointg T Them6.11Id
b 14 Let 13 v v be an orthonormal basis for V
So 1 p Tlv TCvn
As evi v j7 8ij by b we have T ri Tlv73 8j
And HTwillF LTwit Twi Vi Vil Will L hence attThi are unitvectors andTcp is an ortho
normalbasisforV
E d Obvious asbyCcl Cdlhotels for anyorthonormal p
d e let xeV andp r rug Then

X II aiVi forsome aie f So 13is

11112 Eairi IIair i.IT aiajcvi
Fj5IdIFeaiajsij IIaiai Ielait

Applying thesamecalculation to TCH itaiThi andusingthat Tcp isorthonormalbyCdl weget

i

i
And Lx 4177 0 for all xeV ThenbytheLemma To U I T T therefore 1 T I
Recallthat fortwosquarematrices A B cMmmCF it AB I thenalsoBA I 115A






