
 

The geometryoforthogonal operators

Def let T e h V V a R I PS dim V ca

n T is a rotation if T is the identityon V or if thereexists a twodimensional subspace WofV
an orthonormal basis p x forW and a real number 0 sat
1 xi Cos0 x Sin0 x

T x CSin0 x Cos0 Xz

In i im a ioIinim w.ei ii
a i mornin

1 x x for all cW and
1cyl y for all ye wt
Then T is called a reflection of about wt

Example

1,4
71179i MYa7adisfa dwgrenwi sspbaneise.g rotationor w t K about the subspace wt so

Then TCH x for all teW andTty y for all ycWt
Thus Tis a reflectionof IR about wt spanEe the y axis

Rem1 If Tc LIV is a rotation or reflection then T is orthogonal
ftp.Moyoreorgeree fitwealth Tith V iseither a rotation or a reflection then F Ti Tea c Nv is orthogonal

Our nextaim is toprove theconversetothis everyorthogonaloperator on a findim R.I.PS is acompositionof rotations and reflections

Example dim V t
let TEL V V a R I PS dimCV1 1
let to be anyvector inV
Then V Span v soTCH DX forsome deIR
since T is orthogonaland 1 is an eval g T we must have 4 11 as 1111 1111411 1111111so111 1
If 1 1 thenT is theidentityon V hence Tis a rotation
If t I thenTCH X FXEVby linearityofT SoTis a reflectionof about Vt o

So T is either arotation or a reflection
In the firstcase Det T I inthesecond Det T 1

Next we consider thecase dim V 2
First we understand thesituation for V IR al k TletThem6.23 Let Tc h R be orthogonal
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4 Supp Ted Gino cosa Then A Fifa
Then T is the reflectionof IR about a line L through theorigin withslope Oz
checkthatthedyofreflection issatisfied And defA lost SiuO 1

Next we need togeneralizethis prom 1Kto anarbitrary R I PS of dim2
Standard representationof I PS
First recall standart presentationof vectorspacesfrom 115A

Dg ht pbe an orderedbasis for an n dimensional vectorspace over thefieldF
The standard representation of V w r t B is the function
YpV F definedby4,311 53,3 for all c V

Them2.21 Forany finite dimensional vs Vwithorderedbasis13 Ypis an isomorphism
Moreover foranyVWdimly ndimWfmand Te L VW it 13,8 are oralbasis for VW respectively then
the followingdiagramis commutative

T That is LaYp Yrt iceW La tap ITCH for all xeV Thur2.14

tIh m
F

we uprade this representation to respect innerproductsas well
Then let V be an I PS over a field F and dim V n
Let p be an or basis for V Then
HxyEV we have Ltg L4pct Ypyl en

f i imminent
Then bybasic properties of inner productsandorthogonality of13 we have
x y v EgCsxVi Vi CyVjVj II Kx visVi LyVi Vi 7 Lx ri LyTi
But ypH I3p

n
Yply Iy3p

g
so Iis equal to sepalyplyD.tn by

the definition of the standard inner product on F

Thisshows that when p is an orthogonal basis then Yp preserves innerproductas well
Using this we can reducequestions about general I PS tothe standardones F
Them6.45 let Vbe a R I PS withdim V 2
let T c L V be orthogonal Then
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Em si4 iiiii iimanr immvfor Lef V be a Z dimensional
is a reflectionon V
Pc If T is a reflectionon Vand Tz is a rotationon V thenbyThem 6.45

µYftp.fg aeqYfyfToggpIyIje a t and t are orthogonal operators so ist
By Them 6.45 T is a reflection
The proof for TTz is analogous

Next we study orthogonaloperators on spacesof higher dimension
Lemma LefVbe a real vs V f o and dim V ca
let T C L V Then there exists a T inv subspace Wof V sat I Edin W Ez
Proof
F is an ordered basis p y y n for V
let A IT3ps
let rep V IR be the standard representation reply ei for i l n

