
 
TheJordan Canonical Form
Recall diagonalizable linearoperators have a particularly simpledescription
such operators havediagonalmatrix representation equivalently there is anorderedbasisof erect's
Problem mostoperators are notdiagonalizable
Aim obtainnicematrixrepresentations for moregeneraloperators
We will obtain a general answerfor linearoperators whosecharpoly splits fit F E thisappliestoalloperators

Def let T cHCV Vis a vs withdimCV s
Assume that B is a basisfor set
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TIP i where each A is a squarematrixoftheporm H or n for
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And such basis p is a Jordan canonical basis for T

Rem Observe that each Jordanblock Ai is almost a diagonal matrix and
TIP is diagonal each Ai is at the form Ct

Ext Supp TELL08 and D v v is an orderedbasis for s t

g IT p is a Jordan canonicalformof T
O O 2 Then the charpoly g T is

iii
t

O 0 so the multiplicityof eacheval is the numberof times
it appears on the diagonal of J

And ri Vyvs Vy are theonlyvectors in p that are eigenvectors of T they correspond to the
columns of T with no l above the diagonal

We will show that every operator whose chairpoly splits admits a Jordan canonical
Ex2However the Jordan canonicalformofT isnot determinedby the charpoly qT form
let T ewid be sit IT p J where p is an ordered basisfrom Es l and

o I i
remain

Similarly T ZI vz Vz
v Vy eVectisof T with erat 1 2 so T ZI Vi 0 for i4,23,4

Similarly IT315 ri 0 for i 516 What happens ingeneralT OI Vi 0 for i 718



Prop If v lies in a Jordan canonical basis for Tt NV and its column in F p has diagonal
CEffgtengthhythefsg.itifIfhifr'IigatpE mtrioientgiargepein

This motivates the following definition
Def let TE NV and def
A vector x40 in V is a generalizede vet of T correspto 1 if T XI x _o for some
positive integerp

Rem If c V is a gem erect of T corregp.to X and p is thesmallest positive integer s t
T XI P x _o then T XI x is an e vert g T corresp to X So X is an e rat g T

Ex3 In Ex1 each vectorin p is a gem e rat op T
Vi VzVz corresp tothescalar 2 vsandVg to 3 VyandVg to 0

Def Let T eLCH let t be an erat of T
The generalized eigenspace g Tcorresponding to 1 is
Ky xc Vi T DI Pex o for somepositiveintegerp
o K consists of 0 and all gem erect's aft correspto 4

Them 7.1 let TfL V let def be an e Val of T Theni
a Ky is a T inv subspaceop containing Ea
61 For any M11 in F the restriction of T MI to Ky is one to one
Proof a Ki is a subspaceofV
Clearly OEka
Supp xye ki Thenbydy F pg c INo s t
T XI P x T AIHy o So

T AI P9fxy T AI P't T AI t
y as T1in T I P'T is 1in

T TI t o T XI P o by the choiceof pandg
o as T XI T II P are both linear
tty e ki

Similarly Ka is closedunderscalar multiplication
Ki is T intr

i
61 Weshow that N ft AI ka f 03
Assume XeKa and CTMI 17 0
Towards contradiction suppose 10
let p be thesmallest integer o s t T AI P X o
Let y T AI P G Then
T XI y CT II P x o so y c Et



So y c Em
But Ee nEn o as I p so y o contradicting minimalityof p
So x o T MI k is one to one

Then 7.2 let Tc LIV dim V e g and charpoly g T splits
Supp X is an e val of T with multiplicity m Then
a dim ki em
61 Ki N CT AI m
Proof
a Let W Ki

µ in e mi

b Clearly N T III Eka by dep g ka
let W and hCH be as in Cal
Then h Tw To by the Cayley Hamilton Them
So T II d x o for all 1cW
Since dem wehave Ky E N CT II m

Them 7.3 let TELIV dim V x and the charpoly g Tsplits
let Ii her be the distinct eVal's op T
Then por every xc V there existrectors Vi Ek I kick sit

v t Vpn

Proof
By induction onthenumber k g distinct erat's g T
k I let m be the multiplicity of t
Then Crl t is the charpoly aft hence
Crl I T m To by the Cayley Hamiltonthem
Thus Ky and the resultfollows
k 1 andassume the resultholds for k distinct eVal's
Supp T has k distinct eval's
let m be the multiplicity of th let fCH be thecharpoly op T
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K is T invariant K is T tkI invariant in otherwords T thI maps

Kii into itself
AbdusHEIT fp.I.fmjtifIaakyiiosnd.one byThm7 19 hence onto
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since every eVal of Tw isalso an eval oft we conclude that
thedistinct eVal's g Tw are 1 der

Now let xeV
Then T teal GcW by deep op W

I i.in i nI a mmaiisii a'iii
Since K't E K for ick and CTter

m
maps K auto itself for ick

there exist vectors ri e ki s t
T th't vi wi por ich Thus
T de m x T terIlmCr t t T IRI Vk
By linearity T XLI m x Vit Vf o VfxCrit tuk 1 E kik
Thus x v 1 tree and Vicky for all 1E i Ek

