The W’Z of orhogonal WS

b tt Tel(V), V aRL.LS, dim(V)<a.

DT s a refatron i¢ T is fle iol:,w(/ng o UV, or iy Yve exists a Two -dimensiomed subspame Wo;—l{
o erthoner mad  fastic BEin 0l e W | and 4 read nmmher 0 st

T(e) = lsb-x, 4+ Sin 650,

T ()= (-5im0)x, # (s,

wd Tl)=y for oM ge W5

Thew we say thot T is a rotation o W akeuX W L ond W* i clled Vhe anis % vodost ion-
2) T is a roﬁle,m Ité Viere exisAds o ove- diwemsiomrad Mspm,e % s V <A

Tl) =~ fr ol Xelf and

Tlyl=y tor oMl g¢ wt

Thn T is olled o repleckon g st W™

Exwwn[/{L

0 EVW3 reit o 1on sz,V‘-}ﬁl o diccunseol rrwiw;étj © a refetion % W= V=R b e &szm W $of .
2) bgpive T: R~ by Tlayb)= (-ayf), Lot W= Span (53

Thon T(=-%  fo- ol xeW , and T(a):g ter oMl 549/‘-

Thio T s a reploction g R skt Wh=Span(fe3), Yo g -axis:

o )T Tek(V) is a refafion sr reglefion, flen T s erthogondd.
1) Meveover, /‘( cach Tiel (V) 15 Yoy a rofafion or q Ve(—kd'u’v/ Mo T=T,"... Tz éL(V) 8 arﬂ?ma/.
fre@} See HIW 6.

Our vext aim is bo prove the wuvwrse do this: wery orﬂwzmw( spwrater ov a gin dim RI-PS. is a wmpo-
Stiom % refoXions wnd re,'LIWS_

Example (dim(V/)>1)

lf Tel(v), Va R.T P.i) diw (V) = [-

Lt x+0 % aatg vetor in V.

Thon V= Spau (§v3) , S0 T(=AX por ome Ne R.

See T s nmfm/ od A is am e.ved. %7 7, we must hove Y=ti (as lxll = //T/")//://\l//X//,&; H/-—I)-
Tp Ast ) tuen T s Ve identibyon V) honce Tis a refafim.

Tt Azt flan Tiamox ¥ueV by linearig g T 5o Te a repleckin sV  ahout V= 5op.

So T is either a rofotuu or « reglection.

Lo e pirct cace, dt(T)=1 | i o sovmd dof(T)=-I.

Noat we wnsider Yie cse dim(V) =3
Eirst we wndorstand Vhe situadvon por V= R

Thn 623 Lt Teh(IR?) % ”‘f%amwf. T(ed
(LJ Bt e standud (rtnomormad) Gosis for /R‘, wd | = [Ts. /]sme
Thon M oue 4 T Ww/llﬂd i Sa}(/lfl'w/: o N

a) T e a mtetion , snd deX (A) =).

) T € a re(-/od‘[w Ao a  line f’bmmj/tv fhe ”;J}M} oo deA (A)=-1.
Prw(. As T is erthogendd , T(p)=$T(e),T(e)f & on orthmermal fosic for R* 43 Thwm 6-18(c).
Sing  Tle) is 4 wmit vetor, flwe (s a umi wale 6, 0<gs:Ti , st Tle,)=(ts 9, Sin 6)
Sineg T(e3) is a wnit vedor and vr‘fbwgm/m( Yo T(e,) /‘flzxwe e Mr% wo ,w;;i‘i/fﬁu for it




Etthvor ) T(6) =(-5u8, (658)  or
r) T(e,) = (Sin, (s 6). (s 8 -Sind
) Ip Tle)= (-390, 63 8) , A= | Sing (»se).
From e eor)jer wcowwpk we ¢t Yot then @ s the rotatiom o(.\Rl{}g the amgle 9.