Then Yp is an iso and the diagram
v v

4131 His commutes that is Lay 4,3T fee Thru 2.21above
IR K
In view of this it is enoughtoshow that there exists an La invariant subspace Z ofIR st
isdim Z a z as them taking W 4,5 Z W is a subspaceop withdim W dim Z as

qp is an iso and W is T invariant as
bXEW 4,3 x c Z hence La4psCHEZ as 2 is La

f
x anti for some ai b e IR Let x x

n

Then x x c IR EE

and x tix calculated in IC where it is a scalar
At leastone of X Xz to since to as an erect Hence working in the vs E
U x Xx t t i iz x i ta tix tax i ditz taxi
But also UCH ACx it Ax i AXz
Comparing the real and imaginary parts of these two expressions of UCH weget
Ax tix Aziz and A X Xz taxi
Finally take 2 Span Ex xz working in the space IR
Since 10 or X to Z is a non zero subspace of IR so I cdim Z E 2 and
Z is LA inv given y E Z bydefof 2 we have y a X aziz for some 4 azC R soby11
LA y aLalx aLaxa a H x taxi ad1 x taxi Ca1 ask x azt a 142 cSpan xxz3 Z

c R e R



Then 6.46 kt Vbe a R.I.PS VI o anddim V ca let T c h V beorthogonal
Then thereexist pairwise orthogonal T inv subspaces W Wm ofV s t
a I EdimWi EL for it M

G V W Wm

Proof
By induction on dim V
If dim V I obvious taking Wi V
So assume Thur holds whenever dim V n for some fixed integer n l
Supp dim V n

T inv subspaceW ofV s t Is dimWi c 2

i i
mthere exist pairwiseorthogonal T invariant subspaces

and Wf W Wm
Then We Wz Wm are pairwiseorthogonal and

W Wit W Wm
in
them6.7

We collect more information about thisdecomposition
Thru6.47 let T V W Wm be as in Them6.46
a Tw is either a rotation or a reflection foreach i l M

b The number of Wi's forwhichTwi is a reflection is even iff DetT 1 and odd iff detCTI I
c It is always possible to decompose V as in Thin 6.46 so that thenumberofWi for which Twi is a
reflection is 0 or 1 according to whetherDetCT 1 or DetCT l
Furthermore if Twi is a reflection then dimwi L

Proof
a Each Tw is orthogonal byHIW7 and i dimCWez
ThenTw is a reflection or rotationby Example1 if dimCW1 1 or byThem6.45 if dimWi 2

6 let r denote the numberof Wi's forwhichTwi is a reflection
Then by HW7 detCT detTw DetTwin l 1 r this gives ft

c Let E xEV TCH x
Then E is a T inv subspace g V

i
i

We can write 13 as a disjointunion 13 13 v Upr sit
each 13 contains exactly 2vectors for i r

pr contains 2vectors in pis even and I vector if p is odd
Foreach i l r letWk i Span pi

asTCx7 x forallTheir Wc when are pairwiseorthogonal and E
W E W Wk When

Moreover if any p contains 2 vectors thenDetTumi det ETwµi p etfo 91 1
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Thus 1war is a reflectionby Example 1
Hence the decomposition 1 1 satisfies Cc

Finally we obtain thedesireddecomposition of a generalorthogonal operator
Cor let Vbe a R I PS dim V o and T E LIV is orthogonal
Then thereexistorthogonaloperators T Tn on such that
a Foreach i Ti is either a reflection or a rotation
b For atmostone i Ti is a reflection
c Ti Tj Tj Ti for all i j
d T T Tz Tm
et Det T 1 if Ti is a rotation for each i

I otherwise
Proof
As in the proof of Them6.47 c we can write

W Ot Wm
where Twi is a rotation if iam
For each i l m define Ti V V by
T Cx Xm X t x T ti t Xit t tXm
where XjCWj for all j
Claim Ti is a reflection1rotation on V Twi is a rotation reflection
Isiondagimenisegimmew

ate from definition of reflection1rotation with the subspace in thedepi


