
 

Orthogonalprojections and the spectral theorem

Def 1We say that Tc LIV is theprojection on Walong W where WeWz aresub
sparesof V s t V W Wz if whenever X Xz withXi eWi then TCH x

4By a HIWexercise we know that then RCT W and NCT wz
3 Wesay that Te NV is a projection it there exist W and Wz satisfying thedefinitionLegge

qywT y a prg.ey.am andany
gag w aye mmBecause V W Wz WOtW doesnotimply that wz W

determine T uniquely But it does fororthogonalprojections as definedbelow
Def let Vbean I PS and let TehlV be a projection We say that
IT is an orthogonal projection if Rft t N T and NCT t RCT

Rem From 115A we know that if V is finite dimensionalandW is a subspace of V then
W4t W Hence each of the twoconditions inthisdefinitionalready implies the other one
RCT t NCT then RCT RCT t t NCT t andviceversa

Rem This is notte it dim V o
Consider the spaceVE i.e V Caiicy ai is aninfinite sequenceofrealnumbers and gg no

It is a R I PS with the followingoperations
ai ieIN biliary ai16i icµ tfCailCfj e l y CEIR
c aiielN c ai icIN
ai ic.IN bi em ai fi

Note that dim V Consider the subspace

i i
So W f w It

let Wbe asubspace opV dimW ca

By Them6.6 every yell can be written as

y Utz for unique new and 2e wt
Berine themap T V V by T y n
We see from definition above that T is an orthogonalprojectionon W
Moreover thereexistsexactly one orthogonal projection on W
if T U are orthogonalprojections on W then RCT W Rcn henceNCT RCTt Rcaf NM then
for anyyc V we have y Utz for unique u cRCTIRcn andZENCT N1ul By dy ofprojection
Tcg u Uly
Def We call T theorthogonalprojection of V on W W
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We have an algebraic description of orthogonal projections
Them6.24 Let Vbe an I PS and T E L V Then
T is an orthogonalprojection onsomesubspace W T has anadjoint 1 and T T T't
Proof we are notassuming

Supp T is an orthogonalprojection dim as
As T2 T because Tis a projection only need to show that 1

exists and T T
By def V RCT NCT and RCT t NCT
Let y cV then t t th andy y 1g forsome y cRCT xzy CN T Then
x Ty L tittz y Lx y LXzYi Lxi Yi

o as y cRCT xzCNCT RCT
t

i i i
my LT K y ex Tty Lx o o x c NCT t So R T E NCT t

Let y c NCT L Then
Hy Tty Il HyTey y Tty cy y Typ Tty y T y
We have T y T y Tty T4y Tcg T y1 0 so y Tty C NCT henceLygTty17 0
Also T y Ty 1 Ig TTeyhe t Cg 1 y o hence
Tty y TtyD Ly T y Tty117 Ly o o

Combining 11y T y112 0 hence y Tcg C RCT So NCTHERCT so RCTKNCT.lt

Then RAH NCT 2 NCT by H1W
Supp t cRCT t Forany yc V we have TCHy Lx T y Lx Tcg7 0

So 171 0 thus xe N T
Hence RCT t NCT

Rem letV be an I PS dimCV ro and W is a subspace of V
Then6.7

let T be the orthogonal projection of V on W

µ
hi Ins im 7tgnzE7fg

aeTmdimtto an orthonormal
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a V W Ot Wk
G Let wi ftWj Then Wit Wi
c TiTj_8ijT por ki j Ek
d I T t Tk the resolution of the identity operator
e T d T t death the spectral decomposition op T
The set t is is called the spectrum of T

Proof
a By Them 6.16 if F E andThom 6.17 if F IR T is diagz
Hence V w Wp by Thom 5.11

b L for some ifj then Lxy o by Them 6.15 d

ii i i
i i

T d x oitj
So x Ti x Th x for all te V so I T t Tk

e For any c V we have X X t t Xp for some XiCWi Then
1 x 1 x It T Xk Xix t 1 Is xp as Wi Ex
t T X 1 Ik Tk t byCdt
X T t death x

Rem ht p be the union of orthonormal bases of Wi's let me dim Wi
Then IT3,3 has the form

OIme ane t.TL Matin eaowhosereffjd.mn 7msdiagonal are

Lemmal If I T t th Tg is the spectral decomposition of T then

proof t Ti gurl Tk for any polynomial g

We obtain several corollaries
Assume that Tt L V V is an I RS over a field F dim V ca

Cor 1 If F then T is normal
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find.fiFEIan Fism o 7 Iemean msmahEauigigieiEpnniE

Using this fact let g be s f get Ii Vi recall that di are distinct eval's
Then
GCT g di Ttt tg.C.lkTk IT IsTk T by the calculation abovep
byLemmal a a.tt ant
Assume 1 gCT for some polyg Then using linearity of T

TT T gota T t anT 90Tt a T t 1anT a a Tt a Th T T T
so T is normal

Cor2 If F E then T is unitary T isnormal and 41 1 for every eval l of T
Proof

if T is unitary then T isnormal andevery evalor T has abs value1by for 2
of Them 618
let T t T t later be the spectral cleanup op T

t.fi iaITiittIIii7in m iagea.zzo.isT t Th
I by Thur 6.25 d

Hence T is unitary

Cor3 If F E and T is normal then
T is self adjoint every e rat of T is real
Proof

E i ie i rrt

Proved in the lemma before Them 6.17

Cor4 Let T be as in thespectralthem withspectral decamp T I T t tenten
Then each Tj is a polynomial in T
Proof

Bµwq fi f1fiIjnteforMatwyimi iEff.eaehKjsk
there exists a poly g et

gj T got1,1 T t gj th Ter 8JT 1 SerjTy Tj