And M(A)= s & Sinf =)

N

(L?SO S(MQ)

2] Supp. Tlea) = (siub ) (o 8). Thaw A=\ Sinp 08/

Thaw T 45 Yle Yv(.(«)(’(;ﬂfl 9 \Rl ohonft g “mg L dkmxxﬁ {le w'laiv\ lw)'ﬁ, s;{,ory_ %_
(Chek 1ok o dy. ¢ roglection s sobisgied 1), And dot (A)> - 6526 - 5020 = -1

N
Newt we  need 4o Ma/izc thic  prom R o an w«f’/"fra/rdq RIPS g dwa.
Sdamd oo mpm«iw‘fﬂ‘[w o T1.PS.
FirsA  recall  Aamdont pre;{w(fm‘fm o veckor Spotts fuom 1ISA.
bep LA p 4 ou wesed o215 for am - dimensioval vethor Tpiee V sver tla piedd .
The  shondard  peprecentafin o V. wed p i the funcdion
(p:V > F" dogived b4 50020y por oM xe V.

Tlwa 221 For aney tiuck - dimemsiona vs. V with evdoved fogis B, Ypis on isemtorphism .
Moreovor, for oy VW, din(V)=ndim(Wfmond Te LLLW), T¢ g5 ove od. dosis for Vi W vesprck ively ) Yiuw

1 f«o’b(w?wg A.aarw s wommufative .
Thett s Late = T, i

T 5 _
V L, (L1 = [T(x)} por oM e V ( HMM Z.l'-[)
FV\ La F m

We u./rm/(z s represendoatipn o ;ws[wt}" v e ([n'n(v»d‘s as wel.
(Mo LA V. e an TPS. over o pidd B oawd  diw (V) =n.
LA g & o erthonermad fotis o V. Thow

V’Waé\/ we e <*>j>v =<{p0x) ) g 3)>F" 7
whae <50 domedel,  the v pw«/lm oV amd <’>F‘” denpder e stomdord iunae proM

o F"

Prvﬂ— LeA B= ﬁVn;‘--,ng-

As B. Ve or Thomarma | ﬁﬂ(f Tht 6.5 we howve for g ’Sﬁé\/i
X = é(x,v)\/; B 3 :Z’_'\ <%,V)'>Vj.

Tl’\b\n,—(‘\a fon tc WW-H*I oF e erd:u*& and MWM(% TP, e Mz_:__

<yydy = Z<<x,v;> Vi, <3,\/d'>vl)> = QKK Vi, Ly VOV D> = 2L &xvi> LY,V

4 Loy V> = v m/’
Bt v(,a,(x):mf( . > R AOE EﬂP:( 5 o 5 oquid Yo «”"(*’/YP‘J))F“ 63
43,\/“7

LRx9\N 07

km dogwibion o flo chmdard anar produck o F

Ths Argws Yok W hun E s am M’ﬂog&na{ fos i y W Wr precorives mner (WM(IM/‘{ wt well -
loing (s, we con veduce guastioss alou gonsyal L0 o e studord ever F.
Thoa 645 LA V4 a RTLS. with dim (V)=2.

ket T el (V) 4e W‘ﬂfu?/ma{ Then :

Neitver T s a refadion , and A (T)=( , o

2) T is a regloction , and doX (T) =-I.

FVMF



LA p & aw ortlmorncal fosic for V- |
Lt v V = R” 4t stundord }’e/ffemm-
e The provievs Yhesvem amd Thin 623 to finch Yhe prog (H/M/ ‘7)_

(v LA V te a 2-diwmensionad R.I-P.S. The twposite of a ro'thzc}f(‘m wid o vetofion on V
/is a Fe‘c/u/(fmm \/

Pe T¢ T, is « mff«)ﬂw o V and To s avitetion oy V, thew % Tha 645

A (T)=1 A (T, )=

LA T-=T, T, b tue Wm}é{ As T, and T, ove Wﬂwa/( afzwwf,,-yg/;o s 7.

Aud ek (T)= deot (T,) -AAC(T)) = -1,

By Thm 6.4C, T js a repleion.

LTI’\L provg v T, T, s mﬂ/ogaws
Nexd  we s*bw% W%dw/w{ Waﬁws m spact o h[jh!/r a(,hwsim~

Lomma LA V {e_a red V. , Z3U amd o(fm(l/) < o,
kA T e (V). Thar Yiwe eistc a T-iav. wzéslvm Ws‘g /A [So/iw(h/) <£2.