Now we can generalize Them 5 g prom diagz operators to all operators with splittingchar
poly replacing e spares bygenespaces

Thus 7.4 Let TELIVI dim V x and charpoly g T splitsLet 1 der bethe distinct eVal'sg T with corresp multiplicities mi Mer
For ie iek let p be an ordered basis for Kii Then
a p n pj 0 for it j
G p p v ups is an orderedbasis for V
c dim ki m for all i
Proof

i
Aseach v is a 1in comb ofvectors in P x is a tin comb of vectors inp V Spanp
Let g Ipl Then dim V of
Foreach i let di dim Kyi By Them 7.2 a

g II di s 2 m dim v Hence g dim v so 13is a basis for V
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Proof
BTthmEi'skind I t Ifirm ddiimmfE.it dimikH foreach eval icy T

Ournextaim is to develop ageneralmethod forfinding a Jordan canonical basis for an operator
In view of Them 7.4 weshould first learn to selectsuitable bases for gem e spaces

Def Let TEh V let be agem e rect q T corresp to the e val t
Supp that p e INo is thesmallest set T AI r x o Then the ordered set
T XI x ft DIYTx CT LI x X

hemredator Ff.hIFmffYan I e
cutanisdothefnirefitat ForbIndme endvectororthecycle

respectively The lengthof thecycle is p
Rem i The initial vector is the only e rect g T in thecycle
2
yIfq eisugqnyeg.net of

T corresp to d thenthe set x is a cycleofgem eVectisof Tcorregp to

Them7.5 let TeL V dim V x and the charpoly q T splits
Supp p is a basis for V S t B is a disjointunion of cycles ofgem ereef.is of T Then
a Foreach cycle 8 ofgem ereef's contained in p W Span 8 is T inv and Tw y is
a Jordan block

b B is a Jordancanonicalbasisfor V
Proof
a Supp that 8 corresponds toX 8has length p and x is theend vector of t
Then 8 Vi Vp where
v T XI P i x for icp and Vp X

i i ii i summa

b Repeating the argumentof 1a for each cycle in p
see H1W 9 to finda Jordancanonicalbasis

In view of this result we mustshow that underappropriate conditions there existbases
that are disjoint unionsq cycles of gem e rect s
Since the charpoly of a Jordan canonicalform splitsCHIW97 thisis a necessary condition
Ouraim is toshow that it isalso sufficient
But we needsome preparatory results first



Them 7.6 let Tc LIV let t bean eval of T
Supp Oi 8g are cycles ofgem erects g Tcorrespto 1 sit the initial vectors of theJi'sare
distinct and forma tin indeepset g
Then the oils are disjoint and 8 Ji is 1in indep
Proof
8ps are disjoint see HIw g
8 is 1in indeep
By induction on thenumberof vectors in 8
If 181 e 2 clear
Supp 181 h22 and theresultholdswhenever 181 n
let W span 8
Then W is CT III inv bydy ofcycle and dimW en

i i
Also 18I n g andthe initialrector of 8 is the initial vectorg di for all i
Thus byinduction hypothesis 8 is 1in indeepSo o is a basis for NU hence dim R ul n g
Since the g initialvectorsof the8ps form a tin indeep set by assumption and lie in N U
we have dim NCU 2g
Combining andusing the rank nullity thru
n 2 dim w dim Rcn dimNCU Z n g q n
So dim W n
As W Span t and IH n it follows that 8is a basis forW hence 1inindep

for Every cycle ofgem evectis of a tin op is 1in indeep
asthe initialvectorf o

Then 7.7 let TEHCV dimV ca and I ameVal qTThen Ki has an orderedbasisconsisting of aunionofdisjoint cycles ofgem erects corresptod
Proof
By induction on n din ka
nal clear
Assume dim Kr n I and theresultisvalid whenever dim ki n
Let U T AI kaThen RIU is a subspace g ki and R U tKd Why Assume NU ki and

i



Then I Tg u us are disjoint cycles of gen evectis of T corresp to d
s t their initial vectors are 1in indep
Hence I J v vTg v u u u Us is a tin indep subsetof Kt byThom7.6
We show that F is a basis for ka
Supp 8 consists of r rank U vectors byder
Then F consists of ri g s vectors
As w iWor u Us is a basis for E EN U it follows thatnullity U qts So
dim ka rank U tnullity U ri qts
So F is a tin indepsubset of Ky with 18I Ka F is a basis for Kt
We are ready to obtain the promised result
Cori let TELCH dim V L and charpoly og T splits
Then T has a Jordan canonical form
Proof
Let d Xp be the distincteval.isof T

YYYmgqtgyq.ror.eyeagshgIfhereorrsespaygordffed
basis Pi consisting of a disjointonion 9

By Them 7.4Cbl p is an ordered basis for V
Andby Them 7.561p is a Jordancanonical basis forV
We have an analog of this result for matrices
Def let A cMan F be s t the charpoly of AC and henceof La splits
µenLathe Jordan

canonical form of A isdefined to be the Jordancanonical form

we have immediately from Carl
Cor2 let AE Mun f have a splitting chair poly Then A has a Jordan
Canonical form J and A is similarto T