Frwq,

Fry om orvdued o /g-—{y,),“,gni r Vo

Lt A= (Tl |

LA Ce V “’}R" b sdont dow o V(/Ffl/i(/y\)(o‘#l.ml fﬁ(a,')=e,'ﬁf P, N

Thew Yp is am iso. amd P Aiq grom

v —— v

WPJ’" . l% womdles ) af s Late = VFT /Lu Tha 22 above)

R —— R
Tn view g this, if s ng’hﬁ sty Thed Weve  exish am Lﬁ’[nvmfm‘f swésmu; 2 o ®" s,
(¢ dim(2) 2o (us Fhon ‘fn/k'l»g W = ‘();/(i) , Wis ac/w{s,sm g V with Afim(W) =dim (2) o

(p is am (to., and W i T ~jwvoriand as:

Pxel , p(x)e Z ) honce LA Yp (x) e as Z s LA ”an} hence ¢sT(x) e 2 {Md fe 4,;71@.441
That s ‘([s(T(X))é'Z ) se T(<) ¢ V; (’%): W) .
We hawe Ae M, (R) 9/‘4,,,,,((12). Huwme we com oe gine (/é,{,(ék) % Ul)=Av r oM ve (.
ﬂ(ti The Fun dase nfad  Thaw o /F/J,e,érq, Wi/rJ /Mﬁ ower C has o ropt i C.

Tn particudor, e chor py. g A his o vol in €, honce § ot s eval AeC (4 Thn 52)
ld xe " % We.vw(.ofb(w/\%_h A.

We cam  wrile /{?/\,1‘5/\1 fer  Sevne A/,)Lélﬁ) ound

q, + f{, Q) ‘
>(>( ) fr swe  a, { ¢ .. Lef Xl:<EJ’Yl:(';)' Tlon x,lxle/,th(Lw)
a, + ifn An L,

amd X = X, tixy ( Aedated /), fw/ whee 16 C is « scw/w/r),

Af lewt one o X, X, #0 Smce X #0 a5 am  evef. Heme , Working i e vs. ’f”;

U() = Ax = (X,*f/\z)(x,f f*’z_) = (/\v’(l - ALXL)+ ;(/\IXL"'"L)(’)-

Bod oMo U) = Al riv,) = Ax, + i Ax, .

Cewn,cm‘m/g fhe vedd omdd }M%!EMMJ ports g these two Xpressious o7 Ulx) we ;/"(

Ax, = Ao~ Ay x, and /]’(L = kixy o (%)

F/V,of/f/fd foake F#= gfw(fxy/ng)/ wwkfng fn e spoae /ﬁw./

Stng  x,40 ov x, F0, 2 s q wen -2ers subspaue of /R") so 1€ dim(Z) £2 , omd

Z s Ly -inv: (77”,,, yeg/ 67 oep. o 2 we hae Y AUx 4 ax, for Some 4, % cR :—oﬁ; 4

LA (3): a Lale) +a, L, ()= a, (4,3, = A )+ a (A k0 #4, %) = [”//‘ltl(:’-),x’ 4(“7~A’-z’\'~)xz € S(’“M(f’(lz*li) 2Z.
€



Thoa M6 LA Vg o RIPS. VE 0y aud dim (V) <o Lt Teh (V) fe erthogouad.

Then  thoe exist fmlrwise-mmwa,{) T -iuv., wbspa,u(,g W, .. W, % V os4.
a) Lt diwm(W;) €0 fee iz, ., m

¢) V=W o. . oWn,
Prest

&‘/& ndkwekion en dim (V).

T dw (V)= — obviens taking W =V.

So woswme Thn Wl whemener dim (V) =0 v seme  gixed Miukw
Supp . dim (V) =w.

BO e \cw\vm«) flove exists o T -iav. Mcxlom& W, o Vo4, 1< ol'nw‘(h/.) £2.
f[_(_ W, 2\~ dene.
0ftanrwie W £ (03 (an dim (V) ~ diw(W) + dim (w?) J
Thaa WS s Ty and Toeic ordbagual [ cee H/W 7).
Sine  dim (Wli) - A,w(l/) dim (W) < n , we may ”ffﬂ fre mo/uov‘zm LIZML\/A;S o Tu/li , So :
there 0)({54» /erbws( Wﬂwg&nw/ T — luvariant M;W W, ,.4,WM o W st. 12 dm(w;)é2 M,"—zr..,n
and W =W, 9 .. 8W,
Thon W, 5 Wy, ooyW ove  pairwice W'{‘Iwgvma/{ omd
Vaw, e’ = w, ... &W,
Trhm 6.7

We wlek wore pormation abot this dewmpes (4 iom .
Thon 6447 Lt T,V, Wy, .. W, b o in Thw 6.
a) TW; ts either a yefadion or a V%lbt)(’l;m/l ,oper et 0FL L, m,
§) The wamber o W's pr which Tw, 5 a replekion g wvem ¢t dA (1) =1 amd odd i AX(T)s-1.
) T4 i Mwma@ Prssife do deampee Voas in Twn 6% 5o fhat e ke of Wi pr which Ty, s
reglackion 1 0 or | amd/'m(j do wheller deA(T)=1 or def(T)=-/.
th{rwww) i€ TW,- s o reglection, Flan dim (W)=,
Prroeg
W) Eadh Ty s Vr‘ﬂzarmq// (43 H/W —7) amd /<.>/4.w4[h/)<2
Tley T, is a veflectioy o rotation A(] Example 1 iy oA (W )21 ) o 427 Than 64S :(_ d,m(h/) 2.
6 bt r demede e VW'M'V(JWGI, W, s e whidh ’w is rq.lMA’bw
Thow , &y HW T, At (T) = deA (T, ) - --»'M(Tww) = ()" — i gives ()
o LA F o= fxeV : TGd = -xf.
Thay, € 55 o 7 -iun M}m?v.
Te w=BY ) tow W i Towv. (4 HwW 7).
Appl\d'ma Thw 646 4o Tw el (W), we ohtain pairwin rfﬂ\gmou( T -iav. swhspaes W,,.., Wy ¢ W/
sA W= W e .. @W  and [z fim (W) <2
Eoh Toy ts w rotetion (ip Tw, s a regleckion, Jx#0 in W; s4.TC) = x. Bug Yiwn xeW.NE ¢

a

w;
s Etaf - f02, a tonTrod/cdiou).

Ip E =50 — o) follows.

T E4105 ~ vheose om orVheusrmad s /s 2 fr E W*"'/‘”/'"(jt P VW/ for seme p>o.

We  com wril B as a p(/'sd'a/hv‘ M(\Wl B BV ... VRr s.t.:

cear p; tewtaing exxw\‘/&« 2 vt pr jaer,
+ Br wutains 2 vers /41: ewen, wmd | vetor i frﬁc 0dd.

Fw 2ok r:l,.“,r} ld kal- =§Fawn (P,)

Thon Wy Wy eve  pairwise orthogoual , and MT(:7"* o oM
V=W L = we. .0W o  BWy,. () / )
Moreover, ¢ omy p; untaing 2 vevkovs ) Alem Ae’*(-wa ) M(U‘“’Lf. ) A"‘( _‘\=[_




So T"‘/kfi € a refoXiom 5 hence 7"// s a redotiom for d'a,(,p ;(:)2-7

Lo pr owmsivte g | veckor, dlan dim (Wayp) =1 omd M(Tw,w)%&f(['fww]ﬁ,,)‘M(—/)=-/
T haas, TWhr 5 o ref-/a()f(;vw % E{YWI,/E (.

Honwe +1o desswipos/tion  (#) st icpies  (c).

F"MMA , we obdain fre Asived dewmsposif o of a general &fﬁwgmv( sperafor.
G LA Ve a RIPS. div(V)<oo and T ¢ [ (V) is VVWWL

Thew  Vhewe oxisd rr‘ﬁvag,wm/ 7waﬁvr§ 7, iy T om V' suh frat:

a) Fer toch i, T, is either a Ve,(—/vv('tlm o A roaX/en-

3) For ot most sne /, 7, /qu@(-/mw,

) LTy =TT, for ol i)

A) T=T7,T . Tu.

C)M(’/‘);Z/ i T s a refafion fm’&ox/ﬁ//
-l 0 Flerwise .

Pros

As w 1 provt o Tha 647(c), we cam wrile
Vv = W, o . e,

wherve TW,~ K« otk ion Yy

For eath i =i,,.,m, dfine T, V=V

T-,‘ (X/ + A..*'\’M) =Xkt T(x,~)+ Xigpt oot
Wlhere x;€ W, for q///
Claim To s o coplectin/ rodativm on [/ &> Tu; is a retolion/ reg [vhion.

Thes clim e fmwediate fram o(e/i-fwa';W % fef’u'”h;w/V”fﬂ/fl}”Vl/ with e subspart  in The °(¢f:‘~
mtiey W'vaw ? W;.

\TL(; J[ve,g 4) amd é)/ C),d)e) — exercise (H/h/ ‘7)(

XM/




